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DP~CJIOBHE 

HOCllJIU(Oemca 1UlMJl1TIU 

J;.H. AtleKCaniJpo6a 

Hacromuru1 KHHra npe.lJ.CTaBIDICT co6oii yqe6Hoe noco6He, npe.n
Ha:JHa'leHHoe Y'lamHMCB crapWHX KJI3CCOB H mmaM, OKOH'IHBillHM 

WKOJIY H r<>TOBJDIUDICH K nocrynn:eHHIO B BIJICDIHC yqe6HWe 33BC,ZJ.e

HHB. Ilpe,ZJ.MCTOM KHHm JIBJUICTC.SI ,ZJ.OC1'3TO'IHO CJIO)J(llbIH pa:meJI 

llIKOJlbHOH nporpaMMhl - reOMC1JJIDI, KOTOpruI, K3K IlOKa3bIB3eT 

npaKTllKa, npe.n,CTaBIDieT co6oH: HaH6onLwyio TPY.ll.HOCTb npu c.n.a11e 

BCTyIIHTCJlbHLIX 3K33MeHOB. fJiaBHlile n;eJIH IlocOOIDI - CHCTeM3TH3H

poBaTb 3H3HIDI, IIOJIY'ICHHble yqain;HMHCJI B WKOJie, Blil.ll,eJIHTb 06-
IUHe MeTO.lJ.hl H IIpHeMhl pemeHIDI reOMeTpH'lecKHX 33,l{3'1, yKa33B B 

HHX craH,lJ.apTHble 3JICMCHTbl, npo.n,eMOHCfPHpoBaTb TeXHBKY peme

HIDI K3K IIpocTblX, TclK H OTHOCKI'CJlbHO CJIOJKHlilX 33,ZJ.3'1, ,ZJ.aTb IIOCTy

IlaIOIUCMY 1l0Cl'3TO'IHOC KOJIH'ICCTBO M3Te}lH3Jla ,lJ.JIB 3aJCPCilJICHIDI 

npuo6pereHHhlX HaBblKOB. 

B OTJIH'IHe OT 6oJlblllHHCTBa APYofX pyKOBO.lJ.CTB, He HOCJIIUHX Me

TO.ll,H'lecKoro xapax:repa, .n.aHHoe noco6He CTaBHT cuoeii n;e.n.LIO o6y
'IHTb noccyriaIOmero MCTO.ll,aM H IlpHCMaM pemeHH.H reoMeTpH'ICCKHX 

33,l{a'I. ,llml 3TOI'O B3 BCel'O MHOroo6pa3H.H reoMeTpH'ICCKHX 33,l{a'I Bhl

.lJ.eJIBIOTCH KJiaCChl, OObe,ZJ.HHCHHIJIC o6meii H,ZJ.eeH: B CTilH,lJ.3pTHOB TeX-' 

HBKoii pemeHH.H. OObJlcHJierc.H, B qeM iiMeHHo COCTOHT H,ZJ.eH 33,ll;a'I 

TOI'O HJIB BHOI'O KJiacca H K3KOB3 MeTO,ZJ.BKa BX pemeHH.H. TaKOH no.n.

XO.ll Onpe,!lemtJI K3K pacnonoJKeHHe M3TepBaJia, T3K H IlO.lJ.OOPKY 33-

,ZJ.3'1,ZJ.IDI CaMOCTOHTeJlbHLIX ynpaxrneHHA, IlPHBe.llCHHhIX B KOHIJ;e KIDK

.n.oro naparpa$a. IlocKOJlbKY B KHHre peKOMCH.lJ.YeTCJI onpe.n.e.n.eHHruI 

DOCJIC.ll0BaTe.11bHOCTb H3yqeHH.H MarepH3Jl3, TO BO MHomx cnyqaHX 
.lJ.IDI pemeHIDI 33,ll;311 onpe.ne.n.eHHOI'O pa:meJra HeOOXOJlHMbl 3H3HHH H 

YMCHIDI, npuo6pereHHble B IlpC.llLl.ZlYmHX pa:me.n.ax. IloKa3hlBaeTCH, 

KaK BO MHOmx cnyqaHX pemeHHe BecbM3 CJIOJKHlilX 3.K33MCHan;HOH

HblX 33,ll;a'I KaK 6LI cpacmeDJ1.HeTCB• Ha 6oJiee llpOCThle 3JieMeHTbl, 

aHaJIH3 KOTOPblX ocymecTBm1CTCJ1 no CTa.HJl3pTHOH MeTOJlHKe. B KHHre 

npuBO,ZJ.HTCH 6onbwoe 'IHCJIO O.ll.HOTHIIHhlX 33,ll;a'I, peweHue KOTOPbIX 

J(OJIJKHO 33KpeilHTb nonyqeHHhle 3H3HIDI. 



MHoxecTBo rrpHMepoB HJ 3K3aMeHau;HOHHOit npaKTHKH, ocHo

BaHHOH rJiaBHbIM o6pa30M Ha IlHCbMCHHbIX pa6oTaX no MaTeMaTHKe, 

rrpe.II.JiaraBIIIHXCH B MocKOBCKOM rocy.11;apcTBeHHOM YHHBepcHTeTe, 

JJ;eMOHCTpHpyeT pa3H006paJHe HJJ;eii, JiexaID;HX B OCHOBe reoMeTpH

qecKHX Ja,n;aq, H BMecre c TeM JJ;OCTaTO'IH)'IO CTaH,D.apTHOCTb MeTO,llOB 

H rrpHeMOB HX peIIIeHHH. 

ABTop 6yJJ:eT 6Jiaro.uapeH BCeM, KTO co'ITeT Heo6xo.uHMhIM rrpu

cJiaTh CBOH OT3bIBbI If 3aMC1:laHHH 0 KHHre. 

IIP<Xl>. M.B. Jlyp1>e 



rJiaBa I. IIJIAHHMETPIUI 

§ 1. OCHOBHLIE TEOPEMLI H <l>OPMYJILI 
IIJIAHllMETPHH 

0rMeTHM npex.ne Bcero reopeMbI u; $OPMYJib1 IlJla.HHMeTJ>HH, mm-

6onee qacro HcrrOJib3yeMl>I.e rrpH pemeHHH reoMe-IpHllecKHX sa,naq. CIIH
coK TilKHX reopeM H cl>oPMYJI .llOIIOJIHHM HeKOTOpbIMH IlOJie3HblMH 

yrBep)K.lleHIDIMH H COOTHOIIIeHIDIMH, yK33aB, ecrecmeHHO, HX .Zl0Ka-

3aTeJlbCTBO. 

flpH.'Ul.8KH pDeBCTBa 'l'peyroJIWIHKOB. ,l1,Ba TpeyI'OJlbHHKa pa:BHbl, ecJIH 

BblIIOJIHHeTC.a O.llHO H3 yCJIOBHH: 

a) ,llBe CTOPOHbl H yroJI, 3aKJIIOtieHHbIH Me)K,lly HHMH, 0.llHOro 

TpeyroJibHHKa COOTBeTCTBeHHO paBHbl .llBYM cropoHaM H yrny, 3a

KJIIOtieHHOMY Me)K.lly HHMH, JlPyroro TpeyroJibHHKa (pHC. la); 
6) .llBa yrJia H rrpIDiexaru:a.a K HHM cropoHa O.llHOro TpeyroJibHHKa 

coomeTCTBeHHO, paBHbl .llBYM yrnaM H np1mexaru:e.H K HHM CTOpOHe 

,llpyroro TpeyrOJibHHKa (pHC. lb); 
B) TpH CTOPOHbl O,llHOrO TpeyrOJlbHHKa paBHbl TpeM CTOPOHaM 

,llpyroro TpeyroJibHHKa (pnc. le). 
Ha pHc. la, b, c )l{HpHbIMH JIHHHHMH Bbl.ZleJieHbl 3JieMeHTbl, pa

BeHCTBO KOTOpbIX orrpe,lleJI.HeT paBeHCTBO TpeYfOJibH.HKOB. 

a b c 
Puc. I 

6accerrpaca BHyrpeHHero yrna TpeyroJibHHKa- 3TOOTpe30K rrp.a

Mo:H, 3aKJIIOtieHHblH BHyrp.H TpeyrOJibH.HKa H ,lleJI.Hru:HH ,llaHHblH yroJI 

Ha ,!{Be paBHble qacTH. 

D.HCceKTpHCa o6Jia,llaeT CJie.llYIOm:HM.H BaxHblMH CBOHCTBaMH: 

a) oHcceKTp.Hca - ecTb reoMeTpll'lecKoe MecTO T011eK, paBHOy.lla-

neHHbIX OT CTOpOH yrna
1
; 

I feOMCTpWieCKHM MeCTOM TO'leK, o6JI3.llllIOWHX HeKOTOphlM CBORCTBOM, Halhl

uaeTCH Taxoe MHOJKeCTBO TO'leK, KOTOpoe co.nepJKHT BCe TO'IKH, 06Jia.na10J.UHe 

3THM CBOHCTBOM, H He co.nepXHT HH o.neo"K TO'IKH, He o6JIM810ll.leH: HM (CM.§ 8). 
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6) BO BC.SIKOM TpeyroJibHHKe 6ucceK.TpHCbl nepeceltaJOTcJI B 0.IlHOH 
TOqKe 0 (pHC. 2), HB.llRIOII.(eHCH I.(eHTPOM OKp}'JKHOCTH, BllllcamlOB B 

TpeYfOJibHHK (T.e. KaCa:K>w;eitCH BCex ero cropoH); 
B) 6HcceKTpHCa AD (pHc. 2) n106oro yr11a A TpeyroJibHHKa ABC 

.uemtT npoTHBonono:xrnyio cropoHy Ha 1.1aCTH CD H BD, nponopu,Ho
HaJibHbie npHJie)ICllll.lHM cropoHaM AC .H AB TpeyrOJibHHKa: 

.L( 0 Ka 3 a Te JI b c TB o. Jlel'l{O BH,lleTb, qTo IlJIOll.la.nH 1})eyrOJibHH

KOB ACD n ABD, HMeIOW:HX o6mYIO Bepunmy A, OTHOCHTCH KaK .llJIH

HhI HX ocHOBaHHH, T.e. SAcD : S ABD = CD : BD. 
A C ,llpyroii CTOpOHbl, 3TH IlJIO~a.zlH OTHOCm'-

C.SI KaK .ll)lHHbI cropOH b: c (b=AC, c=AB), 

IIOCKOJlhKY SACD = ~ b. I· sin (a/2), SABD= 

. 1 
!f'-'"---'"-'-!~-.lll..-=B = 2 c · l · sin ( a./2), r.ne I - .ll)lJrna 6HcceKTpHChI 

PHc. 2 AD, a a - BeJIHttHHa yr11a A H, c11e.noBareJihHO, 

SACD : s ABD = b : c. lfa cpaBHeHHSI no11yqeHHhlX rrponopl.(HH H BblTeKaeT 
.llOKa3hIBaeMoe ymep)f{,ll;eHHe; 

r) .ll)lHHa I 6ucceKTpHCbl AD (puc. 2) yrna A Tpeyro111>HHKa ABC, 
paBHoro a, 3aKJI101.1eHHoro Me)l{JI.y cTopoHaMH AC H AB, onpe.ne.JU1eT

CH no c}>opMyne: 

1 = 2bc · cosa/2 = 2cosa/2 . 
b+c 1/b+l/c 

.L( o Ka 3 a Te JI b c TB o. 3anuweM IIJIOII.(a.llh TpeyroJibHHKa ABC 
,nBywi: pa3JIH"IHhIMH cnoco6aMH - OAHH pa3 1.1epe3 cTopoHbl AC, AB 
H yron a, 3aKJIIO"leHHblH Me)l{JI.y HHMH, ,npyro:H: Pa3 - qepe3 CYMMY 
IIJioma.n:eit TpeyroJihHHKOB ACD H ABD: 

S ABC = } · b · c · sin a.; 

s ABC = s ACD + s ABD = } . b . / . sin a./2 + } . c · I . sin a/2. 

IlpupaBHHBaH 3TH BblpaxeHHH .upyr .npyry, rronyqaeM: 

b · c · sin a= ( b + c)l · sin a./2, 
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2bc ·sin a/2 •cos a/2 = (b + c)I ·sin a/2, 

OTK)'.na H CJICJlYeT }'Ka3aHHaH BblIIIe <PopMy11a .ll)UI eblqHc11eHIDI .llJIHHbI 

6HCCCicrpHChl. . 

MeABauoA TJ>CYfOJll/lIHKa Ha3brnaeTCH oTpe30K npHMOH, npoBe

.neHHOH H3 BCpWHHbl TpeyrOJibHHKa, JIC~di: BHYfPH TJ>C)'.l'OJlbHH-

Ka H .ll.CIDIIUHH nponrnOil()JIQ}l{}{YIO CTOpOHy . 

Ha .ll.BC paBHhlC tiaCTH: .. 

a) Me.llHaHa - eCT.b reoMeTJ>HqecKoe Mec

TO roqeK, HBIDIIOll(HXCH cepe,nHHaMH OTJ>C3-

KOB np.SIMbIX, 3a.KJIIOqeHHbIX BHyrpH Tpeyrc>Jlb

HHKa Yl napaJIJICJibHbIX TOH ero CTOPOHC, K A 

KOTOpoii IlpOBC,UeHa MC.ll.llaHa (pHC. 3); PHc. 3 

6) BO BC.SIKOM TJ>CYfOJibHHKe MC,llHallbl ne-

peceKaIOTCH B o.nttoH: TOqKe K, Ha3blBaeMoii ._eUTpoM TSllKecTH TJ>CY

roJibHHKa. 3Ta roqKa OTCe:K:aeT OT KaJK,llOH MC,ll;I.faHbl TJ>CTbIO qacTb, 

C'IHTaH. OT COOTBCTCTBYIOW:CH CTOpOHbl (T.e. ,ZJ;CJIHT MC.lJ,HaHy B OTHO

IIICHHH 1 : 2, C'IHTaH OT COOTBCTCTBYJOIIJ;CH CTOpOHbl); 

B) .llJIHHbl MCJJ;HaH TJ>CYfOJibHHKa BbNHCJIHIOTCH qepe3 .llJIHHbl ero 

CTOpOH no <PoPMYJiaM: 

m =!_~2b2 +2c2 -a2 • 
a 2 ' 

m~ = !_~2a2 +2c2 -b2 • 
u 2 ' 

me= ~~2a2 + 2b2 -c2 
• 

.U o K a 3 a T e JI b c T B o. ,UOCTJ>OHM TpeyroJihHHK ABC .no napaJIJie

JIOipaMMa, npoBeM BGllAC H CGllAB (puc. 3). JlerKo BH.ZJ;CTh, qro 

cepe.n;HHa D cTopOHbI BC TJ>CYfOJlbHHKa ABC 6yn;eT HBJIHThCH TOqKoii 

.nepeceqeHIDI .nHaroHaneii napaJIJienorpaMMa ABGC. C11e.n;oBaTCJibHo, 

,UJIHHa ,llHarOHaJIH AG 6y.n;eT paBHa 2m4 , r.ne ma - .llJIHHa MCJlH8HbI 

TpeYI'OJibHHKa ABC, npoBe.neHHOH K cropotte BC H3 BepwHHbl A. Hc

noJib3yH reopeMy 0 TOM, 'ITO cyMMa KBa)lpaTOB . .llJIHH JlHafOHaJICH 

napaJIJieJiorpaMMa paBHHeTCH CYMMC KBa,UpaTOB BCCX ero CTOPOH (cne.n

CTBHC TCOpeMbI KOCHHYCOB), 6y)leM HMCTb paBeHCTBO 

4m; + c? = 2b2 + 2c2, 

OTK)'.ll.a cne.nyeT nepBaH H3 .noKa3b1BaeMbIX <PopMyJI. AHanorH'IHO JlO

Ka3blBaIOTCH H OCTaJibHblC <P,opMyJibI •. B HHX mb H me - .llJIHHbI COOT

BeTCTBYJOIUHX MC.LI.Hatt TJ>CYfOJI.bHHKa ABC. 
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BWCOTOI 'fPCYfOJII>HHKa Ha3hl:eaeTCH 01J>C30IC nepneJUUfKY.IDipa, ony

.w;eHHoro H3 sepWHHhl TpeyroJibHHKa Ha rrpoTHBOnonoml}'IO CTOPOHY 

HJIH ee npo.nOIDKeHHe. 
Tpu BhlCOTbl 'IJ)eyroJII>HHKa nepeceKaIOTCSI B O.llHOA roqKe, Ha3.hI

eaeMoA opmou,enmpo.Ml. 
Cpe,zuuuu,at oepnee;znmyJIJl)t - nepneHJlHKYJIHP, BOCCTaHOBJieHHLDi 

K cropoue 'IJ)eYfOJibHHKa H3 ee cepe.nHHhl. 

Bee TJ>H cpe,llHHHhlX nepneH,llHKyJIHPa nepeceKaJO'l'CjJ s O.lUIOA roqKe 

0, .HBmno.w;eii:C.H ueH'l'pOM OKPy:xOIQCTH, OilHCaHHOti BOKpyr 'l'pe

yrOJlbHHKa, T.e. npoxo.llH.w:HA qepeJ.BCe ero eepWHHhl (puc. 4). 
ECJIH 'IJ)eyroJ1I>HHK OCTJ>OYfOJibHhlA, ueHTP OIJHcaHlloi oK.pyxrno

CTH Jie)l(JIT CTpOfO BHYTPH 'l'peyrOJII>HHKa (pHC. 4a). 
EcnH 'IJ)eyroJibHHK npRMOYfOJibHhlii:, ueHTJ> OilHCaHHOA mcpyx

HOCTH JieXHT B cepe,llHHe fHilOTCffY3hl (.llJIHHa fHilOTeffY3hl paBHa 

,llHaMe'l'py 3TO:i% OKpyxHOCTH) (pHC. 46). 
EcnH 'IJ)eyroJibHHK zynoyroJII>HLDi, ueHTP onHcaHHOA OKpyxHOCTH 

Jie)K}IT BHe 'l'peyroJibHHKa (pHc. 46). 

B 

a 

B 

6 

Puc.4 

B 

TeopeMa CBJIYCOB· Bo BCRKOM 'IJ)eyroJ1I>HHKe ABC (puc. 5) OTHome

HHe mo6oit CTOPOH:bl K CHHYCY IlpOTHBOilOJIO)J{}IOfO eit yrna eCTb no

CTOJIHHaH .llJIH .naHHOfO TpeyrOJibHHK3 seJIHtlHHa, T.e.: 

a -b c 
--=--=-.-, 
sin a. sin p sm 'Y 

BAC = a, ABC = J3, 1fCA = y, BC= a, AC= b, AB "'7 f~ _ EcnH R - pa

.zlHYC oKpyxrnocTH, onHcaHHoit BoKpyr T})eyroJibHHJQl ABC, TO 

a b - c 
-=-=-=2R. 
sin ex sin J3 sin y 
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B 

~......_ ___ ___,~ c 
b E 

PHc.5 ' Pile. 6 

,UeliCTBHTeJibHO, rrocKOJibKy ABC - BIIHCaHHhlli, TO v AEC H3Me-

p.sreTc.sr YfJIOM 213 (pHC. 6). -"" 
Tor.n;a.yroJI AOC paBeH 2131 aero noJIOBHHa DOC= 13. Hs rrp8Mo

yroJibHOro TPeYfOJlbHHKa DOC HMeeM: DC= R sin 13, OTKy.zi;a nonyqa

eM, 'ITO .b/2 = R sin 13 ~ b/sin 13 = 2R. 
TaKHM o6pa3oM, ec1rn: B TPeyroJihHHKe ABC H3BeCTHO ocHoBaHHe b 

H yroJI npH Bepunrne 13, TO pa,u,Hyc OKPyxHOCTH, .OilHcaHHOH BOKPYf 

3Toro TpeyrOJibHHKa, Hax:O,IJ,HTCH no <j)opMyne: 

b 
R = 2sinj3" 

IIonesHo TaIOKe HMeTb B BH.n;y CJie.n;yiom.ee yrBep)KJJ.eHHe: reoMe'IpH
qecKoe Mecro roqeK M, as KOTOpbIX QTPe30K AC 3a,ZJ;aHHOli .llJIHHLI b 
(AC= b) BH,ll;eH non; 3a,aaHHbIM YfJIOM 13, COCTOHT H3 .ll;Byx n;yr OKpyx

HOCTeH pa.zlHYca R = b/2 sin 13, omrpaIOm.HXc.sr 
Ha paCCMaTPHBaeMbIH 0TPC30K, KaK 3TO no

Ka3aHO Ha PHC. 7. 
,UJm roro, qro6bl IlOCTpOHTb ueHTPbl (0 H 

OJ) 3THX OKpyxHOCTeH, .n;ocTaroqHo .HaHTH 

BepwHHhI paBH06en;peHHblX TPeyroJibHHKOB 
AOC H A01 C, HMeIOIUHX CBOHMH ocHOBaHH
HMH paccMaTpHBaeMhlH OTPe3oK AC u: yron 

IIpH BepwHHe, paBHbIH 213. 
Teopeo &:OCHHyCOB. Bo BCRKOM mpey20Ab

nwce ABC (puc. 8) ICBaiJpam oonou U3 cmo
pon BC paBeH cyMMe ICBaiJpamoB iJByx iJpyzux 
cmopoH AB u AC MU Hye yiJBoennoe npou3ee
oenue O/IUH 3mUX cmopoH Ha ICOCUHYC YZllO 

MeJICOy HUMU: 
PHC. 7 
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:AB 

AC 

PHc.8 

B 

c 

B 

~ 
A C 

PHc.9 

BC 2 ==AB 2 +AC2 -2AB· AC· cos Mc. 
TeopeMa IIncl>aropa. B npRMoyzoAbHOM mpeyzoAbHUKe ABC (pHc. 9) 

1eeaapam zunomeHy3bt paeeH cyMMe 1eeaapamoe ezo 1eamemoe: 

BC 2 =AB 2 +AC 2• 

II0,11,06ae DJIOCKHX cl>Hryp • .IJ.se MOCK.He tPHrYPhI (HanpHMep, T})ey

roJihHHKH ABCH A1B1 C1) fUl3bIBaJOTCSI no.no6HWMH, ecJIH cymecTByeT 

OT06pIDKeHHe 0)],HOH Ha .n.pyryio, np:H KOTOPOM paCCTORHHe MC:x<.llY 

o6pa3aMH mo6hIX .ll,Byx TO'ICK XJ H 11 OTHOCHTCH K paCCTOHHHIO Me)l{

.ll.Y npoo6pa3aMH 3THX TO'leK XH YKaK o.nHo H To )l{e qHcJio k. "lJ.:HcJIO 

k Ha3bIBaeTCH K03¢>¢il'.UHeHTOM IlO,IJ,OOHSI (p:HC. 10). 
IloAo6ae TpeyrOJlhl,lllKOB. B qacmOCTH, .nsa TJ)eyroJibHHKa »BJIHJOT

c» IlO)l06HbIMH, eCJIJJ yrJibl 0.llHOfO TpeyroJibHHKa paBHbl yrJiaM .npy

roro T})eyroJibHHKa, a npoTHBOJIC)KallUfe paBHbIM yntaM CTOpOHbl 

nponopuHOHaJibHhI (pHC. 10). 

Ai.Bi fiiC1 C.Ai 
L A1 = LA, C.. Bi = L B, L C1 = L C; AB = BC = CA . 

IlpHlHaKll UOAofillJI 'l'peyro.JIWIBO 

Do TpeM CTtlfJOBUI. )lJvl roro, 'ITOOW .llB8 TpeyrOJJbHHXa 6wnH no
.n;o6m.z, Heo6x<.>,lUfMO H .llocraT01JHO, 'lro6bl TPH CTOpoHW Oll,HOro Tpey

f().1IbHHKa 6hUiH nponopUHOH8JlhHhl TpCM cropoHaM .llpyl'C)rO TpeYfOJib-

HJOOl. ~ 

B 

!Xifil ""k · IXYI 
PHc.10 



§ 1. 0cH06Hble meope.Mbl u r/JopMyAbl 1111aHUMempuu 11 

Ilo AByM )TJUlM. )lJrn TOro, qro6bl .ll.Ba TpeYfOJibHHKa 6bUIH IlO.llOO

HhI, Heo6xo.1n1Mo H JlOCTaroqtto, qro6bl .11.Ba yrna OJJ.Horo TPCYfOJibHHKa 

6bl.JIH pa.BHhI .llBYM yrnaM .11.pyroro TpeyroJibHHKa. 

no ¥)'M CTOpoBBM H yrJiy. ,Ll,JIH Toro, qroijbI .llBa TPeyroJILHHKa 

6blJIH Il0.ZJ.06Hbl, Heo6xo.LIJIMO H .IJ.OCTaTQqHo, 'IT06bl .nee CTOpoUbl 

O.llHOfO Tpeyro.n&HHKa 6blJIH nponop~HOHaJibHbl JlBYM CTOPOHaM .n.py

roro, a frJihI, 38KJIIOqeHHbie Me)!Ql)' 3THMH cropoHaMH, 6blJIH paBHbI. 

~ 
1. B no.llo6HbIX qmrypax (ttanpHMep, TpeyroJI&HHKaX) yrJILI Me)!Ql)' 

JII06bIMH CXO,llCTBeHHbIMH JIHHeHHbIMH 3JieMeHTaMH paBHbl, a MHHbl 

3THX 3JieMeHTOB OTHOCHTCH Ka.K K03<PqnmHeHT IlO.llOOIDI k. 
TaK, HanpHMep, ,l])IHHbl cxo.n;cTBeHHbIX CTopoH AB H A1B11 6Hc

ceKTpHC /1 H /, Me,11.HaH m1 H m, BbICOT h1 H h, nepHMeTpOB P1 H P, 
paJJ.uycoe enncaHHhIX r1 H r H onHcaHHhIX R1 H R OKpyxHocreH: OT

HOC.SITCH KaK k: 

A1 B1 = !!. = m1 = hi = P1 = '1 = R1 = k. 
AB I m h P r R 

2. B no,llo6HI>IX qmrypax IDioma.n.u mo6bIX cxo.ncmeHHbIX 3JieMeHTOB 

OTHOC.SITC.SI KaK KBa,n.paT K03cPcPHUHeHTa IlO.ll06IDI k1. 
TaK, HanpMMep, wrn nJioma,n:e:H SA B c H SABc no,n;o6HbIX Tpey-

1 I I 
roJibHHKOB cnpaBeMHBO COOTHOIIIeHtte: 

SA1B1C1 = k2 
SABc 

ITuouwu. TpeyroJJLHHU. ,Un.SI HaxO)l{,.lleHIDI IlJIOllla.IlH TpeyroJibHHKa 

co cropoHaMH BC= a, AC= b, AB= c H nponrnoJie:>Kall.UfMH HM yr
naMH BAt =a, AJiC = 13, 1iCA. = y (pnc. 5) HaH6onee ymYrpe611:

TeJihHhI CJie.llYIOI.UHe <l>OPMYJibl: 

1 l l 
a) S=-ah =-bhL=-ch 2 a 2 u 2 i:• 

r.u:e ha, hb, H he - ,ll.JIHHbl BbICOT TpeyroJibHHKa, npoBe)leHHblX K 

COOTBeTCTBYJC>UJ,HM cropomlM; 

. S lb . 1 •A 1 b. 6) = 2 csma. = 2acsm., = 2a sm "(, 

e) <l>opMyJiafepotta: S = ~p(p-a)(p-b)(p-c),me p =~(a+ b +c) -

. nonynepHMeTp Tpeyro.llbHHKa. 
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' 
K.poMe roro, crrpaBe.ll)IHBhl 4JopMyJibl, BhIPIDK3IOUUle DJioma.zu. Tpe-

yroJILHHKa qepe3 ero CTOPOHhl H pa,rr.Hyc BilHCaHHOA HJIH OilH

caHHOii OJ(pjomocra; 

, r) S = p· r 

.Il o Ka 3 a Te JI L c TB o. )leii:C'l'BlfrellbHo, IDJo~ 'lJ)eyJ"Q1IbHH ABC 
(pHc. 2) MO)JQ{O npeD.CTaBHTb KaK CYMMY rumma,n;elt TpeX TpeyroJILHH

KOB OAB, OACH OBC, HMe10mmc 06my10 sepwmzy e tieHTPe 0 BnH

caHHoii: B TpeyrOJibHHK ABC OKp)')KHOCTH. K.roiou.nt H3 3THX TpeYfOJib

HHKOB HMeeT CBOHM OCHOBaHHeM KaKyIO-JIH60 cropoHy TpeYfOJlbHHKa 

ABCH OD.HHaKOBYIO BLICOTY, paBHYIO parucycy renHcaHHOii: OK:p)')KHO

CTH. Il03TOMy 

1 1 1 
SABc= SoAB+ SoAc+ SoBc= 2cr + 2br + 2ar = p. r, 

'ITO H Tpe60BaJIOCb ,lJ;OKa3aTb. QqeBH.n;HO, 'ITO TaKaJI xe 4x>PMYJia BepHa 

H )l,Jlll rrpOH3BOJlbHOfO BhlrryKJioro MHOfOYfOJlbHHKa, eCJIH TOJibKO B 

Hero MOXHO BIIHCaTb OKp)')KHOCTb; 

.n;) S = abc 
4R 

.n 0 Ka 3 a Te JI b c TB o . .IleiicTBHTeJibHO, S= 1/2. he. sin a.. c .n;py

roii CTOpOHhl, no TeopeMe CHlfYCOB a/sin ex = 2R, HJIH sin a. = a/2R. 
Ilo)lCTaBJIIDI 3TO BbipaxeHHe B $OPMYJIY JI,JIH. IIJIOma.n;H s, IIOJIY'IHM 

paccMaTpHBaeMoe COOTHOWeHHe. 

KaK yxe oTMeqanocb, ecnH TpeyronhHHK A1B1 C1 nonyqaeTcH H3 

TpeyrOJibHHKa ABC rrpeo6pasoeaHHeM rro.l{o6IDI c K03<P<IJH!UfeHTOM 

rro.n;o6IDI k, To SA
1
B

1
c

1 
=kl SABc· Ilone3HO HMeTb B eimy 6onee o6m;ee 

ymep)l(l{eHRe; 

e) TeopeMa. EC/lu e mpeyzonbHUKe ABC OOHJI U3 cmopoH AB-U3Me
numb e k pa3 (AB1 = k ·AB, pHc. 11), a iJpyzy10 - 8 m ]Ja3 (AC1 = m ·AC), 
ocma6ue 6e3 U3MeHeHUR yzo11 MeJK:iJy HUMU, mo n.tlOU400b nOJ1)1'1ut1wezoCR 
mpeyzonbHUKO AB1C1U3MenumCR8 k· mpa3 (m.e. SAB

1
c

1 
=k· m • SABc>· 

,Ueii:cTBHTeJibHO, 

SAB1c1 = iABi ·AC1 ·sincx = i<k ·AB)(m ·AC)~a = 

= k·m·SABC· 

()qeeH,LUio TaIOKe, 'ITO rrpH k = m TpeyroJILHHK A.B1 C1 no.nyqaeTCH 

H3 TpeyroJILHHKa ABC rrpeo6paJOBaHHeM rro.u,o6HJ1.c ms4Mi>H~HeH-
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B 

PHc.11 PHc. 12 

TOM k. Ilpn 3TOM nonyqeHHaH <l>opMyJia nepexo.n.HT B )')Ke H3BeCTII}'IO 

<l>OPMYJIY s AB1 C1 = k} . s ABC .Wm rmom;a.n.eii no.n.o6HbIX TpeYfOJibHHKOB. 
11eThlpexyroJlbHBKB. qeTblpexyroJibHHK Ha31>1BaeTCSI BblnyKJibIM, 

eCJIH OH pacnOJIO)l(eH no O.D.HY cropoHy OT JII06oii H3 CBOHX CTOpOH 

(pHC. 12). 
EcJin .n.naroHaJIH BblnyKJIOro qeTblpexyroJI1>HHKa paBHbI d1 H d2 H 

o6pa3yIOT yroJI a, TO IlJIOIIl;a.D.b qeTI>IpexyrOJibHHKa .n.aeTCH <PopMyJioli: 

Cepe.IJ.HHbI CTopoH npon3BOJI1>Horo qeThlpexyron1>HHKa K, L, M, N 
HBJIHIOTCH BepumttaMH HeKoToporo napaJIJienorpaMMa. CTopoHbI :no

ro napaJIJieJIOtpru.{Ma napaJIJieJibHbI COOTBeTCTByIOm;HM )J.HarQHaJISIM qe

ThlpexyroJibHHKa (pHC. 13). 
Cpe,llHHe JIHHHH (T.e. OTpe3KH npSIMbIX, coe,llHHHIOm;He cepe,ll,HHbI 

npoTHBOilOJIO)l(ffbIX CTOpOH) qeTbIPCXYfOJibHHKa B TOqKe CBoero ne

peceqeHHSI ,lleJIHTCSI nonoJiaM. 

IIap8JIJle.11orpaMM - 3To qeTb1pexyron1>HHK ABCD (pnc. 14), y Ko

Toporo npoTHBOilOJIO)l(Hble CTOpOHbl nonapHO napaJIJieJibHbI. ,[VIHHbI 

npoTHBOilOJIO)l(ffbIX cropoH paBHbl. 

TeopeMa 1. ,D,tm moeo, '4mOfibl BblnyK./lblU '4emblpexyzo11bHUtc 6blll na
paJllleJ1ozpaMMoM, Heo6xoiJUMo u iJocmamo'4HO, '4mo6bl ew iJuaZOHQJIU B 
mo'ltce nepece'leHWI OeJIUJIUCb nono11aM. 

Teope• 2. CyMMa KBaiJpamoB iJuaeoHQJleu napaJlllet1ozpaMMa paBHa 
cyMMe tcBaiJpamoB eeo cmopoH (pnc. 14) . 

.D. 0 Ka 3 a Te JI b c TB o. Ila TeOpeMe KOCHHYCOB H3 TpeyI'oJibHHKa 

BCD cne.n.yeT: 

dl = a2 + b2 
- 2ab cos a. 

Ilo roH: xe reopeMe H3 Tpeyroni:.HHKa ABC Haxo.un:M: 

dl = a2 + b2 - 2ab cos p. 
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A. 

PHc.13 PHc.14 

YqHThlB3H, lfl'O ABC = 1t - 1iCD , T.e. cos 13 = - cos a, nonyqaeM: 

dl = d- + I} + 2ab coo a. 

CKJI3,D,LIBWI KBa,IJ,PaThl Jl.JIHH ,D.Harommeii, nonyqaeM CYMMY Kean;pa
TOB .wnm ucex cropoH napann.en:oq>aMMa: 

dl + dl = 2'1+2/l-. 
IfuoIJWlb rrapan:nen:orpaMMa JJ.aeTCH cl>oPMYJiaMH: 

a) S=ah; 

6) S= ab sin a.= ab sin p, 
r.ne a= BC=AD, b=AB= CD, h - BhICOTa rrapaJ1J1eJ10rpaMM.a, a, 
p = 1t - a. - yrnhI MeIJIY CMeJKHlilltH cropoHaMH. 

IlpDloymnwnoco• ABCD (pHc. 15a), H33LmaeTCH napaJJJIC}lorpaMM, 
y KOToporo Bee yrJibl IIpHMble . 

.[{JIHHLI .n11aromUieH npHMOYfOJILHHKa paBHhl MeJK.8.Y co6oii:. 
Kaa.zq>aTOM Ha3hIBaeTCH rrpmtoyroJILHHK, y KOTOporo ,lUUIHbl ucex 

cropoH paBHhI (p11c. 156). 
POllfioll H33blBae:rcs napaJJJieJiorpaMM, y xoroporo JVIHHhl ucex 

CTOpoH paBHLl (pHC. 156). 
B 

a 

PHc.15 
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J(HaroHaJIH poM6a H KB3.lJ.P3T3. B38HMHO nepnelfJlHKYIDJPHLI. 
B poM6 H JCB8JlP8.T MOXHO BllHC3Tb OICpyxHOCTb, ueirrp Koropoii 

H8XOJUITCJI B TO'IKe nepece'leHJm: JUlal'OHaJieii. 
~ - 31'0 Bhlil}'IOILlit 'leTLipeX)TQJIL-

HHK ABCD (pHc. 16), y Koroporo Aue npoTH- B;-. __ b.._,...,.c 

eonoJioXHWe cropoHbl (ocHoeaHIDI) napan- E / I \ F 
11em.Hbl, a .llBC .zq>ym:e He napa.1111em.111i1. L h \ D 

Cpe.lUfJIJI JillHIDI 1P3fieUHH EF - 0Tpe30K, A -- -
COOJJ.HllJIIOIUHii cepeJUIHLI He napan11em.HbIX 

0 

CTOpoH, napanJieJibHa ee OCHOB8HIDIM. ,llmma Pac. 16 
Cpe.ll,HeH JIHHHH paBHa ITOJIYC}'MMe Jl)IHH OCHOBaHHH. Iln.OUWll> 1})ane

UHH c OCHOBaHIDIMH AD= a, BC= b H ewcoroii h ,WleTCJI fJx>PMYJIOii: 

S= a+b h 2 . 

TeopeMa 1. ,llna mozo, 11mofibl B BblnyK.llblii 11emblpexyZ011bHUK Mo:J1Cno 
6b1Jlo Bnucamb OICJJYJICHOcmb, neofixoiJUMo u iJocmamo11no, 11mofibl . cyM
Mbl iJ.nun npomuBonO/IO:JICHb/X cmopon 6b1Jlu pOBHbl iJpyz iJpyzy (pac. 17a). 

TeopeMa 2. ,4JlJl mozo, 11mofibl BOICpyz BblnyK./lozo 11emblpexyZOJ1bHUKa 
MO:JIOIO 6buto onucamb OKJJY:JICHOCmb, neofixoiJUMo u iJocmamo11no, 11mo-
6111 cyMMbl npomU60n01103ICHlilX YZllOB 6blllu pa6Hbl 1t (puc. 176). 

a+b•c+d 
0 

Plrc.17 

0 I'EOMETPHR OD'Y.lDIOCl'B 

OQyJmoen. - reoMC'IpH11eCICoe MeCTO TO'ICK, y,wuleHHWX Ha OllHO 

u ro xe paccTOJ1HHe ROT 3Q.llaHHoA TO'IKH o, ee nempa. 
ICpyr- '18CTb RJIOCKOCTH, OrpaHH'ICHHaB OKJ>ymlOCTblO: 

a) JJ.JUtHa Oiq>YmlOCTH C= 21tR; 
6) RJIOJ.IUl,1.0i. xpyra S = J. 
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YroJI Me)l(.!zy .llBYMB pa!llfYCIDlH oxpy:x<HOCTH Hll3hlBaeTCH ueHTPBJib
HlilM yrJIOM (pHC. 18). EcJIH 0:- lfllCJIO P8,llH8HOB. B.UempaJibHOM yrJie, 

TO: 
a) .nmma / ,nym, Ha KOTOPYJO OIIHpaeTCSI uempam.Hblii yron, paeHa 

l=a · R; 

6) IUIOIIJ.aJJ;b S ueHTp3JlbHoro ceicropa OA.DB Kpyra c yrJIOM ex npH 
Bepw11He 0 }laeTCH <l><>PMYJIOH: 

S = .!.R2a· 2 , 

u) IUIOIIJ.aJJ;b cerMeHTa ADB onpe.n;eIDieTCH KaK pa3HOCTb nJIOIIJ.aJJ;H 
ceKTopa OADB H IUIOIIJ.aJJ;H TPeyro.11.&HHKa OAB 

S = ~R2 (a- sin a), 

r.n;e R - pa.n;Hyc OKp}')l(HOCTH. 
YroJI ACB, o6pa30BaHHI>lli JlBYMH xopaaMH CA H CB, HCXO,w:U.UH:MH 

HJ o,n:HoH: roqKH C Oiq>y)l(HOCTH (pHc. 19), Ha3hIBaeTCH RDBC811UNM. Be
JIHqHHa BilHCamioro yrJia 13 paBHa IlOJIOBHHe' BeJIHqHlibI l{eHTpaJib

HOro yr.Ji:a a, orruparomerocH Ha Ty }J{e ayry oxpyxrnocTH 

f3 = a/2. 
Yron, o6pa3oBaHHhIM xop.n;oii:, cTsirnsa10meH: JJ..Yry AB oKp)')l(Ho~

TH c ueHTpanbHbIM yrJIOM a H KacaTeJJ&ttoH: AD K oKpYJkffoCTH, npoBe
JleHHOK qepe3 O)lHH H3 KOHl(OB XOp)lhI, TaIOKe paeeH a/2 "(pHC. 19). 

KacaTeJI1>HI>1e, rrpoBeJleHH1>1e K oKpy)f{HOCTH HJ O.llHOlt TO'IKH, 

HMeIOT OJlHHaKOBYIO .D;JlHHy. 

TeopeMa 1. ECllu U3 oaHou mo•acu M (pHC. 20), :OllmolJ tlHe Kpyca, 
npoeeaeHbl JC Hi!My ICOIC(JJl-Hu6yab ceKyUJ,OJl MA u ICactllllUbNtlll MC, mo 
npoU3BeiJeuue iJ11u11w ceKyU4eii na iJ11uny ee s11e"lillleiJ ucmu MB paBHO 
1'8aiJpamy iJJzUHbl KQCQme.tlbHOU: 

MC 2 =MA·MB . 

.II. o Ka 3 a Ten h c TB o. Coe.n.HHHM ro11K}r CorPesawH CB H CA c 
T~MH B H A. Tpe~bHHE!JlCM H A.C:Jf,~: y HHX yron 
CMB - o6IIJ.Hli, a CAM = BCM ~ ,, . , ', .. , . 

.. 
Pa.inran - no ueHTPaJII>Hhllt yrOJI, · o • 1111"1 oicpyxHocTH, 

. - ' : ' ' fl'=l4..._ 
nmma Koropoil pruma ee pa.!lHycy. B nOJUIOM ,..-:r.,. ,,_ - 21t Pa.llHIUI. 
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PHc. 18 

.ll,eiicrBIITeJihHO, o6a 3THX yrna H3MepHIOTCH nOJIOBHHOH v CB: OJlHH 
- .KaK BilHCaHHbIH, .npyro:H - KaK yron Me)l()Jy xop.11:01'1: H KacaTeJibHOH. 
}fa Il0.D;06IDI TpeyrOJIJ:~HHKOB CJIC.llYeT nponopwrn:: 

MC MA 
MB= MC' 

'ITO H .ll0Ka3blB8eT cct><>PMYJI.Hpo.BaHHOe yrBep>IOJ;eHHe • 

.ll,oKa38HH8H TeopeMa ql{TaeTcB Kp8TKO CJie,!JYIOil(HM o6pa30M: 

«XBa.upaT xaca-reJihHOH paBeH npoH3Be.n;emuo ceKYil(eii Ha ee BHe
llIHIOIO ll8CTb•. 

TeopeMa 2. ECJlu 11epe3 mo111ey M (puc. 21), B3Rmy10 6H"J1mpu Kpyza, 
npo6eoeuo cKO./l.OJCo yioiJHo xopo AB, EF, KL, ... , mo npou38eiJeHue i.WuH 
ompe31'08 1'axoou xopiJbl, 1ta 1'omopble ee iJe.aum pacCMampueaeMa.n 
moiuca, ecmb itUCJlO nocmo11H1toe Ollll ocex xopiJ: 

AM· MB=KM· ML=EM· MF= ... =Const. 

c 

PHc.20 PHc.21 
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~ o Ka 3 a Te JI 1> c TB o. Coe.u;HHHM roqm A H L, K H B OTpe3KaMH 

np.RMhlX. TpeyroJILHHKH ALM H KMB no.u;o6Hl>I. YrJIY AML H KMB 
paBHbl KaK BeP'fHKallbHLle, a yrJILI MAL H MKB - KaK BilHcattHble H 

onHpaIOil(Hec11 Ha o.u;Hy H.1Y xe .u;yry LFB. H3 no.u;o6u STHX -q>ey
roJihHHKOB CJICJ(yeT nponopl{IDl: 

AM ML 
KM= MB' 

HJIH AM· MB= KM· ML, qro .D:OKa3LIBaeT yruepJKJ(eHHe reopeMLI. 
BeKTOpw. Ynop.SIJ(oqeHHrui napa A, B HecoBna.u;aIOIUHX TO'leK on

pe.u;eJIJ'leT HanpaBJieHHblH OTpe30K c HaqaJIOM A H KOHUOM B. C noMo

UJ.bIO 3Toro 0Tpe3Ka 33.l(aerca npeo6pa30BaHHe IIJIOCKOCI'H - napaJI

JieJihHl>IH nepeHoc, npH xoropoM KIDIOJ:ruI roqKa M OT06paJKaeTC.ff Ha 

TilK)'JO roqxy M1, 'ITO nyq MM1 coHanpaBJieH c JIY'JOM AB H paccro

JIHHe MM!' pamro paccroBHHJO AB (pHc. 22). 
~ npeo6pa30BaHHe H33bfBaeTCH BeKTOpOM. 

Btsrop H306pIDKaeTC.ff HanpaarreHHbIM oTpe3KOM H o6o3HaqaeTc.si 

CHMBOJlOM AD HJIH a. 
0.H H TOT JKe napaJIJieJibHblH nepeHoc MOJKHO ·33.l(aTb c IlOMO

utWO 6ecKOHC'IHOf0 KOJIH'IeCTBa HanpaBJieHHhJX 0Tpe3KOB. Bee TilKHe 

()1:f>C3KH HMCIOT 0.llHH3KOByIO AJJHHY, Ha3blBaeMyIO AJJHHOH HJIH MOAY
~BeKTopa I AB I= I a 1. napaJLJJeJibHbl (HJIH JieJKaT Ha O,llHOH np.RMOH) 

H mmpaBJieHbl B ~HY CTOpoHy. Ilo3TOMY ,ll,Ba BeKTOpa cqH'J!aIOTC.R 

paBtILIMH, eciUf OHH H3o6pIDKaIOTC.ff O'J'PC3K3MH, JleJKau(HMH H8'<>.llkOH 

HJIH napaJIJJeJibHl>IX np.RMbIX, HMCIOW:HMH O,l(HHaKOBYJO .wnlHy H Ha

npaB11eHHLIMH B O.llHY CTOpoHy. 

Ec11H eeKTopl>I A18 1 H A")i2 (pHc. 23) H3o6paJKaK>TCJJ OTJ>C3Ka

MH, JIC)K8ll(HMH Ha 0.l(HOH HJIH nap8JIJICJlbHLIX np.siMblX, 1'0 OHH Ha-

3&1BaIOTC.R KOJIJIHHeapuWMR • 

.lJ,1ul K.UOlOA roqKK A Mo:>KHo nOCTpOHTh eJI.HHCTBeHH)'IO 'l'O'IKY B 
TaKyJO, 'ITO AB =ii (pHc. 24). 3-:ro nocrpoeHHe H83WB8ftCI O'IUUW
...... BeDOPa ii OT TO'IKH A. 

Pllc.22 '*'24 
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B 

A 

a 
E 

PHc.25 

CyMMa R p33BOCTL BellTOpoB. ,llBa BeKTOpa CKJia,QblBalOTCH no npa

BHJIY napaJJJieJiorpaMMa. ,[(Jm 9TOI'O o6a BeKTOpa OTK.113,QblBaIOTCH H3 

O,ll,HOii TOqKH H CTpOHTCH napanne110rpaMM, cropoHaMH KOroporo 

HBJIHIOTCH BeKTOpa (pHC. 25a). 
qT06bl nonyqHTb CYMMY 60Jiblliero qHCJia BeK'l'opoB, HYJKHO OT

JIOXHTb OT npOH3BOJihHOiii ToqKH A nepBLIH BeKTOp ii , a Ka)l{)l.blH 

IlOCJie,ZJ,ylOl.U,HH BeKTOp jj , c ' d OTJIOXHTb OT KOHUa npe.l(l>IJ{ymero. 

CYMMOH 6y.n.eT BeKTop, H31IaJIO KOToporo COBila.D,aeT c HaqanoM (roq

Ka A) nepuoro, a Kotteu - c KOHUOM (roqKa E) nOCJie,ll,Hero BeK

ropa (pHc. 256). 
P33HOCTblO JUJyx BeKTOpoB ii H b H33b1BaeTCH TclKOH BeKTOp c , 

KOTOpblii, 6y;i:yqH CJIOJKeHHblM C BeKTOpoM b , 
Jlae-t ii . P33HOCTb )lByx ueicropou b H ii npe.n.-LJ 
CTaruISieTCSI HanpaBJieHHhIM 0Tpe3KOM, COe,lUI- a . . --- _ 
HHIOIUHM KOHI.\bl 3THX BeKTOPOB }f HMeIOl.U,HM c-a-b 

HaDpaBJICHHe «K KOHuY TOI'O BeKTOpa, H3 KO-

roporo BbJlIHTaIOT» (pHC. 26). b 
EcnH .lVUI BeKTOpa b BBeCTH IlpoTHBOITO- PHc. 26 

JIOJKHLlit eM)' BeKTOp ( -b ), KOTOphlii KOJIJIH-

HeapeH BeICTOpy b' HMeeT TOT xe MOJlYilh, HO uanpaBJieH B npoTH

BOilOJtOJKHYIO CTOpoffY, TO p33HOCTb ueKtOpoB ii H b npe}lCTaBJISleT

CH lC8K CyMMa BeKTOpa ii H BeKTOpa ( -b ), T.e. c =a+ (-b). 
CYMM8 npoTHBonono)l{lfblX :seKTOpOB pauHa 0: b + (-b) = 0. 
110.11; opGll3M,lleDReM A.ii ueKTOpa ii Ha qHCJio A. noHHMaeTCH TaKoii 

seKTOp, KOTOphlA KOJIJIHHeapeH ueicropy ii , HMeeT MO.zlYJlb I A. I I ii I H 

uanpaBJicH .B TY )Ke cropoey, qro H ii - eCJIH A. nonoJKHTeJihHO, H B 

npoTHJJOllOJIOJDIYIO - eCJIH A. OTpJmareJihHO. f eoMerpH'lecKH yMHoxe

HHe BeKTOpa Ha 'IHCJIO 03HaIJaeT paCTIDKeHHe HJIH cxaTHe ueicropa H, 
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a 
I ... 
I I 
I A.a I 
I I JI I I lal 1 .. I I .., 

1..lal 
I 

I I , .. .. , 
PHc.27 

B03MO)l{HO, nepeMeHy ero HanpaBJiemrn Ha npOTHBonoJio)l{Hoe (pnc. 27). 
MMelOT Mecro paBeHCTBa: 

(A.+µ)ii =A.a +µii, 

A.( a + ii)= A.a + A.b , 
B KOTopbIX A, H µ - rrpoH3BOJI.&HDie .u:e.HCTBHTeJihHDie qncna. 

Beicrop C = A a + µ b Ha3blBaeTCSI JIHHeiiHoii KOM6Hnaneeii DeKTO

pOB ii H b . ECJIH A. H µ - npOH3BOJihHhle .n;eikTBHTeJil>Hhie qncrra, a 

ii H jj - HeKOJUIHHeapH1>1e BeKTopa, TO, BapbHPYSI 3TH qJiicJia, MO)l(HO 

IlOJiy<IHT.b npOH3BOJibHbIH BeKTOp ITJIOCKOCTH. 

EcJIH OA = a H OB = jj - .n;Ba HeKOJIJIHHeapHbIX BeKTopa, OTJIO

)KeHHhie OT TO'IKH 0, TO BeKTOp oc ' OKaHtJHBaIOJ.UHHCH B cepe.nHHe 

oTpe3Ka AB, paBeH IIOJIYCYMMe BeKTOpoB ii H b, T.e. 

oc =a +ii. 
2 . 

Boo6lll,e, BeKTop T01IKH F, .n;eJISilll,HH oTpe3oK-· AB B oTHoweHHH 

').. : µ (A. H µ - IIOJIO)KHTeJibHbie qncna) H HaqHHaIOUJ,HHCH B TO'IKe 0, 
.u:aeTCSI <}>opMyJIOH (pHC. 28): . 

A 
A IBFl:IFAl• 1:µ 

0 'J:. 

PHc.28 '!' 
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PA3JIO.lKEHHE BEKTOPA HA KOMilOHEH'ThI. 
KOOP~HHATLI BEKTOPA 

EcJIH ii H b - ,ZJ;Ba HeKOJIJIHHeapHhIX BeKTopa B IlJIOCKOCTH, a 

z - rrpOH3BOJibHhlii BeKTop B TOH )Ke IlJIOCKOCTH, TO BCer.na cyrn;e

CTByIOT TaKHe tJHCJia a. H ~. qTQ z :;:: ex ii + ~ b . B 3TOM cnyqae fOBOp.SIT' 

qTo BeKTop z pa3JIO)l{eH no BeKTopaM ii H b . 
Ha pHC. 29 BCe TPH BeKTopa OTJIO)l{eHbl OT o.n

HOH TQqKH 0. 
EcnH i H J - HeKOJIJIHHeapHhle e.n;HHHq

Hble BeKTOpbl (T.e. BeKTOpbl, MOAYJih KOTOphIX 

paBeH e.n;HHHD;e I i I = I ] I = 1), TO npoH3-

BOJihHhlii BeKTop AB IlJIOCKOCTH MmKeT 6bITh 

npe)J.cTaBJieH B BH.n;e AB = ii = a 1 i + a2 J . B 
3TOM cnyqae roBop.SIT, qTo BeKTop AB HMeeT 

- - 0 

I 
I 

I 
I 

I 

/ 
I 

I 
I 

I 
I 

I 
I 

I -aa a 
B CHCTeMe i , j KOOp)J.HHaThI {a1. a2}. 

EcnH BeKTOpbI i H J B3aHMHO nepneH- PHc. 
29 

)1.HKYJI.SIPHhI, npWieM BeKTOp J MO)l{eT 6bITb nonyqeH H3 BeKTOpa i 
IlOBOpOTOM npOTHB qacoBOH CTpeJIKH, TO fOBOp.SIT, qTo np.SIMhle, B 

KOTOpblX Jie)l{aT BeKTOPhl i H J ' o6pa3YJOT ,n;eKapTOBY np.SIMOYfOJih

HYJO CMCTeMy KOOp)J.HHaT, a 'IHCJia {a1, a2}. Ha3bIBa10TC.Sl ,n;eKapTOBbl

MH KOOp)lllllaTaMH BeKTOpa ii . 
IlycTb TO'IKa Ac Koop.n,11ttarnM11 (x1, y1) - Ha'IaJIO BeKTOpa ii, a 

TO'IKa B c KOOp)l;HHaTaMH (x2, Y2) - ero KOHeu; (pHC. 30). Tor.na KOOp

.llHHaTbI BCKTOpa CB.Sl3aHbl c KOOp,llHHaTilMH Toqex A H B <}>OpMYmnm: 

a1 =.xi-x1, ai=Y2·-yt> · 

T.e . .n;eKapTOBhI KOOJ>,llHHaTbl. BeKTOpa paBHbl Pa3HOCTH COOTBeTCTBYJO

lUHX xoop.zumaT KOHn;a BeKTOpa H ero tta1:1ana. 

. )J.eKapTOBhI KOOp)l.HHaTbl BeKTOpa ii HBJI.SllOTC.Sl npoeKD;HHMH 3TO

ro BeKTopa Ha COOTBeTCTBeHHbie OCH CHCTeMhI KOOp,ZlHHaT: 

a1 = npx ii , a2 = npy ii. 

IlycTh BeK.TOp ii HMeeT KOOp)l.HHaThI {al> a1}, qTo 3aIIHChIBaeTC.Sl B 

BIUlC ii {at> a2}, a BCKTOp _b - {bl> b1}. HJIH b {bl> b1}. 
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Y2 y---~------I B 

aJ a I 
I 

Y1 1 

Tor.ua: 

1) (ii+ b) {a1 +bl> a2 +b2}; 

2) (ii - b) {a1 - b1; a2 - b2}; 

3) 'A.ii {A.ab 'A.a2}; 7 -- ,A I 
I Ix 

4) (A.ii + µb) {A.a1 +µbl> A.a2 +µbi}, 
l X1 01i Xz 

a=a.T+aJ 
Puc. 30 

T.e • .ueHCTBIDlM c BeKTOpaMH OTBeqaJOT H,lleH

TffllHbie .u:eHCTBHH c HX KOOp.n;HHaTaMH. 

)1.oKa)l{eM, HanpHMep, qTO BeKTOp a + b 
HMeeT KOOp,ll.HHaTbl {al+ bl' a2 + b2}. )1.eHCTBHTeJibHO, BeKTopbI d11 b 
MO)l{HO 3amtcaTb KaK 

ii = a1i + a2j, 

b = b1T +b2J. 

CyMMa 3THX seKTopos npe.ucTasm1eTCH B BH.Ile: 

ii+ b = (a1 + b1)l + (a2 + b2) J. 
Orc10.na cne.uyeT, 'ITO lJHcna a1 + b1 H a2 + b2 HBmIIOTCH KOOP.UHHaTO

paMH eeKTopa ii + E . 
Mo)Q'm. eercropa ii orrpe.neJIHeTCH qepe3 ero .ueKaproBbI KOOP.IlHHa

Thl nocpe.D.CTBOM paBeHCTBa: 

liil=~af+aJ, 
a e.n;HHHlJHbJH BeKTop e, HMeIOl.I.lHH C BeKTOpOM a O)l.HHaKOBOe Ha

npaBJieHHe, 3anHCbIBaeTC5I B BH,lle i = a/I ii I H HMeeT KOOp.D;HHaTbJ: 

{a1/ Jal+ aJ, a2/ Ja[ + aJ }. 
Comlpuoe ~ aenopoa. CKaJIHPHbIM np<>H3Be.ZleHHeM .usyx 

HeHYJieBblX BeKTOpoB Ha3bIBaeTCH ':IHCJio, paattoe npoH3Be.llCHHIO JlJIHH 

3THX eeKTOpoe Ha KOCHHYC yrna Me)l(,!J.y HHMH •. HHbIMH CJIOBaMH, cKa

JIHpttoe npoH3Be.uettHe BeKTOpOB - 3TO lJHCJIO. 

Ec.JiH qepe3 <p o6o3HalJHTh yron Me)KJJ.y eeKTOpaMH ii H b , a qepe3 

ii· b - HX CIQlJUlpttoe rrpoH3ee.n;em1e, ro 

YrJIOM q> MCXCJlY BCKTOpaMH ii H b Ha3blBaCTCj{ yron: MClt.JlY HX Ha11paBJ1CHffj{MH. 
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Heo6xOJlHMhIM u: .n;ocraroqHbIM YCJIOBHeM neprreH.ZtHKY.IUIPHOC'llf .zmyx 
HeHyJieBbIX BeKTOpOB HB.IUleTCH paeeHCTBO HYJIIO HX CKaJIHpHOro IlpOH3-

BeAeHHH: 

CBoicma CUJUqJeoro npoH3~eH11J1: 

1) ii· b = b ·ii (nepeMeCTIITeJibHbIH 3aKOH); 

2) ('Aii)b = ('A,ii b) (coqeTaTeJibHbrH 3aKOH); 

3) ii (b + C) =ab+ a C (pacnpe,nemITeJibHbIH 3aKOH). 

CKam:Ipttoe IlPoH3Be.n;eHHe BblpIDKaeTCH qepe3 KOOp.n;1rnaTb1 COMHO

)l{HTCJleH no <l>opMyne: 

,ll 0 K a 3 a T e JI b C T B 0. ,lleHCTBHTeJlbHO, rrpe,nCTaBHM BeKTOpbl a 
H b paBeHCTBaMH: 

ii= a1l + a2}, 

b = h1l + b2J. 

Hcnonb3yH CBOHCTBa CKaIDipttoro npoH3Be.llCHHJI, aaxo.IU™: 

ii b = (aiJ + a2])(bif + b2]) = 
= a1bi (ll) + a1b2(l ]) + b1a2<1 /) + a2b2<1 }). 

IlOCKOJibKY CKBJIJlpHble npOH3Be.Z{eHHJI (l ]) (] 7) paBHbl ffYJllO 

BCJieJlCTBHe nepneH.lUIKYIDIPHOCTH BeKTOpos T H J, a cKaJUipHble 

npoH3BeJlCHHJI (ii) (] ]) paBHbl e,.IUIHHUe, TO H3 DOCJIC.llHCfO pa

BeHCTBa DOJIY'laeM cPoPMYJIY: ii b = a1b1 + a2f>i· 
Orc10.aa, B qaCTHOCTH, CJie,nyeT: 

(ii ii)= ii2 =Iii Ila lcosO =I ii 1
2 =al +al, 

ia I= ~a[+ ai. 

Heo6xOJJ.HMbIM H .110CTaroqHbIM yCJIOBHeM nepneHJJ.HKYJIJIPHOCTH 

HCHYJICBWX BeXTOpoB ii {al> D2} H b {b1 bi} JIBJIJIC'J'Cjl paBeHCTBO: 

Di bi + D2 b2 = 0. 
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3HIDI CKaIDipHoe npoH3BCJJ;eHHe BeKTOpoB, MOX<HO Onpe.llemITb yroJI 
Me::llOJY BeKTOpaMH: 

iib 
cosq> =I a !l 6 I' 

HJIH B KOOp,llHHaTHOH 33IIHCH: 

a1b1 +a2b2 cos <p = -:=====:.=---===== 
~af +ai ·~bl+hi 

IIocKOJibKY KOCHHyc ocTpOro yma noJIO)KHTeJieH, a KOCHHyc TYIIO

ro yma - OTPHIIareJieH, TO, eCJIH cKWISipHoe rrpoH3BC.llCHHe rrono}KH
TeJibHO, BeKTOpbl o6pa3YJOT OCTpblii yroJI, a ecnu. OTPHIJJlTeJlbHO -

'cyIIOli. 

Ha 3TOM 3a.KOHtUtM 063op ocHoBRbIX TeopeM H <PoPMYJI IIJiaHH

MeTpirn:. 3a,aatIH, KOTOpble np1rne.n;eHbI HIDKe, .n;onomunoT npe.u;n.o

.>KeHHbIH CilHCOK, Il03TOMY OHH CHa6.>KeHbl pemeHH.SIMH; 03HaKoMJie

HHe c HHMH BeCbMa mme3HO. 

~'la 1. (Teopt!Mll o cso#cmt1e 01U:CeK111p1tC61 flllt!IMIU!ZO yZMl mpe
YZOAWUllUl). Ilycmb BD - ompe3oK 6ucce1C11tpucbl sneu.mezo yZlla mpey
W/lbHUKa ABC (pHc. 31), saK.1Z1011eHHblii Me:J#COy BepmuHoii B mpeyzo/lb
nuKa u mo1ucou D nepeceitenua fiuccelcmpucw c npooo.n::w:enueM ocuoBa
HUR AC. Tozi:Ja omuoUJeHue paccmoRHuii mo'IKU D i:Jo sepwuu 
mpeyzoflbHUKa npu eeo· ocuoBanuu nponopu,uoHt1.llbH0·6o"'oBblM cmopo-

A 

HOM mpeyZOJlbHUKa, m.e. 

AD AB 
CD= CB. 

Pemeue. 06osaa"IHM AiiC = a , Tor.u;a 

BHeunnm yron npu BepWHHe B 6y,neT paBeH 

D n - a, a CTID = n/2 - a/2 • c 
PHc. 31 JlerKo BWJ.eTb, qro JTJioma.n;u "rpeyroJibHH

KOB ABD H CBD, HMtIOI!UfX o6uiyio BepIIIH

HY B H Jie)KfilUHX Ha O.ZJ;HOit npHMOil OCHOBaHHH, OTHOCBTCH KaI< ,WIH-

Hbl 3THX ocHoBaHHH, T.e. SABn: Sc8n=AD: CD. ' 
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c .npyro:H: CTOpoHhl, IlJIOIUa.nH TpeyroJlbHHKOB ADD H CBD MO)KJIO 
3ailHC3Tb B CJie.zcyIOIUeM BH,ne: 

SABD =~AB· BDsin(a+~-% )=~AB· BDcos~, 

ScBD =-CB·BDsm --- =-CB·BDcos-. 1 . (1t a.) 1 a 
2 2 2 2 2 

Orc10,mi BH.nHO, 'ITO S ABD: ScBD =AB: CB. CpasHHBrul rrOCJie.n;Hee orno
memrn nnom;an.e:H c no.nyqeHHhIMH paHee, 33KJI10qaeM, qTo 

AD: CD=AB: CB. 

3aml'la 2. ,l(ol«l3amb, 'Imo mpeyzo11bHUK, B KomopoM paBHbl OllUHbl: 
a) 11u6o 06yx Bwcom; 6) 11u60 OB)'.X Meouan; B) 11u60 OByx 6ucce1Cmpuc, 
JIBAJlemai paBHofieOpeHHblM. . 

PemeHHe. a) nycTb cHaqana B TpeyrOJlbIDIKe paBHhI MHHhI .nuyx 
KaKHX-mIDyin. BhlCOT, HanpHMep ha= hC' IloIGDKeM, 'fI'O -rpeyroJlbHHK -
pauHo6e,u:peHHhl:i.f. ,l(.nH 3Toro 3anHIIIeM IDIOIUa.zlb S TpeyroJibHHKa ABC 
.U:UYMSI pa3Jill'IHLIMH cnoco6aMH: 

S=!a.h =!c·h 2 ll 2 c• 

r.ne c =AB, a= CB. IlocK<lllLKY ha= hero AB= CB H -rpeyro.1I1>HHK ABC -
paBHo6e.npemn.IB; 

6) nyCTL renepb paBHbI MHHhl .u;syx Me.n;HaH, HanpHMep ma= me. 
Boc110Jib30BaBnm:C1> cpopMyJiaMH, BhlpIDKaIOJUHMH WIHHhI Me,nmm qepe3 
cropOHhl TpeYfOJibHHKa, no.nyqaeM: 

4m,i + d- = 21} + 2c?-, 

4m'1+c?-=21} + 2d-. 
IlocKOJibK}' ma= me, TO IIOqJieHHWI pa3HOCTb 3THX paBeHCTB .u;aeT 

cl- -- t?- = 2( c?- - cl-), 
oTK}'.na CJieJJYeT, qTO a = c H TpeyroJibHHK ABC - paBHo6e.npeHHhlH:; 

B) :HrucoHeu, paccMOTpHM c.nyqaH: paBHhIX 6HcceKTpHC. Ilycr1> la= IC' 
Hcnonb3yB <i>OPMYJIY, BhipIDKaIOmyIO ,ZJ,JIHHy 6HcceKTpHChl tiepe3 .rum
Hhl CTOpOH TpeyroJihHHKa H 33KJIIOtJeHHhIH MeJICllY HHMH yroJI, nony

lIHM: 
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2b C·COS a/2 - 2a b·COS 'Y /2 
b+c - a+b 

cos a/2 _ cosy /2 
l/b + l/c - l/b + l/a · 

IlpeJI.nOJIO:>KHM nponrnHoe, T.e. lfrci TpeyroJibHHK ABC He paeHo6eJI.

peHHbIH: a* c, nycTb, HanpHMep, a> c. Tor)l.a 1/b + 1/c > 1/b +I/a, a 
IlOCKOJibKY HanucaHHhJe Bblllie .D,po6u paBHbl, TO Heo6xo.n.HMO, 'IT06bI 
H cos a./2 > cos y/2. 3aMeTHM .u.anee, 'ITO cPYHKl.l,HH y == cos x B nepBOH 

'le'IBepTH MOHOTOHHO y6bIBaeT. Il03TOMy M3 HepaBeHCTBa COS a./2 > COS y/2 
CJieJI.YeT RepaseHcTBo a./2 < y/2 mm cx < y. 

TaKHM o6pa3oM, MbI noJiy'lHJIH nponrnope'lueoe yTBep)l(,!J.ettue: B 
TpeyroJibHHKe ABC npoTHB. 6oJibll!ett CTopoHbl a Jie:>KHT MeHbllIHH 

yroJI a.. IlOCKOJibKY :noro He MO:>KeT 6blTb, TO Harne HCXO)l.HOe npe.n.
flOJIO:>KeHHe a > c HeeepHo. AttanorH'IHO .n.oKa3hIBaeTcH, 'ITO a He 

MOXeT 6bITb 11 MeHbllJe c. OcTaeTCH e.n.HHCTBeHHblH BbIBO,n;: a = c H 
TpeyroJibHHK ABC - paetto6e.llpeHHbIH. 

3ua'la 3. (Teope.Ma manzenco6). ECJlu bu c - 06e cmopoHbl mpey
WflbHUKa, a p u y - npomuBofle:JK:aw,ue UM y211w, mo UMeem Mecmo 
coomuoweuue 

b-c tg[(~-y)/2] 
--= ' 
b + c tg[ (~ + y)/2] 

Ha3b1BaeMOe reopeMOH nrnreHCOB. 

PemeHBe. TaK KaK comacHo reopeMe cunycon 

b c 
-=-=2R 
sinP sin y ' 

ro b = 2R sin ~. c = 2R sin y, rJI.e R - pa.zmyc OKP)')((HOCTH, onucaH

Hoii noKPyr TPeyroJihHHKa •. )J:aJiee HMeeM: 

HJIH 

b-c _ 2R(sin~-siny) _ 2cos(p+y)/2 sin(@-y)/2 
b+c - 2R(sinp+siny) - 2sin(P+.y)/2 cos(IS-y)/2' 

b - c _ tg <P -1)/2 . 
b + c - tg(p + y)/2' i' 

'ITO H Tpe60BaJIOCb J1.0Ka3aTb. 
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IlpHMeH~HJlfl TCOpeMbl TaHreHCOB Il03BO.illleT HHOr]la YilPOl.l.Ull'b Bbl

qucneHHe HOH3BeCTHhIX 3JieMeHTOB TPeyroJibHHKa. IlyCTb, HanpH

Mep, B Tpeyr<>JlbHHKe 3a,naHbl JlBe CTOpOHbl b, c H yroJI a, 3aKJIIO'leH

Hblii Me)IOJ.y HHMH. Tor)la OCTaJibHble yrJibl TpeyroJibHHKa 13 H 'Y MO:llCHO 

Haiim, HCIIOJib3yH COOTHOWeHHe 

H, TaKHM o6pa30M, 

{

tg (~ + y) /2 = tg ( 1t/2 - a/2) = ctg a/2, 
b-c 

tg(l3-y)/2 = -b -ctga/2. 
+c 

IIocKOJibKY b, c H a H3BeCTHbI, TO nerKo BblqHc.lllIOTCH CYMMa yrnoe 

(13 + y) H HX pa3HOCTb (13 - y). 
Kotteqtto, 3Ty 3aJJ.aqy MO)l(HO pewHTb c noMOJ.IJ,bIO TeopeM KOCH

ttycoe H CHHYCOB, OJlHaKo BblqHCJieHHH, npoH3BOJlHMble B cnyqae 

HCIIOJib30BaHHSI TeopeMbl TaHreHCOB, npom;e. 

3=wa-ia 4. ,l(oKa:Jamb CJ1eiJy101'4ue ymBep31CdeHua: 
1. Yron, eepw1ma KOToporo pacnono)l(eHa BHe Kpyra, H3MepHeTCH 

IIOJIYPa.3HOCTbIO .l{yr Oiqly){(HOCTH 3TOro Iqlyra, 3aKJIIO'IeHHhIX BHYfPH 

yrna; 

2. Yron, eepWHHa KOToporo pacnonoxceHa BttyrpH Iqlyra, H3Mep»eT

cSI IlOJIYCyMMOH .l{yr, KOTOPbie BbICeKaIOT H3 OKpyxcHOCTH Iqlyra CTOpo
Hbl yrna H HX IlPOJlQJI)l(eHJm; 

3. YroJI, o6pa3oBaHHbIH KaCaTeJibHOH K OKpyxcHOCTH H xop.n.oA, HC

XO,Il,Hlll,l11\1H 113 O.II.Hoi1 TO'lKH 0Kpy)Kliocn1, H3MepaeTCSI noJIOBHHOH .n.yrH, 

3aKJIJOqeHHOH BHYTPH 3TOro yrJia. 

B 

(l 6 6 

- PHc. 32 
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PemeHHe. a) nycTb yro11 A1MB1 c eepIIIHHo:H B TOtIKe MBHe Iq>yra 
paeeH cp (pHc.32a), a ueHTpaJibHhle yrnhl APB; =a. H A;Oii;. = 13. 
Tor.na 

.cp =~(ex- j3). 

)leH:CTBHTeJlbHO, ~ = a/2 H A;ii;li2 = 13/2. IlOCKOJibKY yroJI 
A1A2B1 - BHemHHH yro11 TJ)eyroJibHHKa MA2BI> ro ero BeJIHllHHa 
paBHa cyMMe BeJIHtillH JJ.Byx HecMe)l(HbIX c HHM yr110B A1MB1 H A2B1M, 
T.e. a/2 = <p + 13/2 HJIH <p = (a - J3)/2, llTO H Tpe60BaJIOCb JJ.OKa3aTb. 

6) nycTb yron A1MB1 c Bepnnrnoii B TOl{Ke MBizyrpH Kpyra paBeH 
cp (pHc. 326), a n;eHTpaJibHbie yrnhI A10B1 =a. H A;OiJ; = 13. Tor.na 

l . 
cp = 2(a+13). 

,l],eHCTBHTeJibHO, ~ = a./2 H: A;ii;Ji2 = 13/2. Tor.na BHeIIIHHH K 
TJ)eyroJibHHKY MA2B1 yroJI cp paBeH a./2 + 13/2, qro n: Tpe6oBanocb .no
Ka3aTb. 

B) nycTb yron AMB c BepIIIHHo:H B TOllKe M, 11exa.w;e:H Ha OKP}')f{
ttocm, paBeH cp (pn:c. 32e), a ueHTpaJibHbIH yron MOA =ex. Tor.na 

(l 

<p= 2· 

,l],eikTBHTe;u,Ho, cp = 1t/2-0MA, OMA= (1t- a)/2 H <p = 7t/2 -
- i5MA = a./2, l{TO H Tpe6oBaJIOCb ,!J;OKa3aTb. 

3a,u.a11a 5. ,aoKa3amb, 'Imo Bblcombt AP, BQ, CR mpey2011bHUKa ABC 
R6.11.HJOmCJl 6ucceKmpucaMu y2J1,06 mpey2011bHUKa PQR. 

Peweuue. IlycTb ToqKa 0 - oproueHTp TJ)eyrOJihHHKa ABC, T.e. 
TOllKa nepeceqeHIDl ero BhICOT (pnc. 33). 

Tor.na MO)l(HO noCTpOHTb TpH OKJ>y.l(HOCTH c 
B UCHTpaMH B TOllKaX Oi. 02 H 03, 1IBIDIIOIII,HXCH 

cepC,llHHaMH OTpe3KOB AO, BO H CO, cOOTBeT
CTBeHHO, npHtieM TO'IKH A, 0, .R, Q ne:xcaT Ha 
nepBo:H H3 3THX OKP~OC'l'C~ · TOlllCH C, 0, P, 
Q - Ha BTOpoii n: TOllKH B, O, P, R - Ha Tpe

~~l.f----'"'"~c Tbeii OKP~OCTH. L{eACTBH'leJIJIHO, npoBe.n;eM~ 
Hanpn:Mep, qepe3 roqm A, 0 H 1'. OJCPY>KHOCTb. 

PHc. 33 Ilorurrno, tITO ee uemp 01 ~H coena,n.aTb c 
cepe.n;n:tto:H OTpe3KaA0, nocICOJIWt)'yron ARO -

npHMOH H, cne.n;oBaTeJibHO, .n;oJDKeH ormpaTllCJI Ha JDllMCTp. KpoMe 
roro, TOtIKa Q TaIOKe ,n;oJl)l(Ha ne:x<:aTb Ha 3TOA OJCpYmlOC111, nocKOJib-
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KY yron AQO - npHMo:H. Ecn:u 6LI TO'IKa Q Jie)K8]Ja BHYTPH Kpyra, 3TOT 

yroJI 6bIJI 6bl TYITOH, a eCJIH - BHe Kpyra, TO yroJI 6bIJI 6hl OCTphIH (CM. 

33,ll,aqy 4 3TOro naparpa<J;>a). AHan:oIWIHo .llOKa3hIBaIOTCH :u ymep:x<;n;emrn 

OTHOCHTellbHO ,llByx .npyrnx OKpY>KHOCTeH. 
PaccMOTpHM rrepByro OKp)T)KHOCTh. Ymhl RAO :u RQO HBJIHIOTCH · 

BITHCaHHbIMH H onHpaIO~HMHCH Ha 0.llHY H TY Xe .nyry' Il03TOMY HX 

BCJIHtIHHbI paBHbI. AHan:orwmo, paBHbI BeJIH'IHHbl yrnoe PQO H PCO, 
ITOCKOJibKY 3TH yrJibl TaIOKe HBJIHIOTCH BITHCaHHblMH H on:upaIO~H

MHCH Ha 0.llHY H TY )1(6 l1.Y'fY B OKp}')KHOCTH c ueJITpOM 02. KpoMe 

Toro, paBHbl BeJIH'IHHhI yrnoB RAO H PCO, rrocKOJihKY 3TH yrJihI 

BXO.llHT B npHMoyrOJibHbie TpeyroJibHHKH AJJP H BCR c o6rn:HM yrJioM 

AJJC. Orc10.na cne.nyeT, 'ITO RQ0 = PQO H, cne.n.oBaTeJILHO, BQ -
6:ucceKTp:uca yrJia PQR. 

AHanorH'IHO ,n:oKaJbIBaeTCH, 'ITO ,nBe ocTaJibHhle BbICOTbI HBJIHIOT

CH 6ncceKTpncaMH yrnoe QRP H RPQ TpeyroJII>HHKa PQR. 
3aMeTHM, HaKoHeu, 'ITO B TOM cnyqae, Kor.n.a TpeyroJihHHK ABC -

zyrroyroJibHbIH H TO'IKa nepeceqeHHH BblCOT Jie)f(HT BHe TpeyrOJibHH

Ka, np:uBe,!J.eHHOe ,!J.OKaJaTeJibCTBO He npeTepneeaeT cyrn:ecTBCHHbIX 

H3MCHCHHH. 

3aroa'la 6. ,401Ca3amb, 11mo 6 npJI.MoyZO./lbHOM mpeyzo.n.bHUICe cy.M.Ma 
OllUH 1C0memo6 paBHa cyMMe iJua.Memp06 Bnuca11Hou u onuca1111ou 01CpyJK:
Hocmeu: 

a+ b=2r+ 2R, 

npu 3mDM MeJtCiJy ocmpblM yZlloM a mpeyzo11bHU1CO u omHOweHueM pa0uyca 
enucaHHOu 01CpyJ1C11ocmu IC paouycy onucaHHoii IC 01Cpy.J1C11ocmu cyll{e
cmByem 3Q6UCUMOCmb: 

. 1 r smo:+coso:= + R' 
zoe a = BC H b =Ac - ICamembl mpeyZO./lbHUICa, r H R - paouycbl 
BnucaHHou u onucaHHou 01CpyJ1C11ocmeu coomsemcmBeHHo. 

PemeRBe. IlycTh 0 - ueHTP en:ucaHHoii: oK

pyxHOCTH,. a P, Q, R - roqm ee KaCaHHH co 

CTOpoHaMH Aftl!C H AC COOTBCTCTBCHHO, ee

JIH'IHHY yma CAB o6o3Ha'IHM qepes ex (p:uc. 34). A ~~t=-...,.."'4----iB 
TaK KaK ueHTp 0 BilHCaHHOH OKpyxHOCTH 

Haxo.nHTcH B roqKe nepeceqeHHH 6:ucceKTpHC, 

TO B np.aMOyrOJibHblX TpeyroJibHHKax RA 0 H 
PHc. 34 

PAO: RAO= PAO , a B TpeyroJII>HHKax PBO H QBO: PBO = QiiO. 
Ilo3TOMY ARAO=t:i.PAO H t:i.PBO=t:i.QBO. 0Tc10.n.a cJie.n.yeT, 'ITO 

AR= AP, BP=- BQ H .nanee: AR+ BQ = AJJ = 2R. 
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To, lfTO ueHTp oxp}'JKHoCTH, onucaHHO:it: OKOJIO npmmyroJlbHoro 
'fl)e}'I'OJlbHHKa, Jie:>KHT Ha cepe.zume nmoreHy.JLI CJie.Il}'e'I' H3 reopeMu. o 
BDHcaHHLIX ymax. 

Ilpmmii yroJl npH BeplIIHHe llpJIMOyroJii.KOI'O TpeyroJlbHHK3 MO
)l{e'T 0IlHp3TbCSI TOJlbKO Ha ~aMerp OilHCaHHOA OKJlf)l{HOCTH, nm.rro
MY JJ)IHHa rnmrreHy.Jhl BCer.lla pasHa 2R. 

qeTb1pexyroJJbHHK ORCQ - KBa,ZlpaT. Bo-nepBbIX, y 3roro qeTbI
pexyroJJbHHKa see yrJJbl - np»Mble. KpoMe roro, OR = OQ = r. Ta.KHM 
o6pa30M, RC = CQ = r H RC + CQ = 2r. 

,lJ.anee HMeeM: 
AR+BQ=AB=2R, 

RC+ CQ=2r. 

CKJJa.AbIBM noqneHHO 3TH paBeHCTBa, no.ll}'lfaeM: 

(AR+ RC)+ (BQ + CQ)::::: 2r+2R, 

T.e. a+b= 2r+2R. 
Pa3,ll,emrn o6e qacTH nocJie.n;Hero paaeHcTaa Ha 2R H 3aMCTHB, 1.ITo 

a/2R =sin a, b/2R =cos a, nonyqaeM sin a+ cos a= 1 + r/ R, oTKY.n;a 
cne.n;yeT, 'ITO yrnbI np.S1MoyroJibHoro TpeyroJibHHKa onpe.zr.eJIRJOTCR 
OTHOUICHHeM pa,n.HyCOB BilHCaHHOH H OJTHCaHHOH OKpyxHocTeH H, 
Hao6opoT' OTHOUICHHe pa,ZlHYCOB 3THX OKpyxHOCTCH O.llH03HaqHo 
onpe.n;e1rneTcS1 ymoM npS1MoyronhHoro TpeyroJihHHKa. 

Ilo.ll}'lfeHHoe COOTHOUieHHe MO)l{HO npeo6pa3oBaTb CJICJlYIOIIUIM 

o6pa30M: 

sin a+ cos a.= Jisin(a.+rc/4) = 1 +.!:... 
R 

0Tc10.na cne,ZJ,yeT 

~ = v'2 sin( a+ n/4)-1. 

IlocKOJibK}' MaKCHMaJihHoe 3Hal.IeHHe CHttyCa paBHO ~Hne, TO 

HaHOOJlbWee 3HaqeHHe, KOTOpoe MO)KeT npHHHMaTb OTHOWCHHe pa
.IlffYCOB BDHC3HHOH H 0IlHC3HHOH OKpy)JCHOCTeA, p&BHO J2 -1 (B 

,WlHHOM CJiyqae npH a=7t/4). OrcIO,Zla BWUIO, 1ITO O'l'HOWeHHe r/R 
Y.ZlOBJieTBOp»eT HepaueHcmy: 

0 < ~ s ./2 -1. 

3a,zua-..a 7. ,l(01c03amb, 'limo mpane1.4UJ1 M03lteln f6an6 MUCaHa B oK
flYJICHOCmb 6 moM, u mOJlbKO 6 moM Cll)1'4ae, ICOliJa - pa•HOOo'iHllJI. 
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Pemeoae. IlycTL 'Ip3IIemm ABCD- prumo()oqffag (BCI AD, AB= CD). 
IloKIDKeM, .'ITO ee MO)l(f{O BIIHCaTb B OICp}')f(HOCTb. 

Ilpoue.n.eM qepe3 roqm A, B H C OKIJ}')f(HOCTb. Ee ueHTp, KaK 

roqKa, pauHoy.n.aJieHHWI OT roqeK B H C, JJ.OJDKCH Jie)IGlTb Ha cpe.n,uH

HOM K OTpe3KY BC nepneHJJ.HKYJISipe. IlocKOJlbKY, OJJ.Ha.Ko, TaKoii 
neprreHJJ.HKY.rnq> JJ.OJDKeH .RBJISITbCH cpeJJ.HHHhIM H JJ.JISI OTpe3Ka AD 
pauao6oqao:H 'l'paIIeUHH, TO UCHTP OKP}')f(HOCTH JJ.OJDKCH 6LITb TaIOKe 

pasttoy.naJieH oT seprnHH A H D. CJie.u.osareJI1>Ho, roqxa D TaIOKe Jie

JIGlT Ha paccMaTP1rnaeMoii OKpy){(Hocn1 11 TpaneuIDI ABCD BnHcaHa 
B 3Ty OICpyxHOCTb. 

06paTHo, nycTb Tpaneum1 ABCD nnu:caHa B OKPf)l(HOCTb. IloKa

)l{eM, 1ffO otta - pasHo6otJ.HaH. Cor11actto reopeMe o snucaHHhlX qe

Thlpex:yroJibHHKaX, cyMMbl npOTHBOilOJIO)l{HblX yrJIOB TpaneuHH paB

Hbl 180°. 0.u.HaKO TaKOH :>Ke BeJUllJ.ltHe paBHbl H CYMMbl yrnoB npH 
KIDIQJ.OH 6oKoooii cropotte TPaneu1u1 (BC II AD). 3ro MO)l{eT 6LITb TOJlb

KO B TOM CJiyqae, KOr.n.a YfJlbI npH OCHOBaHHH TpaneUHH paBHhl, T.e. 

TpaneuIDI SIBJISieTCSI paBH060lJ:HOH. 

3a,n.a'la 8. B npOU360/lbHOU mpaneu,uu itepe3 mO'llCJ' nepeceiteHUJl au
azona.n.eii napa.n.1U!llbHO ee ocno«anuHM npooeiJeHa npRMWI. ,1(01cQ3Qmb, 
11.mo ompe30IC 3mou npRMOU, 301'/llO'leHHblU 6Hympu mpaneu,uu, oe
/lUfflCJI mo11.1eou nepeceiteHUJI ouazona.n.eu nonollaM, npurteM o/luna KaJIC

iJoii 11acmu paBna 

ab 
a+b' 

ziJe a H b - OllUHbl ocnoBanuii mpaneu,uu. 
Pewemte. IlycTh ABCD - npoH3BOJibHaH TparreuHSI c ocHOBaHHSI

MH AD== a, BC= b (pHc. 35). 0Tpe3oK EF npoxo.D.HT qepe3 TO'lKY 0 
nepece'leHIDI mtarottaneii 'l'paneuuu: EFll BCll AD. 

IloKIDKeM cHalJ.aJia, 'lTO EO = FO. ,ll.mI 3TOro o6o3HaqHM Bblcory 

Tpanewm: qepe3 H, a pacCTOSIHHe MeX<JlY npHMhIMH BC H EF - qepe3 

h. lb no.no6HSI TpeYfOJibHHKOB EBO H ABD CJie.nyeT, 1ffO 

AHWiofH11Ho H3 no.n.o6HH TpeyroJibHHKOB FCO H ACD CJie.n.yeT 
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PHc.35 PHc.36 

h 
FO=AD·n· 

CpaBHHBaJI 3TH nponopUHH, 3a1onoqaeM, qTo EO= FO, T.e. ToqKa 0 
.nenHT oTpe3oK EF nononaM. 

06o3Ha'UIM ,llJIHHY KIDK,nOro H3 oTpe3KOB EO H FO qepe3 x. lfa 
no;:i:o6H.s1 TpeyroJibHHKOB OBC H OAD nueeM: 

BO b BO BO b 
-=- HnH =-==--. 
DO a BO+DO DD a+b 

lfa no)1.06IDI TpeyronhHHKOB OBE H ABD HMeeM: 

BO x 
-=-
BD a 

CpaBHHBWI 3TH ,!J.Be nporropuHH, rronyqaeM Bhlpruteea11e wm BenHqH

H&I X: 

x b ab -=--
a a+b 

HnH X=--. 
a+b 

ClleaCTBHe. CepeiJUHbl ocn0t10Huii mpane14uu u molflCD nepece11enUJ1 ee 
iJuazonaneu neJ1Cam na oiJnou npflMou . 

.[J;eHCTBHTenbHO, Bee TpH yKa3aHHhle TO'IKH JIBJUDOTCH cepe,ZJ,HHa

MH OTpe3KOB Ilpi(MbIX, rrpoue,neHHbIX napannen&HO OCHOBaHHIO Tpe

YfOJibHHKa ADM (M - TOqKa rrepeceqeHIDI 6oKOBWX cropoH Tpane-
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unn ABCD (pnc. 36), no3ToMy OHH npnmi.nnexaT Me.n;naHe 3Toro Tpey
roJibHHKa, npoBe.n;eHHOH HJ BepIIIHHbl MK OCHOBaHHIO AD. 

· 38.lUl'la 9. (TeopeMa JI. 3iiAepa). ,l(oKa3amb, 11mo cyMMa KBaiJpamoB 
iJ11uH cmopoH npou3BO/lbHoeo Bbmy1'!loeo 11emwpexye011bHUKa paona cyMMe 
KBaopamoB eeo iJuaeona!leii, CJ10:>1CeHnoi1 c JllemeepeHHblM KBaiJpamoM 
paccmoRHUR Me:>ICiJy cepeiJunaMu iJuaeoHa;zeii (pnc. 37 a). 

a2 + b2 + c2 + d 2 = Si2 + Si+ 4p2
• 

3Ta reopeMa o6o6:maeT H3BecTHoe ymep)l()J;eHHe, BepHoe .llIDI napan
nenorpaMMOB H COCTOH:mee B TOM, 'ITO CYMMa KBa,ll;paTOB CTOpoH napan
JieJiorpaMMa paBHa CYMMe KBa.n;paToB .wnrn ero .n;HaroHaneH:. }J,eiicTBH
TeJihHO, B napaJIJienorpaMMe .n;11aroHaJIH, nepeceKaHCb, .n;eAATCH nono
JiaM, Il03TOMY pacCTOHHHe p Me)l{)];y HX cepe.n;HHaMH paBHO Hymo, H 
Mbl nonyqaeM Hame ymep)l()J;em1e KaK qaCTHhlii cnyqaii npn p = 0 reo
peMbI 3itrrepa. 

PemeuHe. BBe,n:eM cJie.n:YIOmHe BeKTopbI (pHc. 376): 

ii=AB, b=BC, c=CD, d=DA, 

S1:::: AC, S2 = BD;_ p = M1M2. 

Tor.n;a AM1 = S1/2, M2D = S2/2. 
QqeBH.n;HhI (cM. PllC. 376) cne.n;y10mne eeKTOpHble paBeHCTBa: 

2r.....,.. 

·a+b=S1,· 

c+ef.= -:Si. 

d+a =-S2, 

1- ·- 1- -
2s1 +p+ 2s2 +d = 0. 
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3TH paBeHCTBa MO)l(HO pa3peWHTb OTHOCHTeJlbHO BeKTOpoB ii ' b ' 
C H d: 

'1=-.!..s1-.!..s2-p-· 
2 2 ' 

- I- I- -a =-Si --S2 +p· 
2 2 ' 

- 1- 1- -b =-St +-S2 -p· 
2 2 ' 

- 1- 1- -
c=-zS1+ 2s2+p. 

0603HaqHM 6)'KBaMH 6e3 C'rpenoqeK MHHbl BeKTOpOB, T.e. 

BblqHCJIHM KB~paTbl MHH BeKTOpOB a , b , C , d , MH qero KIDK,lloe 

H3 IIOJiyqeHHhIX paBeHCTB YMHO)l{HM CKaJIHpHO CaMO Ha ce6a. 

11.MeeM: 

2 1 2 1 2 2 1-- -- --
a =4"S1 +4S2 +p - 2s1s2 +S1p-S2p, 

b2 = .!s[ +.!sf+ p2 + !.s1s2 -S1iJ-S2i5. 
4 4 2 

2 l.2 1 2 2 1-- -- --c = 4s1 + 4S2 +p -2S1S2 -S1p+S2p, 

2 1 2 1 2 2 1-- - -
d =4S1 +4S2 +p + 2s1s2 +S1p+S2p. 

CKJI~blBaH noqneuuo 3TH ypanHeHHH, H8XOAHM: 

a2+ IJ+e+ Jl= S12+ Si,2+4p2, 

qro H cocraBmler ymep)IQleHHe reopeMbI 3AJiepa. 
38,llll'la 10. (Teope.Ma o 11emblpexyZOJJbHU1Ce, snucaHHOM 6 01CpyJ1C

HOCm6 ). llpoU38eiJeHUJI paccmoanuu om n106ou 111D'flCU OICJ'Y31CHOCmu, onu
cannou OKOAO 6blnyKJ1ozo 11emblpexyzo11bHu1Ca, iJo eeo npomu6ono110J1C
HblX cmopoH UJ1u ux npo0o11J1CeHuu pa6Hbl Me:JIC(}y co6oQ (pHc. 38): 

' ob=al. . 
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Peme1111e. IlyC'I'b S--: npoH3BPJihHM TO'IKa OJq>)?KHOCTH, onHcaHHo:D: 
OKOJIO BhlnyKJIOto''ieThipexy:ro}ibHHKaABCD, pacnOJIO)lreHHruI Ha v AD, 
He CO,llepnw;e:D: eepIHHH 'leThlpexyro.llbHHKa (pHC. 38). 

To'IKH P, Q, M H N BWUIJOTCB ocHoeaHHBMH nepneH.llHKYJIBpoe, 
onyw;eHHhIX H3 S, cooTBCTCTBeHHO, Ha cTOpOHhl AD, BC, AB, CD HJIH 
Ha HX npo.n;OJDKeHHB. ,llnHHhl 3THX nepneff.llHKYJIBpoe o6o3Ha'IHM qepe3 
a, b, c H d COOTBCTCTeeHHO. HyxHo .n;oKa3aTL, 'ITO ab= ed. 

J>aCCMOTPHM .aee napbl. llO,llOOHhIX 'JPeyroJibHHKOB: 

AAPS oo a CNS H ll.AMS oo aCQS. 

Ilepeas napa TpeyroJibHHKOB no.ao6Ha 

llOJ'OMy, 'ITO, eo-nepehIX, OHH - npBMOY

rOJibHhle, a B0-B!2P_hIX,~eJOT no paBHOMY 

OCTPOMY yrny (SAP = SCN = p ' KaK yrJibI, cc~e:~:;:;~':S 
onupa10w;uecs Ha OJlHY H Ty )Ke Jlyry SD Q 

OKpyxHOCTH). 

BTopas napa npsMoyroJibHhIX 1}JeYfOJih

HHKOB TaKXe llO,ll06Ha, TaK KaK (JCS = KiAS . 
,lleH:CTBHTeJihHO, o6o3Ha'IHM yron BAD lab=cdl 
qeTbipexyroJihHHKa ABCD qepe3 a. Tor.aa Pirc. 38 

BCD = 11: - a, nocKOJihKL-_ 3TOT 'leThlpexyroJihHHK enucaH e o~
HOCTb. Cne.n;oeaTeJihHO, QCS = n - a - P , B To epewi KaK yron MAS 
TaKXe paeeH 1t - a - p, llOCKO~ OH ~OJIHBeT yroJI Ms ' paBHhIH 

a+ p, JlO n. TaKHM o6pa30M, QCS ·= MAS. 113 no.n;o6HB T}>eyroJlhHH

KOB CJie,llyeT: . 

O'l'Ky.n;a 3aKJIJO'laeM, 'ITO a/ d = cf b HJIH ab= cd, '.'ITO H T}>e6oeanocb ,llO
KaJaTb. 
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B 3TOM naparpa<J.>e paCCMOTpHM npocroH:, HO BIDKHhIA )l)IJl npHo6-

peTeHHH npaK.THqeCKHX HaBbiKOB, Mero.u pemeHHH 3a,llaq, ofu.e.UHHH

eMbIX o6m;HM ml3eaHHeM «peweHHe TpeyroJILHH~OB». Peqo noit.zleT o 

pacqere O,llHHX, HeH3BeCTHblX, 3JieMeHTOB TpeyrOJibHHKa qepe3 .upy

rHe, 3a.llaliHble. 

Ilo.n 3.JJeMettTaMH 1J)eyrOJibHHKa ABC Mbl 6y.ueM nom~MaTL ero 

CTOpoHbl - a, b, c, n:poTHBOJieXam;He HM YfJibl - a, 13, y, 6ucceK

TpHCbl BHYTpeHHHX YfJIOB TpeyrOJibHHKa - la, lb, le, MC,llHaHhl - ma, 
mb,me; BbICOTbI - ha; h6, ·he, Pa.llHYChI -:- r H R BnHcaHHOH H_ on:H

caHHOH OKpyx<:HOCTeH, COOTBeTCTBeHHO, nepHMeTp rpeyroJibHHKa -

2p, ero IlJIOIIl;atI.b - S, a TaIOKe ,npyme JIHHeHHbie HJIH Kea.upatHqHbie 

napaMeTpbl, xapaKTepH3YJOIUHC JpeyroJibHHK. 

IlpoH3BOJibHbIH TPeyroJibHHK orrpe.ueiuleTCH, soo6w;e rosop», rpe

MH He3aBllCHMbIMH napaMeTpaMU:, HarrpHMep, .llJIHHaMH: TpeX ero cro

poH HJIH )U3yx cropoH H 3aKJ110qeHHblM Me~y HHMH yrJIOM, HJIH o.n;

HOA cropoHoA H BeJiffqHHaMH ,ZlByx npHJiexcam;Hx K Heil yrJIOB, IDIH 
.UBYMH CTO~HaMH H Pa.llHYCOM BIIHCaHHOH OKpyXHOCTH H T.,ll. C<l>op
MYJIHpyeM TpH OCHOBHble 3a,UaqH «peIIIeHHH 'fPeyroJibHHKOB». 

31l)J.a"la 1. B mpeyZOAbHUKe oaHbl OAUHbl 06yx cmopoH u 6eAU'lUHa 
3aKJl10tten11ozo MexiJy HUMU yZAa. Pacc"l(umam& ocmtl.ll&Hble 3AeMeHmbl 
mpeyzoJJbHUXD. 

· 3a,u.a11a 2. B mpey20A&HUKe iJanbl iJ11u11a oiJnou cmopoubl u BeJIU'lUHbl 
o«yx npUlleJtCaw.ux K Heu y2.1100. Pacc11umam& ocmtl.ll&Hwe 3.lleMeHmbl mpe
y20JJ&Hu1Ca. 

Ja.u.aqa 3. B mpeyw11bHU1Ce iJaubl iJJJUHbl mpex ezo cmopon. Pacc"l(U-
mam& ocmaJl&Hwe 3.lleMeHmbl mpeywAbHUKa. 

Ilpnee,neM peilleHIDI KIDKJlOK H3 3THX JaJJ;aq. 

KaK 6y.ueT BH.llHO H3 .UaJibHeitwero,. 3TH pewe

HHR RBJIHIOTCR IlOCTOHHHblMH 3JieMeHTaMH pe
IlleHIDI .npyrHX, 6onee CJIO)l(}{hIX JaJJ;aq. 

Pemenee :JaAa'lll 1. HTaK, B TpeyroJibHHKe 

B 

ABC (pHc. 39), .L1.aHb1 .z:i;nHHbl JJ.BYX cTopoH:,..-----b--*'""c 
AC= b H AB= c, a TaJOKe eenHqHHa yrJla ..... 39 rnC. 
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§ 2. Pe1t1eH1te mpeJIZOAMUJC06 

BAC =ex Me)J(ey HHMH •. Tpe6yeTCSI pacc1;1HTaT1> ocTaJibllhle 3JieMeHThl 
TpeYfOJibHHKa. . 

]lJIHHY a lpCTl>Cit cTOpoHhl BC TpeyroJILHHxa Haxo.n;HM no reopeMe 
KOCHH}'COB: 

a= BC= ~b1 + c2 -2bccoscx. 

Yrn1>1 p H 'Y TJ)eyroJI1>HHxa ABC MO)l(ffo B1>1qHCJIHT1> JIH6o no reope
Me CHH}'COB: 

b Q • R b . -.- = -.- ::::> sm., = - sm a, 
smp smcx a 

c a . c . -.- = -.- ::::> sm 'Y = - sm a, 
sm y smcx a 

JIH6o no reopeMe KOCHHYCOB: 

H .ua11ee 

b1 = c2 +a2 - 2ac cos P :::>cos p = (c2 + a2 - h2)/2ac, 

c2 = a2 +b2 
- 2ab cosy=> cosy= (a2 + b2 - C2)/2ab, 

a c-bcosa cos.,= . , 
a 

0 
b-ccosa 

c sy=---
a 

Bo Bcex 3THX cpopM)'Jiax cne.uyeT HCilOJih3oBaTb )')Ke HaH.n;eHHOe Bhlpa
:xceHHe JlJIH JlJIHHbl CTOpOHhl a. 

EcnH c - b cos ex> 0, T.e. npoetmIDI oTpe3xa AC Ha np.HM)'IO AB 
MeHbWe Jl](HHbl OTpe3Ka AB, TO YfOJI f3 - OC'fPhlH, B npoTHBHOM 
cnyqae OH - T}'IIOH. AHan:OIW1HO, CCJIH b - c cos ex> 0, T.e. npoeK
UIDI oTpe3Ka AB ua TIPJJMYIO AC MeH1>1ne JlJIHHLl OTpe3Ka AC, TO yro.n 
'Y - OC'J'PhlH, B npomBHOM CJiytlae OH - T}'IIOH. 

BwrnCJICHHe YfJIOB p H 1 no lf>opMyJiaM, nonyqaeMhlM Ha OCHOBe 
reopeMbI KOCHHyCOB, 60nee npe.uno'lTHTeJlhHO, IlOCKOJlhKy 3TH (j)op
MYJibl cpaJy no3aom!toT 3anHCaTh yrJILI p li y 11epe3 o6paTHble TpHro
HoMe'fPH'lecKHe cl>YHKUHH: ' . 

{

n c-bcosa ,., = arccos , 
a 

b-ccosa 
r = arccos a . ' 
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B TO BpeWI KaK <l>opMa 3aDHCH 3THX YfJIOB '1Cpe3 3J:Ia'ICHHSI HX CHIJY

COB, nanyqaeMhlX no TeOpeMe CHHYCOB, 3aBHCHT OT TOf(), OCTphlC 

HJIH TYJlhIC 3TH YfJlhl. 

HaKoHel(, yr.Jlhl 13 · H "f MOJYI' 6Wti. BhNHCJieHbl Ha OcHOBaHHH reo

peMbl TIUil'CHCOB, KaK 3TO c.nenaHO B 33,ZU\':IC 3, npHBe.llCHHOA nociie § l: 

OT.K)'.Zl8 HaxO.llHM: 

tg p ; 'Y = ctg a/2 , 
p-y b-c 

tg -- = -- · ctg a./2, 
2 b+c 

p + y= 2arctg [ctg(a./2)] = 1t .., a, 

/3 -r = 2arctg --ctg - . (
b-c a) 
b+c 2 

-)lrrHHa la 6ucceKT})HCbl yrna BAC ==a HaxO.llHTCB no cl>opMyne: 

1 = 2bccos(o./2) 
a b+c 

(cM. § 1). )lrrHHbl lb H le ocTaJibHblX 6ucceKT})Hc HaxO.IlffTCH no 3TO:H )Ke 

cl>oPMYJie 38MeHOH b, c H CJ. COOTBeTCTBeHHO Ha c, a H p HJIH a, b H 'Y· 
,llmrna me Me.D,HaHbI, npose.nenttoi\ K cropoHe AB H3 sepmHHbI C, 

HaxO.llHTCH no TeqpeMe KOCHHycos H3 TPCYfOJibHHKa AEC (AE = EB) 
(CM'. pHC. 3): 

m0 = ±Jc2 +4b2 -4bccosa. 

3ro )Ke Bblpa)KCHHe CJie.nyeT Ta~e H H3 OOIUHX c:f>oPMYn § 1 ,ll1IH ,ll1IHH 

Me,qHaH, CCJIH TOJlbKO B HHX BCJUlllHHY a 38MeHHTp nonyqeHHhIM ,ll1ISI 
Hee'3Ha'ICHHCM. A.llaJIOfH'IHO: . , .···. : , 

•: ;. 



§ 2. PerueHue mpey20A1>HUK06 

m0 = ~~2b2 + 2c2 -a2 = ~~b2 + c2 + 2bcCOSC1.. 

IlnOllWlb SABc lpeyronhHHKa .n;aeTCH <l><>PMYnoA: 

SABc= l b · c ·sin a. 

Bbi:coTJ>I TpeyronhHHKa Haxo.zurrc» H3 paBeHCTB: 

h · h b · h be · b = c sin a, c = sin a H 0 = - · sm a. 
a 

B nocJie)l.HIOIO H3 3THX <l>opMyn, pa3YMeeTCH, H}')f(HO nO,llCTaBHTb HaA
.neHHOe iurn a BblpIDKeHHe qepe3 CTOPOHbl b, c H yroJI ex. 

Pa.zlHYC r BilHcaHHOH OKpy.x<HOCTH npom;e BCero HaHTH no <l>oPMyJie: 

SABc= p· r, 
OTKY.D;a 

_ S ABC _ be · sin a r---- . 
p a+b+c 

Pa,nHyc R OnHCaHHOii BOKpyr T})eyronhHHKa OKp}')f(HoCrH Haxo
.IlHTCH no reopeMe CHHYCOB: 

R =_a_. = ~62 
+ c

2 
-2bccosa. 

2sin ex 2 sin a 

3TI1M 3aBepUiaCTC.ll pernem1e nepBOH 3a,n.a'll1. 06paTHMCH K pewe
HHJO eropoA 3a.IJ;a'lH. 

PemeRBe 38JUl'lll 2. no ycJIOBHJO H3B"CTHa .IlJIHHa cropoabl Ac= b 
H BenH'!Hllbl .nsyx npHJie:xcam;HX K Heii yr11os: BAC = a H AcB = y. 
Tpe6yeTCH paCC'lHTaTb OCTaJibllble 3neMe11Thl T})eyroJibllHKa (puc. 40). 

Ilpe:xc.n;e Bcero HCHO, 'ITO .AJiC = p = 1t - (ex+ y). 0TCJ0)1.a 
sin f3 =sin (a+ y). Ha reopeMbl CHHYCOB HaxOJJ;HM: 

b a c 
---=-=-=2R. 
sin( ex + y) sin a sin y 
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Il03TOMY AJIHHW d H C ,llByx OCT8BUIHXC.ff cropoH -rpeyroJI&HHKa H 

pa,nuyc R onncaHHoit OKPYJKHOC'l'H Haxo.nsrrc11 H3 paseHCTB: 

a=h sino: c=b sinr R=~· 1 . 
sint;t+y)' sint;t+y)' 2 sint;t+y) 

,[(JUIHbI I, lb H I 611cceKTPHC T})eyroJibHH-a c 
Ka onpe,UeJUUOTCSl )')Ke H3BeCTHhIMH COOTHO- A ______ ...,..,c 
llleHHSIMH'. ) 

PHc. 40 

1 = 2bccosa/2 l = 2accosf3/2 / = 2abcosr/2 
a b+c ' b a+c ' c a+b ' 

B KOTOpblX a, c H 13 3aMeHSIIOTCSl HafuleHHblMH AJISl HHX BblpaJKeHIDIMH. 

Me.nuaHhI ma, mb H m, orrpe.ueJISIIOTCSl no xapaicrepHbIM AJISI HHX 

¢opMyJiaM qepe3 )J)IHHY H3BeCTHOH CTOpOHbl b H HafuleHHble LVIHHbl 

.usyx .u;pyrnx CTOpoH a H c. 
BbICOTbl h0 H he nen<o H8XO,llSITCSl no ¢oPMYJiaM: 

ha = b sin y; he = b sin a. 

TpeThH )l(e BblCOTa hb MoxeT 6b1Th onpe.ueneHa paJJiuqHblMH cno

co6aMH. Mo)l(Ho, HanpHMep, aocnoJib30BaThCH paaeHCTBaMH: 

h . bsina·siny 
b=asmy= . ( ) , 

sm a+ 'Y 

a MO)KHO, paccMOTPeB .uaa npHMoyroJibHhIX TPeyroJibHHKa ABD H DBC, 
r.ue D - ocHosamre BblCOThI, orryw.eHHoti H3 aepllIHHhI B Ha cTopoHy 

AC (pHc. 41), nonyqHTh wJH hh ypaatteHue: 

hb ctg a+ hb ctg y= b. 

113 3TOro ypaBHeHHSl H8XO,llHM: 

h = b · =bsina·siny. 
b ctg a+ ctg 'Y sin( a+ r) . ·· 

., 
Heo6xo.nHMO OTMeTHTb, qTO .UaHHa.ff <P<>PMYJia HMCCT MeCTO He3aBH

CHMo OT Toro, OCTPble JIH yrJibl (X H y, KaIC 3TO DOK833HO Ha pHC. 41, 
HJIH XOTH 6bl O.llHH H3 HHX - TyIIOii. 

AHaJiomqHbIM npHeMoM MO)l(HO uocnoJilt30B8ThC.R H AJISI s~uc
JieHHSl pa.n.H}'ca BilHCaHHOii O:Kp)')KHOCTH (pHC. 42). IlOCKOJibKY ee uemp 



41 

0 JIC.ICHT B TO'IKe nepece'lCHIUI 6HcceicrpHC TpeyroJibHHKa, TO H3 

npRMoyroJibHhIX 'fPCYI'OJibHHKOB AOE H COE (E - ro11Ka Kacamm 
BilHCaHHoii OKPyxcHOCTH H cropoHLI AC) CJieizyeT: 

rctg (a./2) + rctg (y/2) = b, 
IVIH 

r == b = b sin(a/2) · sin(y/2). 
ctg (a./2) + ctg (y/2) sin(a./2 + y/2) 

IlJIOil.{a.ll.b TpeyroJILHHKa ABC Bbl'IHCIDieTcH no cpopMyJie: 

S = ! b. h = !b2. sin a.· sin 'Y. 
ABC 2 b · 2 sin( a + y) 

PaccMOTpHM pemeHHe nocJie.zmeH:, TpeTLeH 3a.n.aqH. 
Pemeuee la.rta'lll 3. Tenepb H3BecrnLI MHHbl a, b, c acex cropoH 

TJ>eYfOJihHHKa. Bwrncnu:M OCTIUlbHLie ero 3JieMeHTbI. 
YmhI TpeyroJibHHKa Bbl'IHCJUIIOTCH Ha OCHOBaHHH reopeMbI KOCH

HYCOB. 

. c2 +b2 -a2 
~ = c2 + b2 

- 2bc ·cos a. ~ a = arccos 
2
bc ; 

a2 +c2 -bl 
b1 = a2 + c2 - 2ac ·cos f3. ~ f3 = arccos ; 

· 2ac 

b2 +a2 -cl 
c2 = b2 + a2 - 2ab ·cos r ~ y = arccos 

2
ab · 

IIJiolll,a,rl,b TpeyrOJibHHKa HaxO.D;HTCH TIO c)>opMyJie I'epoHa 

SABc = Jp(p-a)(p-b)(p-c), 

B Koropott p= (a+ b+c)/2 - mmynepHMeTJ>. 

B 

A 

B 

PHc.42 
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Pa.n11yc unHcaHHOH OKP}')KHOCTH paseH: 

SA.Be r= . 
p 

Pa,nuyc onHCaHHOH OKP}')KHOCTH Haxo.n.HTCSI no cl><>PMYJie: 

R=~. 
4SABc 

)lJIHHhl MC,D,HaH BWIHCJISIIOTCSI qepe3 CTOPOHhl TPCyroJil>HHKa no 

cl>opMy11aM, npHBe.n.eHHhIM B § L 
)lJIHHhl BhICOT onpe.ZJ;eJUIIOTCH paaeHCTBaMH: 

2S 2S 2S 
h - _.d..!£... 1. - _..!!£.. h - _..d!l£. 

a - a ' ''b - b ' c .,... c ' 

B KOTOPbIX IlJIOlll,3,l(b s ABC TPeyrOJibHHKa yxe Bbl'IHCJieHa. 

,nJIHHhl 6HcCeKTPHC BbI'IHCJISIIOTCH qepe3 cTopoHbI TPeyrOJibHHKa 

H 3aKJIIO'leHHbie Me~ HHMH yrJihl no HeO,llHOKpaTHO HCnOJib30BaB

WHMCH cl>opMyJiaM (§ 1). 
IlpHMep 1. Haiimu omnowenue paiJuycoe oKpyJK:nocmeii, Bnucannoii 6 

mpeyzoAbHUK ABC u onucannoii OKOAO nezo, eC/lu U36eCmHbl omnowenue 
iJByx ezo cmopo11 AB: AC= m : n u yzoA BAG = n, 3aKA1011eHHblii MeJK:
iJy 3fflUMU cmopOHOMU. 

Peweuee. TiycTb .umrna cTopoHbI AB paBHa c, a .wnrna cTopoHhI AC 
- b, c : b = m : n. Tor,n;a perneHHe ,n;aHHOH 3a,nat1H CBO.D.HTCH K pact1eTY 

BeJIH'IHH r H: R no .D.BYM cToP.oHaM H yrny, JaKJI10t1eHHOMY Me)f(.LJ;y 

HHMH. 

Onpe,ll;eJIHeM CHa'laJia no TeO~Me KOCHHYCOB TPCTbIO CTOPOHY TPe-

yroJibHHKa: 

OTKY.U.a 

BC= ·~b2 + c2 -2bccosa. 

3areM HaxO,D,HM pa.nRyc r BilHCaHHOH OKt>yxcHOCTH: 

' . ~~ 
"""SABc _ bcsina · 

r - -- - ---r====----
P b + c + ~ b2 + c2 ,... tbc cos a. 



§ 2. Pe111eHue. mpeJ1ZOJ111Hu1WB 

IlOCJie 3TOro eblqHCJIHM PaJlHYC R onHcaHHoA OKJ>)')l(.HOCTH: 

R = __!!£_ = Jo2 + c2 -2bccosa 
2sina 2sina · 

HaKoHeu, Bbl'IHCJUieM ux OTHoweHue: 

r 2bcsin2 a 

. R = (b+c+.Jb2 +c2 -2bcoosa).Jb2 +c2 -2bccosa' 

PR3JJ.eJIHB 'IHCJIHTeJib H 3HaMeHaTCJib .n.po6u Ha b2, nonyquM: 

r 2(c/b)sin2 a -= = 
R (1 + c/b +Ji+ (c/b)2 

- 2c/b cos a)Jl + (c/b)2 
- 2c/b cos a 

2(m/n)'sin2 a 

= (l + m/n + J1 +(m/n)2 -2m/ncosa)JI +(m/n)2 -:-2m/ncosa ·. 

IlpHMep 2. Bb111uC11umb ltllOU<OiJb Kpyea, Bnucauuozo 6 mpeyZOAbHUK 

ABC, y Komopoeo AC= 5 M, Mc = 30°, BCA = 45". 
Pemeuae. H3 npHMoyroJibHMX TpeyroJI&HHKOB DAE H OCE 

(pHC. 42), H8XO.llHM: 

r· ctg 15° + r· ctg 22,5° = 5, 
OTKYAa 

5 
r= . ' 

ctg 15" + etg 22,5° 

f,lle r - PaJlHYC BnHcaHHOro Kpyra. 
JlerKO BWlCTb, qro ' .. :1 ;' •. 

ctg2 15• = cos
2

15° = 1+ cos30" = 2 + .J3 ~ (2 + ../3)2 , 

. sin2 15° 1-cos30° 2-Ji 

ctg2 22,5.= cos
2

22,s· _ I+cos45° _ 2+..fi =(l+../2)2• · 

sin2 22,s· 1'.""~os~s· 2-..fi 

ctg 15° = 2 +~ J3 , ctg 22,s· = 1 + .Ji. . 
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TaKHM o6pa30M; 

5 
r = -· --..=---= 

3+fi-+ 13' 
a IJJIOIIJ,a.u;h Kpyra S pasna: 

S = 1&r2 = 25tr (M2). 
14 + 6.Ji + 6.../3 + 2.J6 

IlpHMep 3. B mpeyw11bnuKe ABC U36ecmnbl cmopoHbl AB= 3, BC= 5, 
AC= 7. Haumu 011uny 6ucceKmpucbl yZAa ABC mpeyw11&HUKa. 

PemeHBe. BhlqHcJIHM cHaqa.rra senuquHy 13 yrna ABC. AJIH 3TOro 
socnonb3yeMCH reopeMoii Kocunycos. HMeeM: 

AC 2 =AB 2 + BC 2 
- 2AB· BC cos ABC' 

HJIH 

49 = 9 + 25 - 30cos 13, 

OTKY.lla nonyqaeM, qro cos ~=-1/2 HJut 13= 120·. 
,lla.rree, BOCilOJlh30B3BIIIHCh cl><>PMYJIOH 

I _ 2AB ·BC cospj2 
b - AB+BC ' 

n:1;e lb - )l)IHHa 6ucceicrpHCbl, .neIDimeli nononaM yron Mex.n;y cropo
HaMH AB H BC, nonyqaeM: 

2 . 3. 5 · l/2 15 
I - --
b- .3+5 -8. 

JW11H 

1. B TpeYfOJibHHKe ABC: AB= 2, ,AC= 7, 1ilC = 60°. Haii:TH h0 , 

Bblcozy TPeyronbHluca, ouymeHHyio Ha cro~HY BC. 

OmBem. 7/Jf3. 
2. ,llnHHbl cropoH AB H AC TpCYfOJibHHKa ABC cooTBeTcTBeHHo 

paBHbl 4 H 5 CM, a BeJIHqHHa yma, 3aK1lIO'leHHOfO Mex.ny HHMH, -
60". HaH:TH )l)IHHbl orpe3KOB KacarenbHbIX, npoae,neHHbIX H3 sepurn
Hhl B K OKPYJKHOCTH BilHCaHHOrO B TpeyroJlhHHK. Kpyra. 



§ 2. PeUleHUe mpeyZOAl>HUKOB 

OmBem: ~11-J2il2 CM. 

3. B TpeyroJibHHKe ABC co cTopottaMH Be =a, AC= b H yronoM ex 

. Me)f(,l(y HHMH BilHCaH nonyk:pyr c JJ.lfaMeTpOM, Jie)l(al.i(HM Ha CTOpO
'- He, npoTHBonoJio)l(HOH: 3TOMY yrny. HaH:TH pa,n.Hyc 3Toro nonyKpyra. 

Om6em: ab· sin a./(a + b). 

4. B TpeyroJibHHKe ABC H3BeCTHhl /lB = c H AC= b. BenuquHa yrna 

BAC BJJ.BOe 6oJibIIIe BeJIHqHHhl yrna ABC . HaH:TH JJ.JIHHY TpeTbeU: 

CTOpOHhl TpeyroJibHHKa. 

OmBem: Jb(b + c) . 

5. HaH:TH paccTOHHHe Me)l(JJ.y ueHTpaMH BnHcaHHOH H onHcaHHOH 

OKP~OCTeU: JJ.JIH paBH06e.n.peHHOf0 TpeyrOJibHHKa c OCHOBaHHeM, 

paBHbIM a, H 6oKOBOH CTOpOHOH b. 

OmBem: b I a - b I / ~4b2 - a2
, rrpMqeM b > a/2. 

6. HaiiTH JJ.JIHHY 6HcceKTpHCbI rrpHMoro yrna TpeyrOJibHHKa, ecJIH 

ero KareTbl paBHhI a H b. 

Omeem: ab J2 /(a+ b). 

7. CmpOHbl TpeyrOJibHHKa ABC paBHbl 5, 7 ·H 8 CM. HaH:TH IllIO

:rn;a,n.b Kpyra, onHcanttoro BOKPyr 3roro TpeyroJihHHKa. 

Omeem. 497t/3 cM
3

. 

8. Cyw,ecniyeT JU1 TpeyrOJibHHK, y KOTOporo BCe BblCOThl MeHbllle 

l CM, a nJIOI.I.J;aJJ.b - 6onbwe 100M
2? 

Omoem: Cy:rn;ecTByer. 

9. ,[J;OKa38Th HepaBeHCTBO 

(p - a)(p - b)(p - c) ~ ! abc, 
8 

B KOTOpoM a, b H c - ,lJ.JIHHhl cropOH TpeyroJibHHKa, p - era IlOJIY

nepHMeTp. 

YKalaeae. BocnoJib30BaBIIIHCb HepaBeHCTBOM "cpe.n.Hee apH<l>Me

THqecKoe HeOTpHUaTeJibHhIX qffcen x H y 60JibWe HJIH paBHO HX cpe.n.

HeMY reoMeTpffqeCKOMY", rrooqepe,n.Ho rrpHHHMaH 3a 3TH qHcna pa3-

HOCTH p - a, p - b H p - C. 
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10. )loKa3aTb, qro BO BCSlKOM TpeYfORbHHKe OTHOilleHHe pa,nnyca 

BIIHCaHHOH OKPYJKHOCTH K pa,lJ.Hycy OIIHCaHHOil OKPYJrCHOCTH He MO

)l{eT npeBbIIIlaTh 1/2. 
YKa38.HHe. Bocnom~3oBaTbCH pe3yJihTaToM pe1I1e1:1u:si Jipe,llbuzymett 

3a_na1m. 



§. 3. PACqET 3JIEMEHTOB TPEYrOJihHHKA 
METO,nOM COCTABJIEHHB YPABHEHHH: 

3aii;at.IH, H3JIO)KeHHble B npe,llbI.llYIIleM naparpact>e, TI03BOJIHIOT 

npOHJIJIIOCTPHPOBaTb CTaH,llapTHblH MeTO,ll pemeHHH 3a.naq 6onee 

urnpoKoro KJiacca, TaK)l{e cBH3aHHbIX c pact.IeTOM 3JieMeHTOB 

TpeyronbHHKa, a HMeHHo - «MeTo.n cocTaBJieHHH ypaBHeHHH». KaK 

HCHO yxe H3 caMoro Ha3BaHHH, 3TOT MeTO,ll OCHOBaH Ha BBe,lleHHH 

O,llHOfO HJIH HeCKOJibKHX HeH3BeCTHbIX, KOTOPbIMH HBJIHIOTCH Te HJIH 

HHbie 3JieMeHTbl TPeyrOJibHHKa, H nocne.ttYJOmeM COCTaBJieHHH ,llJIH 

HHX He06XO.llHMbIX ypaBHeHHH. 

PaccMoTpHM cHat.Iana npocTO:H npHMep. 

3a.z.aqa. B mpeyzo11bHUKe ABC iJ11uHa cmopoHbl AB pa8Ha 4 CM, OllUHa 
cmopoHbl AC paBHa 5 c.M, paiJuyc oKpy:JtCHocmu, onucaHHOii 80Kpyz mpey
ZOllbHUKa, cocmaBllJlem .fi CM, (pHc. 43'). 

OnpeiJeJlumb n11ow,aiJb mpeyzo11bHUKa ABC. 
EcnH 6bI B TpeyrOJibHHKe ABC KpoMe CTOpoH AB H AC 6bIJI H3Bec

TeH yroJI Mc Me)l{,lly HHMH, TO 3a)lat.Ia 6bIJia 6bl. «CTaH,llapTHOH», 

0,lJ,HOH H3 Tex, pemeHHe KOTOpblX paccMaTPHBaJIOCb B npe,lI,bI.llYIIleM 

naparpact>e. 0.nHaK~ yron TpeyrQJibHHKa HeH3BeCTeH, BMeCTO Hero .naH 

.npyro:H 3JieMeHT, a HMeHHO - pa)lHyC OTIH-

caHHOH OKpyxHOCTH. 

qT06bI CBeCTH 3TY 3a)laqy K pemeHHIO 

«CTaH.llaPTHOH», BBe,lleM B Kat.IeCTBe HeH3-

BeCTHOro He,lJ,ocTaIOIIlHH yron BAC . EcJIH A 

TIPHHHTb Tenepb, t.ITO B 3a.uaqe H3BeCTHbl 

,llBe cropOHbl H yroJI Me)K,lly HHMH, TO CTaH

.napTHbIM MeTO,lJ,OM MO)l{HO Bblt.IHCJIHTb KaK 

Pa.llHYC OTIHCaHHOH OKpy)l{HOCTH, TaK H 

TIJIOIIla.llh TpeyrOJibHHKa. IIpHt.IeM, npHpaB~ 
HHBaH nonyqeHHoe Bbipa)l{eHHe pa.uM')'ca 

B 

B1 

PHc.43 

OTIHCaHHOH OKpyxHOCTH ,lJ,aHHOMY ,lJ,JIH Hero 3HaqeHHIO, TIOJiyqHM ypaB-

HeHHe, onpe.nenHIOIIlee BeJIHqHHY yrna Mc . · 
Pemeuee. 06o3HaqHM BeJIHt.IHHY yrna Mc qepe3 x. Tor;ua BC Ha

XO.llHTCH no TeopeMe KOCHHYCOB: 

BC 2 =AB 2 +AC 2 
- 2AB · AC cos x, 
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HJIH 

BC= .J16 + 25 - 2. 4. 5 ·.COS x = .J4I ~ 40 cos x. 

Jf cnoJibJYH JareM TCOPCMY CHHYCOB, IlOJI)"laeM .llJUl Pa.llHYCa R 
ormcaHHOH OKPYJKHOCTH BblPIDKCHHe: 

R = _!!E_ = J41-40cosx 
2 sin x 2 sin x · 

IlocKOJibKY R = J7 , ro no.JIYtfaeM .llJUI x ypaBHCHHe: 

.J4l-40cosx =.fi. 
2sinx 

PeurnM 3TO ypaBHeHBe: 

41 - 40 cos x = 28 sin2x 
HJIH 

28 cos2x-40 cosx+ 13 = 0. 

0TCIO,ll.a: 

1. COSX= ~,Xi =j (sin Xi =..f3 /2); 

2. cos x = 
13 , x2 = arccos 13/14 (sin x2 = 3 .J3 /14). 
14 

TaKHM o6paJoM, peureHHe Ja,naqB He O.D.HOJHaqHo. CYilleCTBYJOT 
,ll.Ba TpeyroJibHHKa, HMCIOIUHX 110 .D.Be paBHbIC CTOpoHbl, HO c pa3Hbl

MH yrnaMH MC)l(Jly HHMH, rrpWieM o6a TaKHX TP~JibHHKa BIIHCaHbl 

B o.n.Hy H Ty xe oKPYJKHOCTb c pa,nJiYCOM R.= ../7. 
lf3. qepTexa Ha PHC. 43 BH.IlHO, q-ro TaKHMH TpeyroJibHHKaMH MO

ryr 6b1Tb MBC H MBi C, me Bi - TO'IKa, CHMMeTpWIHaH c ToqKoif 

B OTHOC~JibHO ,lJ.HaMeTpa OKpYJKHOCTH, rrpoXO,ll.HIUero qepe3 aep
llIHHy A TpeyroJibHHKa. 

CooTBeTCTBCHHO HaH,lJ.eHHblM JHaqeHHHM Xi H x 2 rroJI)"laeM 3Ha

qemrn 11Jiorua.nH TpeyroJibHHKa: 
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3ToT npHMep Harirn.n;HO IlOKa3bIBaeT, B qeM COCTOHT cyn, H3Jlara

eMoro M'.ero.zta. OnalJaBIIIMCb OT «Hey,llo6HOfO» YCJIOBHSI Ja,aaqH, KO

ropoe Henocpe,llCTBeHHO He MOrJIO 6b1Th HCilOJib3013aHO (B HallleM CJIY
qae - OT pa,zJ;Hyca R OIIHCaHHOH OK}Jy)KHOCTH), Mbl BBeJIM HeH3BeCT

HYIO, HO «Y.ll06HYIO» BeJIHqHHY, KOTopasi: ,llOilOJIHHJia HCXO,llHble 

,llaHHble .llO «CTaH.llapTHoro» Ha6opa napaMeTPOB (B paccMaTpirnae

MOM cnyqae -yron x Tp<;<yroJibHHKa). 3TH napaMeTpbI no3BOJIHJIH lf3-

BeCTHblM o6pa30M BbJqHcJIJrtb JII06oH 3JieMeHT TpeyrOJibHHKa, B TOM 

qffCJie H TOT 3JieMCHT, OT KOTOporo Mbl speMeHHO OTKaJaJIHCb. <l>op

MyJia .wrn BhlqHCJieHHSI 3TOro 3JieMeHTa CJiyJKHJia ypasHeHHCM ,llJISI 

onpe,lleJieHHSI BBe,lleHHOro HeHJBeCTHOfO. 

PaccMoTpHM em;e O.llHH npHMep. 

38,lla'la. OOuH u3 yZA06 mpey20AbHUKa cocmasAJZem 60°, a OAUHa ebl
combl, onyw,eHHoii na oiJHy u3 cmop011, o6pa3y10w,ux 3mom y20.n,, pasHa 3M. 
Haiimu nAow,aiJb mpeyZOAbHUKa, eCAu paiJuyc snucaHnozo « He20 Kpy2a 
paBeH lM. 

PemeHBe. IlycTh B TpeyroJlbHHKe ABC (pHc. 41, 42) yron liAC = 7t/3. 
KpoMe Toro, MJBeCTHhI ,llJIHHa BbICOTbI: hb = 3, onym;eHHOH: HJ sep

IIIHHbl B, H pa,anyc: r= 1. 
Bse,lleM .llBe HCH3BeCTHbie: .lllIHHY cropoHDI AC o6o3Ha'IHM x, a 

Mc - y . .Ey.lleM cqHTaTb ,llanee, 'ITO B TpeyroJibHHKe ABC .n:aHbI cTo

poHa H .llBa npHJiexaIUHX K Hett yrna. Tor.lla, cornacHo H,llee paccMaT

pHBaeMoro Mero.Ila, cne,llyeT BbipaJHTb qepe3 3TH .llaHHbie pa,anyc 

snHcaHHoro Kpyra H BblCOTY. BocnoJibJOBaBIIIHCb .llJlSI 3roro cTaH,llap

THblM npHeMOM «pemeHHSI TpeyfOJibHHKOB», nonyqHM CHCTCMY ypaB

HCHHif: 

{
h(ctg a+ ctg y) = x, 

r(ctg <:J/2 + ctg y /2) = x 

c .llBYMH HeH3BeCTHbIMH x H y. ,UaJiee HMeeM: 

{
.fj + 3 ctg r = x, . 

.Ji+ ctg y /2 = x . 

McKJIJOqHB x, nonyqHM ypaBHem1e: 

HJIH 

ctg y/2 = 3 ctg y, 

ctgy/2 = 3 ctg2y/2- l. 
2ctg y/2 
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0Tc10.n.a Haxo.n.HM ctg y/2 == .J3, y/2 = n/6 HJIH r= } . TaKHM o6pa-

30M, TpeyroJILHHK ABC - pasHOCTOpoHHHH . .llanee nonyqaeM: 

x = 3 ctg y + .J3 =: 2 J3 , 
H, HaKOHeu, onpe.n.e;rneM WIOIUaJJ.b TpeyrOJibHHKa: 

B OTJIJflIHe OT pellleHJUI npe.n:bmyIUeH 3a.n.aqJ1, 3,lleCb OKa3aJIOCb y.n.06-

HbIM ssecTH He O.ll.HY, a .use tteH3BeCTHble. B ocTaJibHOM X<e perneHHH 

3THX 3a.n.aq IlpHHUHilHaJlbHO He OTJIHqaJOTCH ,ll,pyr OT .n.pyra. 

PaccMOTPHM ern;e O.ll.HH npHMep pemeHMR Ja.n.a'l no.n:o6Horo TMna. 

3a,.aa'la. Haiimu ye11bl mpeyzoAbHUKa, eCAu 8blcoma u MeiJua11a, npo8e
iJeHHble U3 oiJ11oii u moil JK:e eepzuu11bl, 06pa3y10m c 6oK08blMU cmopo11a
Mu yZAbl, pa8Hble a. 

PemeHHe. Ilpe)KJl.e BCero OTMeTHM, lfTO B 3TOH 3a.n.aqe He 3aJJ.aH HH 

O.l{HH JIHHeHHblH 3JleMCHT, T.e. 3JieMCHT c pa3MCPHOCTbIO ,Il,JIHHbI, H 

A 

TpC6yeTCH onpe,ll,eJIHTb TOJlbKO 6e3pa3MepHble 

BeJmqHHhI - yrn&r TpeyroJibHHKa. 0Tc10.n:a 

JICfKO 3aKJIIOqHTb, 'ITO Hapsl)ly c JII06hIM Tpe

yrOJibHHKOM, OTBeqaIOIUHM ycnoBHHM 3a.n.a

qff, HM )KC OTBeqaeT JII060H ,ll,pyroif TpeyrOJib

HHK, no.n.o6Hblil .naHHOMy. Ilo3TOMY OJlHY H3 
. cTopoH TpeyroJihHHKa ABC (pHc. 44), MOX<c . 

HO 3aJJ.aTb npOH3BOJibHO, HanpHMep, npHHHTb 
PHc.44 

AC= 1. 06o3HaqHM Mc =.x, BCA =y. Tor.na 

B TpeyronhHHKe ABC 6y.n.yT KaK 6&1 3a.n.aHbI cTopoHa H .n.sa npHnexa-

IUHX K Heil yrna. 

CornacHo o6rn;eMy MeTO.ll.Y, H~Ho 3anHcaTh qepe3 sse.n.eHHhie 

HeH3seCTHbie .nsa yc110B1rn: 

a) BhICOTa BE Tpeyroni.HHKa ABC o6pa3yeT co cropottoii BC yron a; 
6) Me.n.Hatta BD TpeyroJihHHKa ABC 06pa3yeT co cTopottoif AB 

yro11 ex. 

Ilepsoe H3 3THX ycJIOBHH npHBO.l{HT K npOCTOMY ypaBHCHHIO: 

7t 
cx=--y 2 . 

(1) 
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Bropoe yCJIOBHe.MO)l(HO JanHcaTb .c11e.n.yioUJ,HM o6pa30M. IlyCTh m -
JJ)IHHa MeJJ;HaHhl BD. O'IeBH,Zl,HO, qro AD~ 1/2, DC= 1/2, lfiC = n -
-x-y-a=x-(x+ y+a). Tor.n.a, HcnoJih3yRreopeMYCHHycoB B MBD 
H /j.DBC, f{MeeM: 

HllH 1/2 = _.!!!.__ . AD m --=--
sin a sin x sin a sin x 

DC m --,-----= - HllH 
sin(n - x - y - a) sin y 

1/2 ---'----=--m 

sin(x+ y+a} siny 

sin(x + y + a.) sin y --'-----'-,-.--'- = --
sin a sin x 

(2) 

TaKHM o6pa30M, npHXO,Zl,HM K CHCTeMe ,Zl,Byx ypaBHeHHH c. ,Zl,ByMR 
HeHJBeCTHbJMH x H y. 

Hc1cr11oqaR HJ BTOporo ypaetteHHR y c ITOMOUJ,hIO nepeoro, no11y
qaeM: 

cos x cos a. --=--
sin a sin x 

HJIH 

sin 2x = sin 2a.. 

0TCIO,Zl,a HMeeM: 

1) 2x= 2a ~ X= a.; 

1t 
2) 2x=1t - 2a ~ x= 2 - a. 

IlepBoe paeeHCTBO .n.aeT peweHHe: x = a, y = x/2 - a, T .e. x + y = 1t/2, 
(TpeyroJibHHK ABC - npRMoyroJihH1>1H:). 

Bropoe paBeHCTBO rrpHBO.Il.HT K peweHHIO: x = y = rt/2 - a, T .e. Tpe
yro11hHHK ABC - paBtto6e.n.pettHhIH (Me.n.HaHa BD coBrra.n.aeT c BhICO
toil: BE). 

B KaqecTBe nocne.n.ttero npHMepa 3TOro naparpa<fm paccMOTpHM 
cne.n.y10UJ,y10 Ja.n.aqy. 

3ua..a .. Xopoa AB CmRZU8aem oyzy OKpyJ1CHocmu, pa8HYIO 120°. To•uca 
c 11eJ1Cum Ha ::>moii oyze' a mo•t1<:a D 11eJ1Cum Ha xopoe AB. llpu 3rtiOM 
AD= 2, BD = l, DC= .Ji . Haiimu n11ow,aob mpeyw11bHUKa ABC. 
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PemeHHe." 06o3HaqHM yron ACD 6yKBOH x (pHc. 45). TorJJ.a yron 
CDB = 7t - x H nnomauh S TpeYfOJihHHKa ABC .naeTCH 4><>PMYJIOii: 

HJIH 

S= !_ ·AD· DC· sin x + l · BD · DC· sin(n - x) 
2 2 

S 1 2 r-;2 . 1 1 "'2 . 3.fj. . =l · ""' smx + 2 · · ""' smx= 2 -sm x. 

TaKHM o6pa3oM, 3a,.uaqa CBOJJ.HTCH K OTbic
KaHHIO HCH3BCCTHOH X. 

Ilo YCJIOBHJO 3a,.uaqH yroJI AcB paBeH 
A~--~_...,. __ -= .. B 120°. 3HaqHT, 3TO ycnoBHe HY)l<:HO wcnoJih-

30BaTb B COCI'aBJICHHH ypaBHeHHH JlJlH x. JI.rm 
PRc.45 

3Toro HCilOJih3yeM TeopeMy KOCHHYCOB B 
MBC, Bblpa3HB npeJJ.BapHTeJihHO AC H BC no 3TOH )Ke TeopeMe H3 
TpeyronhHHKOB ADC H BDC: 

HJIH 

AC 2 =AD 2 +DC 2 
- 2AD· DC cos x, 

BC 2 ::::: BD 2 + DC 2 
- 2 BD · DC cos (1t - x) 

AC 2 = 6 - 4 J2 cos x, 

BC 2 = 3 + 2 J2 cos x. 

HaKotteu;, wcnOJih3YH paBettcTBO 

AB 2 =AC 2 + BC 2 
- 2AC· BC cos 120°, 

nonyqaeM ypaBHCHHe MH onpe.neneHHH Bem1qHHhl .x: 

HJIH 

9=(6 - 4J2 cos x)+(3+2J2 cos x)+ 

+~6-4.J2 cos x. ~3 + 2.J2 cos x 

2.fi. cosx = J6-4.fi. cosx. J3+ 2.fi. cosx. 

3necb, KaK H BO MHOfHX llPYfHX 3Ma'laX, npHBO,!lHTCJI 0.llHH H3 B03MO:lKHblX nyreH: 

pemeHHR. B naHHOM CJiyqae Bb16p1;rnHb1H: nyr& pemeHHR .neMOHCTPHpyeT B03Moxrnoc

rn H3JlaraeMoro MeTona. Ilo-,npyroMy 3TY Ja.na'IY MOXHO peUIHTh, HCnonb3yR TCOpe
MY 0 npQH3BeneHHH 0Tpe3KOB xopn, n~peceKa!OWHXCJI B OJlHOH TO'!Ke Kpyra 
(CM.§ l). 
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OTMeTHB, qTo cos x;;:: 0, IlOJiy<IHM: 

8 cos2 x= 18 - 16 cos2 x, 

2 3 
COS X;::: 4; 

TIOCKOJlbK}' cos x ;;:: 0, TO cos x = J3 /2 HJIH x = 30°. Orcio.n.a Haxo

JlHM, qro sin x= 1/2 HJIH S= 3 J2 /4. 
)lmt npHo6pe1'eHHH HaBbIKOB pemeHHH 3a]laq paCCMOTpeHHblM Me

TOJlOM peKOMeHnyeTCH CaMOCTOHTeJlbHO pelllHTb CJie,n.yJOUUie Ja,naqff, 

3A,l(A'llf 

1. nHcceKTpHca o,n.Horo HJ ocTpbIX yrnoB npHMoyroJihHOro Tpey
rOJibHHKa B meCTb pa3 Kopoqe mnc>TeHy3bl. Ha:HTH OCTpbie yrJibl 3TO
ro TpeyroJihHHKa. 

Om6em: 2 arccos 3/4, 7t/2 - 2 arccos 3/4. 

2. B ocTpoyrOJibHOM TpeyronhHHKe ABC natto: Mc = a, BCA = y, 
npoBeneHHaH HJ BepmHHbI B MenHaHa HMeeT JlJIHHY m. Bb1qHCJIHTb 
nJIOlll,aJlb TpeyroJibHHKa ABC. 

0 
m2 sin a sin ysin(a + y) 

mBem: 2 2 2 • 
4sin asin y+sin (a-y) 

3. B TpeyroJibHHKe ABC yroJI 1iCA. paBeH 60°, a panHyc Kpyra, 

onHcattttoro BOKpyr 3roro TpeYfOJibHHKa - 2 J3 . Ha cropotte AB B3HTll 

TOqKa D, TaK, qro AD= 2· DB H npH 3TOM CD= .J2. Haii:TH nJIOmaJlb 

TpeyroJibHHKa ABC. 

OmBem: 3./2. 
4. Ha:HTH nJIOlll,aJlb TpeyrOJibHHKa ABC, ecJIH AC= 3, BC= 4, a 

MenHaHbl AK H BL BJaHMHO nepneHJlHKYJIHPHhl. 

Omsem.: JIT. · 
5. B ocTpoyroJibHOM TpeyroJibHHKe ABC yroJI Mc paseH a. Ha 

cropotte BC, KaK Ha JlHaMeTpe, nocTpOeHa OKpyxHOCTb. 3Ta oKpyx~ 
HOCTb nepeceKaeT cTopoHy AC B ToqKe P, a cTopotty AB - B ToqKe Q. 
Haii:TH oTHomeHHe nJIOlll,aJlH TpeyroJibHHKa APQ K nJIOlll,aJlH Tpey
roJibHHK!I ABC. 

OmBem: cos2 a. 
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6. B TJ>eYfOJibHHK ABC co CTOpoHaMH BC= a, AC= 2a H yrJIOM 

BCA = 120° anu:catta oKpYJKHOCTb: qepe3 TOqKH KacaHH» 3TOH oK
PYJKHOCTH co CTopoHaMH AC H BC u: qepe3 aepnmHy B npoae.11.eHa 
BTopa» oKpYJKHOCTb. HaiiTH ee pa,llHyc. 

Omeem: aJ6,5 - 2.fi. 

7. B TpeyroJibHHKe AB.C HJ aepwu:Hhl yrna A Ha cropotty BC ony
meHa Me.n.u:atta, .D.JIHHa KOTopoii pastta noJIOBHHe cpe.n.ttero reoM.eT
pHqecKoro .llJIHH cropott AB u: AC. Yron 1i1C paaeH a. HaiiTH YfJibI a 1 
H <X2, Ha KOTOpbie Me,llHaHa .n.eJIHT yroJI 1iAC ' cqu:TaH, qTo <X1 ~ <X2. 
HccJJe.11.oaaTb, npu: KaKHx JHaqeHH»X a 33.llaqa HMeeT peweHHe. 

Omeem: a1=a/2+1/2 arccos (2 sin2a +cos a), 

a 2 = a/2 - 1/2 arccos (2 sin2a +cos ex). 

PeweHH» cymecTBYIOT rrpu: 2n/3 ~ a < n. 

8. B TJ>eYfOJibHHKe ABC .llJIHHa c'tOpoHbI BC paatta cpe.ntteMy apml>
MernqecKOMY .llJIHH cropoH AB H AC. YroJI Mc paaeH a. HaitTH yrnLr 
ABC H BcA, cq1mUI, qro ABC ;::: BCA . MccJie,aoaaTb, npH KaKHX 

3HaqeHHHX a 3a,llaqa HMeeT pewettu:e. 

Omeem: ABC = (n - a)/2 + arccos (2 sin cx./2), 

RCA = (x - a)/2 - arccos (2 sin o./2). 
PeweHH» cyI.QeCTBYJOT npH 0 <as tt/3. 

9. B TpeyroJibHHKe ABC cropoHa AB HMeeT 6oJibWYIO .D.JIHHy, qeM 
cropoHa AC, a yroiI 1iifC paaeH a. Ha cropoHe AB B3HTa TQqJ<a D 
TaK, qTo BD =AC. IlycTh E - cepemrna OTpe3Ka AD, a F - cepe.uu:Ha 
oTpe3Ka BC. HaiiTH yron BEF. 

Omeem: a/2. 

10. B paatto6e.11.peHHOM TpeyroJILHHKe ABC(AB=AC) npoae.n.eHbl 
6u:cceKTPHCbl AD, BE, CF. HaiiTH .llJIHHY cropoHbI BC, ecnu: H3BeCT
HO, ql'O AC= 1, a aepw1rna A ne)l(HT Ha OKPY*ffOCTH, npoxo.wnueii 
qepe3 TOliKH D. E, F. 

Omoem: ( Jf7 -1 )/2. 



§ 4. IlPOilOP:U:HOHAJILHLIE OTPE3KH 
. B TPEYfOJILHHKE 

B 3TOM naparpa<l;>e npHBO.llHTCH peweHHe o.nttoH: noJie3HOH IlJia-. 

HHMeTPHt!CCKOH 3a,naqff, CBH3aHHOH c nporropu;HOHaJibHbIM .nene

HHeM 0Tpe3KOB B TPeyrOJibHHKe, H OCHOBaHHbIH Ha Heit MeTOJJ. pe

IlieHHH 6oJ1bllIOfO KOJlH'leCTBa .npyrHX 3a,naq, B TOM qJ{CJie H CTepeo

MeTpHqecKHX. 

PacCMOTPHM CJICJJ.YJOIUYI<> OCHOBHyID 38,llaqy: 

B Tpeyron&HHKe ABC (pHc. 46) H3 BepruHH A H B K cTOpottaM BC 
H AC, cooTBCTCTBeHHO, rrpoee.neHbI oTpe3KH AD H BE, JleJIHIUHe 3TH 

CTOPOHbI B 3a,naHHOM OTHOiliemrn, T.e. 

BD m --=-
DC n 

AE p 
EC=q. (1) 

Orrpe]leJIHTb, B KaKOM OTHOilieHHH JleJIHTCH 3TH OT.Pe3KH TO'IKOH HX 

rrepeceqeHHH, T.e. HaHTH OTHOIIIeHIDI: 

BQ AQ 
-H-. 
QE QD 

MttbIMH cnoBaMH, H3BeCTHO, B KaKOM OTHOilieHHH oTpe3KH AD H BE 
nem1T npoTHBononmKHbie Bepw1rnaM A H B cTopOHbI TPeyroJI&HHKa; 

Tpe6yeTCSl onpeJleJIHTb, B KaKOM OTHOilieHHH OHH JleJIHTCSl Me)l{)I.y 

co6o:H. 

0Ka3bIBaeTCSI, qTo 3TH. OTHOIIIeHHSI He 3aBHCSlT HH OT BHJla Tpey- . 

fOJibHHKa, HH OT ero CTOPOH, HH OT ero yrJIOB, a orrpe,neJIHIOTCH 

JIHilib OTHOilieHHHMH, B KOTOpbIX .neJI.HTC.H COOTBeTCTBYIOIUHe CTOpo

Hhl TPeyron&HHKa TOqKaMH DH E, T.e. nponopu;HHMH (1). 
PemeuHe • 1. HaH.neM cttaqana rrepBoe H3 HCKOMhIX OTHoweHHH 

(pHC. 46a) . .[(n:H 3TOfO BhlIIOJIHHM BCilOMoraTeJibHOe IIOCTPOeHHe, xa

paicrepHoe JJ.JIH Bcex Jana'I rro.no6Horo THna. IlpoBe.neM OJ'Pe30K EFll BC 
(ToqKa F nexHT Ha AD) H o6o3HaqHM ero .llJIHHY qepe3 x, T.e. rrono

XHM EF=x. 
IlocKOJibKy AA.CD"° MEF, npH'leM K03Ql<l;>HIJ.HeHT no.u.o6HH, co

rnactto BTOpOH H3 rrporropilHH (1), paBeH (p + q)/p, TO 
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8 

c A 
L.m+n.y 
I/ m 

PHc.46 

p+q p+q 
DC=--·EF=--·X. 

p p 

6. 

m+n.y 
m 

· HcnoJI&Jy.11 JaTeM nepayro HJ nponopu.Hli ( 1 ), Haxo.nHM: 

HJIH 

BD=m/nDC 

m p+q 
BD=-·-~·x. 

n P 

c 

HaKoHeu., HJ no.n.061rn Tpeyron&HHKOB BDQ H EFQ Haxo.nHM: 

m p+q 
-·--X 

_B_Q = _BD_ = n p = m (1 +!!..). 
QE FE x n p 

TaKHM oopaJoM, BQ: QE= m/n·(l+q/p). 
PemeHHe 2. AHaJioIWIHo Haxo.n.HTCH OTHoUiem1e AQ: QD (pHc. 466). 

)l;IH 3Toro ·nposo.n.HTCH DKll AC (TOqKa K Jie)KHT Ha BE; KD = y). 113 
rro.no6m1 -rpeyroJI&HHKOB ECB H KDB c Koa<l>$HU.HeHTOM no.no6HSI 
(m + n)/m HMeeM: · 

m+n m+n 
EC=-- ·KD = --. · y. 

m m 
.Uanee HaxO.llHM AE, HcnoJI&Jy.11 BTopy10 nponopu.mo (t): 

p p m+n 
AE=--EC=-·-·y. 

q q m 
HaKoHeu., H3 no.no6HH TpeyroJI»HHKOB AEQ H KDQ BbI'IHCJUieM 

OTHOUieHHe AQ: QD: 
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p m+n 
-·--Y 

AQ = AE = q m = l!..(l +!!_), 
QD KD y q m 

T.e. AQ: QD= p/q ·(I+ n/m). TaKHM o6pa30M, 

TO 

p 

q 

BQ = m ·(I+.[), AQ = p ·O+!!_). 
QE n p QD q m 

PaccMOTPHM HecKOJibKO rtpttMepoB. 
IlpHMep 1. Haumu omnorue11ue, B 1comopoM oe.tlflmca MeiJuaHbl mpe

y2011bHUKa mo'IKOU ux nepece11eHW1. 
P'emeilee. )l.Jrn paccMaTP1rnaeMoro cnyqaH m = n = p = q = 1. Ilo3TO

MY BQ: QE = 2 H A Q : QD = 2. 3To 03HaqaeT, qTo Me,IlHaHbI JleJIHTCH 
T0'1Kcitt HX rtepece'leHlrn B OTHOIUeHHH 2 : 1, C'lHTaH OT BeplliHH TPe
yrOJibHHKa . 

• npHMep 2. Ha cmopoHe BC mpey2011bHUKa ABC 63Jlfrla mO"tKQ D, 
maKaa, limo BD : DC= 2 : 5, a na cmopone AC - mo"tKa E maK, 11mo 
AE = 1/3 AC. B KaKO.M omnoruenuu iJe.tlflmca ompe3KU BE u AD mo11Kou 
Q ux nepece'leHUJl. 

Pemeuee. 06paTMMCH K . pMc. 46a u 466. Y'lHTbIBaH, 'ITO 
AE: EC= 1: 2, uMeeM: 

KD=y; EC= 7y/2; AE= 7y/4. 

Ilo3TOMY AQ: QD=AE:y=7/4= 7: 4 (B qacTHOCTM, AQ= 7/11 ·AD). 
AHanom'lHO 3TOMY HMeeM: 

EF=x; CD=3x; BD=6/5·x. 

Ilo3TOMY BQ: QE = 6/5 = 6 : 5 (B 'laCTHOCTH, BQ = 6/11 · BE). 
IlpeMep 3. B mpeyzollbHUKe ABC iJ11uHbl cmopon AB, BC u AC om110-

cRmcJ1 KaK 2: 4: 5, coomBemcmBenno. Haumu, 6 KaKOM omnorue11uu iJe
/lJlmc11 6ucceKmpucbl BnympenHux y21106 mpeyzoAbHUKa · mo"tKOu Q ux 
nepece"teHWI. 

Pemeuee. i1.cnonh3yH cBoiicTBo 6ucceKTpucb1 .uenHTb npoTHBono
noxHy10 cTopoHy TPeyroJibHHKa Ha qacTu, nponopunoHaJibHhie 3aK
JIIO'laIOI.U;HM ee CTOPOHaM, HaXOJlHM (pHC. 47): 
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AE 2 BD 2 AG 5 
EC =4; DC =s; GB =4. 

HcnOJib3YH 3aTeM pe3yJibTaTbI pewemrn octtoBHOit 3a,uaqH 3Toro 
naparpa<fla, nonyqaeM: 

B 

A E C 

I ADI: I BCI: I ACI= 2: 4: 5 

PRc.47 

1. BQ = t(l + ~-) = ~ 
QE 5 2 s· 

2. AQ =~(l+~)=I. 
QD 4 2 4-

3. CQ = ~ (l + ~) = 2_. 
QG 2 · · 4 2 

IlpeMep 4. B mpeyzollbHUKe ABC, 11.11o~aob 100mopozo paeHa 18 M2, 

npoBeOeHbl ompe3KU BE u AD, nputteM mo11Ku E u D Aexam coomBem
cmeeHHO 1:1a cmopoHax AC u BC u oe.JIJlm ux B omHoweHuu AE : EC= 3 :. 4 
u BD: DC= 2 : 7. Haiimu 11.11o~aob 11emwpexyzollbHUKa CEQD, We Q -
mottKa nepecelfeHUJI ompe3KOB BE u AD. 

Pemeuae. Thmma.uh ScEQD qeTblpexyroJihHHKa CEQD (pH.c. 466) 
paBHa pa3HOCTH TIJ1oma.ueit SAcD l'peyroJibHHKa ACD H SAEQ Tpe
yrOJiblIHKa AEQ, T.e. 

(4) 

SAEQ= AE. ~Q. SACD 
AC AD ' 

(5) 

nocKoJibKY AAEQ o6pa3yeTCH H3 TP~YroJibHHKa ACD nyreM yMeJ:1,1>
weHHn ero cropott AC HAD cooTBeTCTBeHHO BAE/AC HAQ/AD pa3. 
li3BeCTHO, 0Jl.H3KO (CM. § l), 1iTO B 3TOM cnyqae Il.JIOW.Mb TpeyrOJib
HHKa yMeHbWaeTCH B (AE· AQ)/(AC~ AD) pa3. 

KpoMe roro, ·O'le.BH.lJ.HO paeettcTBO: 

SABD: SAcD= 2: 7, (6) 

noctcoJihKY TpeyronhHHKH ABD H ACD ~MeIOT o6myzo eepumtty A H 
OCHOBaHHH, nexaw.He Ha OJJ.HOlt npHMOit. OrcIOJJ.a CJieJJ.YeT, 'ITQ HX 
Il.JIOW.a.L\H OTHOCHTCH KaK Jl.]IHHbl OCHOBaHHlt BD H CD, T.e. KaK 2: 7. 

TaKHM o6pa30M, 
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H3 paeeHCTB (1)-(3) cneJJ.yeT: 

ScEQD = SAcD - SAEQ = SAcD (1 - AE · AQ ) = 
AC·AD · 

= ~(1-:!§_:__ AQ)sABC = 4(1-AE. AQ) 
9 AC·AD AC· AD. 

59 

Y'IHTblean, 'ITO no ycnoemo AE: EC= 3: 4 HJIH AE= 3/7 ·AC, 
nonyqaeM: 

S 
. 3 AQ 

CEQD=4(1 - -:r AD> 

H 3a;naqa CBO.llHTCH K Bbl'IHCJieHHI() OTHOWCHHH AQ/AD. Ilocne.nuee 
nerx:o ocymecTBJIHeTCn paccMaTpHBaeMblM MeTOJJ.OM. MMeeM: 

KD -y· EC- 9 . A·E- 3 9' 27 - ' --y· --·-y=-y· 
2 4 2 8 

Ilo3TOMY AQ/ QD = AE/ KD = 27 : 8 HJIH AQ = 27 ·AD. Ilocne 3Toro 
HaXO,LlHM: 35 

3 27 166 
ScEQD = 4(1- - · ~~) = 2~. 

7 35 245. 

IlpHMep S. Ka:»eaaa u3 cmopoH npou3eo116Ho20 mpey2011hHu1'a ABC 
pa30e/leHa Ha mpu paBHble 'tacmu mmc, 'Imo mo"llCU oe11eHUR D, E u F, 
11e:»eall{ue Ha ezo cmopoHax AC, BA u CB coomeemcmeeHHO, omceKa-
10m no 1/3 011UHbl Ka:»eooii cmopoHbl 
(AD= 1/3AC, BE= 1/3BA, CF= l/3CB) 
(pHc. 48). BepzuUHbl mpeyzoAbHUKa ABC co
eouHeHbl C mO'tKOMU Oe/leHUJl ompe3Ka.MU 
npR.MblX AF, BD u CE, Komopble, nepece1ea
J1Cb, 06pa3y10m mpeyZDflbHUK PQR. Ka1Cy10 
'tacmb Moll{aou mpeyzo11bHUKa ABC 3aHu-

B 

.Maem mpeyzo11bHUK PQR? A-~""""~----~ 
PemeHHe. 3aMeTHM ctta'la.ria, 'ITO cyM- P111c.48 

Mapua» IlJIOW.ailb 3aWTpHXOBaHHblX Ha 
pHc. 48 rpeyroJibHHKOB APD, BRE H CQF paBHa nnema.nH Tpeyrom.
HHKa PQR . .lleiicTBllTeJibHO, c O)J.HOH CTopoHbI, OJIO~Mh KIDK,lloro H3 
TPCYfOllbHHKOB ACF, BCE H ABD ·paeua 1/3 nJIO~MH ecero rpe
yroJibHHKa ABC. 
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c .u.pyroii CTOpOHbI, 3TH TpeyrOJibHHKH paJMeIUeHbl BHyrpH TJJeY
fOJibHHKa ABC TaKHM o6pa3oM, qro IIJIOIUMH 3aurrpHXOBaHHblX Tpe

yrOJJ&HHKOB nepeKpblBaIOTCH )1,BIDK.zlbl, B TO BpeMH KaK TpeyrOJlbHHK 

PQR He IlOKPblBaeTCH HH pa3y, 

J10CKOJibKy 

H 

TO O'leBH)lHO, 'ITO 

SPQR= SAPD+ SeRE+ ScQF· 

HaH.u.eM Tenep&, KaKyIO qacT& IIJIOIUMH TpeyroJI&HHKa, HanpH

Mep, ACFcocTaBIDl.eT nJIOIUa.D.h 3alllTpHXOBaHHoro TpeyroJI&HHKa APD. 
HMeeM: 

H 3a,n,aqa CBOJJ.HTCH K OTblCKaHHIO OTHOllleHHH AP/AF. 
ComacHo octtoBHOH 3an.a'le, H3JiaraeMoii B 3TOM naparpact>e, MO)K

HO noJIO)KHTh m/n =BF: FC = 2: I; p/q =AD: DC= I : 2. TorJJ.a HCKo

MOe OTHOllleffl.te onpe.u.eJIHeTCH $opMyJIOH 

~; =1(1+~)=%· 
HJIH AP-= 3/7 ·AF. 0Tc10.na cne.u.yeT: 

.AHan:orwrno Haxo.U.HM: 

SAPD = _!_ SABC· 
21 

S -s - 1 s ' BRE- CQF- - ABC· 
' 21 

TaKHM o6pa30M, IlJIOlll.allh T})eyron&HHKa PQR paBHa 1/7 IlJIOIUa

JJ.H Bcero T})eyron&HHKa ABC: 
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PaccMOTpHM renepb pernettHe 3a,ZJ,attH, 1<oropy10 MO)KHO Ha3BaTb 

o6paTHOH no OTHOllleHHlO K paCCMOTpeHHOll Bhillle. OCHOBHOH ee 

BOilpoc MO:>KHO c<t>opMyJIHpOBaTb CJie.!ly- B 
lOIIJ;HM o6pa30M: HaHTH, B KaKOM OTHO

rneHHH OTpe3KH AD H BE, npoBe.n:eHHhle 

H3 uepmHH A H B TpeyroJibHHKa ABC 1< 

cropoHaM BC H AC, cooTBeTCTBeHHo, Jle-

JIHT 3TH CTOpOHbl, eCJIH H3BeCTHO, B Ka;. ----...... ----~c 
KOM OTHOlllemm oTpe3KH AD H BE .ne- A E 

JIHTCH Me)KJly co6oH:? PHc. 49 

3a,n,a'la. B mpeyWAbHUKe ABC npo8eoeHbl ompe3Ku AD u BE, nepece
KOIOU{uecil 8 mo"IKe Q (pHc. 49) maK 'Imo U38ecmHbl om11owemm: 

AQ BQ · 
QD =A., QE =µ. 

Haumu, 8 KaKDM omnowenuu 0eAJ1mc11 cmopoHbl AC u BC mo'lKaMu 
Eu D, m.e. 11aumu omnowemm: 

AE BD 
Ee H De· 

PemeuHe. Bocrr011b3yeMcH peJyJihTaTaMH perneHH.sJ ocHOBHOH 3a

.u;a1m, H3JIO)KeHHOH B 3TOM naparpa$e. 0603Ha'IH.M HCKOMhle OTHO

llieHHH qepe3 p/q H m/n, coorneTcTBeHHO. Tor]la HMeeM CHCTeMY ypaa

HeHHH: 

flepenmueM 3Ty CHCTeMY B BH.ZJ;e: 

f 
m 1 f 1 1 l+-=A.·- A.·---. -=l 
n p/q' p/q m/n ' 

I+!=µ·~;n· llJIH -p~q+µ·m~n=i. 
0TCJO.!la JiefKO HaXOJU[TCH HCKOMbie OTHOIIIeHHH, a HMeHHO: 
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p A.µ-1 ' ,,,., A.µ-1 
q-= 1+µ' -;=~+A.. 

QqeaH,n;Ho, 'ITO peweHHe o6paTHOH 38,ll.a'!H cymecTByeT npH ycJIOBHH 

µA.> 1. 
IlpHMep. B mpeyeo.11bHU1CeABC ompe:J1Cu AD.u BC, npooeiJeHHwe u1 

6epwun Au BK cmopoHDM BC u AC, coomBemcmBeHHo, iJe.tlJlmCR Me:NCiJy 
co6ou 6 CJ1eiJy1011<eM om11owenuu: 

AQ 3 BQ 4 
QD =2· QE =5· 

( Q - mo111Ca nepece11enua ompe3K06 AD u BC). B 1ea1CoM omHol#enuu 
mo111Cu E u D iJe.tlJlm cmopoHbl mpeyW.llbHUKa? 

PewenHe. Bocnonb3yeMCH nonyqeHHblMH <t>opMyJiaMH (HJIH npo

;i;enaeM Te IlOCTJ)OeHUH, KOtopble OilHCbIBaJIHCb B Haqane 3TOfO napa

rpa<t>a). Tor,n;a HaxO,n;HM: 

p 3/2 . 4/5 - 1 . 1 
q-= 1+4/5 =9' 
m 3/2 · 4/5 - 1 2 
-= =-
n l +3/2 35 

TaKHM o6pa30M, AE/ EC::::: 1 : 9, BD/ DC= 2 : 25. 
IlpHMep 7. B mpeyeoJlbHUKe ABC ompe3oK AD, npo6eiJeHHblU u3 6ep

UIUHbl A " cmopone BC, iJeJ1um noCJ1eiJn1010 · e omnowenuu 2 : 3, m.e. 
BD : DC= 2 : 3. H3 eepwuHbl B IC cmopoHe AC npoeeiJeH ompe3oK BE, 
Komopblii nepece1eaemca c ompe3KOM AD e mo111ee Q maK, 11mo BQ = 2 · QE. 
Haumu, e /COKOM omHoweHuu·mo111Ca E iJe.11um cmopoHy AC. 

PeweuHe. B 3TOH, CMewanHoii, 3a,n;aqe 3a;i;aHbI OTHoweHHH: 

BD 2 BQ 2 
DC=]• QE =1 

Tpe6yeTCH HaHTH OTHOilieHHe AE/ EC: 06o3Ha'IHM oTHoweHHe 

AE/EC qepe3 p/q H BBeJJ,eM HeH3BeCTHyIO BeJIH'IHHY A, paBHYIO OTHO

weHHIO oTpe3KOB A Q/ QD. 
Ton1,a HMeeM CHCTeMy ypaBHeHHH: 

{~( 1 +}) = A., 

~(1+i)=2 3 p . • 
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H3 KOTOpoii nerKo onpe.!lem1eM, qTo p/q = 1/2 H A.= 5/4. 3ro 03Haqa

eT, 'ITO cropoHa AC Tpeyro11bHHKa ABC ;i:enHTCB TO'IKoii EB OTHO-

weHHH I: 2. · 
OTMeTHM renepb e1I.1,e .nee 3a,n;aqH, KOTOpb1e yc110BHO tta30eeM «33· 

,ll,&'laMH 0 BHeUIHHX nponopQHOHaJlltHltlX OTpe3KaX>. 

3a.Aa'la. Ha cmopoHax AB u BC mpeyzollbHUICa ABC (pHc. 50) B3.Jlrnbl 

coomoemcmoeHHO mo111Cu Du E maK, 11mo BD: DA =P: q u BE: EC= m: n 
(p/q"' m/n). %pe3 mo111cu Du E npoueiJeHa np11MaJ1 iJo nepece11eHua o 
mo111Ce Q c npRMou AC. Haumu omHouteHue QA: QC. . 

TaKHM o6pa30M, no H3BecTHOMY OTHOWCHHJO 0Tpe3KOB, Ha KO'TOPbie 

.!leJUITCB OOKOBbie CTOpoHbI TpeyroJibHHKa, 1pe6yercB HaHTH OTHOIIIeHHe 

pacCTOBHHH OT TO'IKH nepeceqeHHB npBMOH, npoXO,llffll.l,eH qepe3 TOt(KH 

.neneHHB OOKOBbIX CTOpoH, c OCHOBaHHeM .no. BePIIIHH 3TOI'O OCHOBaHHB. 

Peweeee. AHanorH'IHO peIIIeHHIO npe.nbl.!lyll.l,HX 3a,n;aq 3roro napa

rpaq>a BbIIIOJIHHM .nonoJIHHTeJihHoe nocTpoeHHe: npoee.neM OTpe30K 

CF napaJ111eJ1bHO cropoHe AB (pHc. 50). 06o3Ha'IHM .lI)IHHY 3TOro oT

pe3Ka qepe3 x, T.e. no110X<HM CF= x. 
113 no.no6m1 /J.BED H !J.CEF c K03<l><l>HUHeHTOM m/n HMeeM: 

m m 
BD = - ·CF = - · x. 

n n 

Y'IHTblBaB, qro BD: DA= p/q, HaxO.llHM DA: 

. DA= !.BD = m .!L.x. 
p n P 

HaKoHeu, H3 no..no6HB !J.QAD H !J.QCF no11yqaeM HCKOMOe OTHO

IIIeHHe: 

.!!!. • .!L.x 
n P 

A 

QA m/n·q/p·x m q 
QC= x = n. ·-p· 

B 

PHc. 50 
c Q 
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0rcIO.M BbITeKaeT, 'ITO QC:::=AC/(mq/np- l). Tionymo CJIC.l,lyeT OT

MeTHTh, <rro eCJIH 'fJ/q < m/n, T.e. mq > np, TO T01:1.Ka Q ne:JKHT Ha npo

JJ.OJDKeHHH OCHOBaHIDI TPeYfOJlbHHKa 3a TO'lK)' c, B TO BpeMH KaK npw. 

mq < np 3Ta TO'lKa JIC)l(HT Ha npolJ.OJDlreHHH OCHOBaHIDI 3a TOt{K)' A. 
3a.i.a<Ja. Ha npoiJaJl3tcelf,UU OCHOfHlHUJ#AC~Yi!OllbHUICO AJJC 30 mO'tKY 

C 83Jlma mo1t1Ca Q ma1Caa, 1tmo QA : QC= A.,. a na cmowne AB- mO'tlCa D 
maKaa, 1tmo BD: DA= p :. q (plic. 50). B KOTCOM omHowenuu ompe:JoK DQ, 
l)epeceKaaCb 8 mQ&11Ce E co cmOJJ(JHOU BC, iJe.tlum 3my cmopQuy? 

3Ta 3a)J.aqa SIBJIHCTCH c:PaKTH'lCCKH o6paTHOH npe)1.1>mym;eH:. 

PemeuHe. BocnOJib30saBWHCb pe3yJibTaTaMH pewe~H» npe,nbmy-

111,eif 3a,ll,aqn, MO}l{eM JanncaTb: 

QA== m .!!... HJIH l== m .!!..., 
QC n p n p 

r.ZI.e m/n = BE: EC. Orcio,ll,a Haxo.n.nM: 

BE=').,.!!_ 
EC q' 

qTo .n;aeT OTBeT B 3TOH 3a,L1.aqe. 

B Ka'lecme npHMepa paccMorpHM HecKOJibKO Ja.n;a'l H3 crepeoMeTpHH. 

IlpHMep 8. B mpeyZOJlbHOU nupaMuoe SABC (S - eepwuna) Ha 6o
K06blX pe6pax SA, SB u cmopone ocnoeanun AC 63Jlmbl coomeemcmeenno 
mo11Ku M, Nu P maJCue, 1tmo 

SM 3 SN 7 AP 2 
MA = 5' NB= 5' PC = 5· 

Haumu, e Ka1Co111 omnowenuu ae.num cmopony ocno6aHUR BC nrzoc
Kocmb, npoxooRw,aR 1tepe3 3mu mo11Ku. 

Pemem1e. lJepTe}l{ K 3TOH Ja)J.aqe npe.n.crnBJieH Ha pHc. 51. 
Ilpo.n;OJI}l{HM np»MYIO MN, Jie)[(alll,yIO B IlJIOCKOCTH rpaHH ASB JJ.O 

ee nepeceqeHH» B ToqKe Kc npO.ZJ.OJl}l{eHHeM CTOPOHbl octtoeaHHSI AB. 
IlocKOJibKy np.HMIDI MN ne}l{HT B IlJIOCKOCTH, npoxo.n.»m.eif qepe3 TOq
KH M, N H P, TO H TOqKa K Jie}l{HT B · 3TOH IlJIOCKOCTH. Coe.nHHHM 
ToqKH P 11 K, npHHa)J.Jle}l{am11e nnocKOCTH ocHoBaHH51 nHpaMHJJ.hl, 
OTJ>e3KOM np51MOH, nepeceKaIOlll,HMC» co cTopoHoii OCHOBaHH» BC B 
TOLJ:Ke Q. TaK KaK ToqKH PH K ne:XCaT B nJIOCKOCTI:f, o KOTopoii HJJ.eT 
pellb B JazJ.aqe, TO 3TOH IlJIOCKOCTH npHHa)J.Jle}l{HT H TO'lKa Q; qeThipex
yrOJihHHK MNQP - ceqeHtte nttpaMH.lJ.bl 3TOH IlJIOCKOCTbIO. 

HaH.n.eM cttaLJ:ana, me tta octtosaauu AB Haxo.u11rc51 TO'lKa K. ,lJ.;rn 
3Toro BblHeceM IlJIOCKOCTu rpaHH ASBHa OT,ll,eJibHbIH 11epre}l{ (pHc. 52a). 
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Bwno.JJHHM .llOOOJIHHTC.JlbHoe flOC'fPOCHHe: npoBe)leM BGllACH o6o-
3HaqHM x = BF HMeeM: 

.. · 7 ' . 
SM = 5·x~ T.K. SN: NB= 7 : 5; 

5 7 
MA=-.SM=-x 

3 3 ' 
OTKYD.a cnen.yeT, 'ITO AK: BK= 7: 3. 

Ilepeii.n;eM renepb K paCCMO'l'pCHHIO 

nJioCKbCTH ocHOBaHH.SI m1paMHD.bI ABC A 

(pHC. 526). nposen.eM BG II AC H 00o3J4a..: 

tfHM Y=BG. 
HMeeM: 

7 
AP =-y, T.K. AK: BK =7: 3; 

3 .. 

•· 3 7 
· PC=1.·AP= 2y. 

s 

c 

PHc151 

OrKy.na .CJien.yeT,. qTO CQ: QB= 7: 2. 
HTaK,, ToqKa Q ,LJ.CJIHT CTOpOHY OCHOBaHH.SI BC B OTHOllleHHH 7 : 2. 
Ilp11Mep 9. Ha npo0011J1CeHuu cmopoHbl AC OCHOBakUJl mpeyZO/lbHOU 

nupaMUiJbl SABC (S - eepiuuHa) 83Rma mO'IKa D, ma1Cl1Jl, 1tmo DC= 1/2A C. 
Haumu omHoUJeHue o611eMOB men,·. Ha komopble Oe.num nupaMuiJy !1/IOC
Kocmb ce11enuR, npoxoiJRU4aJI ~epe3 mo1tKy D u cepeiJuHbl pe6ep SA u SB. 

PemeHHe. Ilycrb E - cepe.nntta pe6pa 5:4, a F - cepe.nHHa pe6pa SB 
(pHC. 53). IlocKOJlbKY ToqKn· En D npHHanne:xraT ce'ieHHIO, rro 3TOMY 
ceqeHHIO npMHa.nne>KHT H BC.SI np.S1Ma.S1 ED, B TOM qncJie H TO'IKa Q ee 

nepeceqeHHJI c pe6poM SC nHpaMHlJ.bI. Coe.nHHHB TO'JI<H £, F n Q 

c 
s 

A 

a 6 
Pwc. 52 

3.f~A 
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nonapHO O'rpe3KaMH npJIMblX, DOJl)"IKM ceqeHHe nHpaMHJJ.bl, -0 KOTO

poM HJJ.eT peq& a JaJJ,a'Ie. 

HeTpy.ntto 3aMeTHTb, 'ITO o6beM TpeyroJI&HoR nH:paMK.llbI SEFQ, 
nOJiyqaeMblif H3 TpeyroJibHOK nHpaMH.llW SABC nyreM H3MeHeHWI Jl11HH 

ee 60KOBWC pe6ep COOTBeTCTBCHHO Bk, m H n pa3, COCTaBJlJleT kmn-IO 
qacT& ofu.CMa JIHpaMH.ll.hl SABC, T.e. 

s 

PHc. 53 

VsEFQ;::: km n. vs.ABC· 
\ 

fiocKOJibl<Y ES: AS::: 1/2, FS: BS= 1/2, . 
TO ,k = m = 1/2 H. JlJJJl npHMeHeHHSI nocJie,. 

.zmeii <P<>PMYJJ:bl Heo6X<?AHMO· 3HaTb n, T.e. 
B KaKOM OTHOWCHHH TOqKa Q D.CJIHT pe6-
po SC. 

PaccMO'fPHM 6oKOBYIO rpatti. ASC nH

paMHJJ.bI. KaK OObl'IHO, BbinOJIHHM .nonoJI-

B HHTeJlbHoe nocTpoeHHe, COCTOHW.ee B npo

Be.ll.CHHH CKll AS. HMeeM x= CK )lanee Ha

XO.ll.HM: AE= 3x, nocKOJibKY AD: DC= 3, 
ES= AE = 3x. I-fa no.no6m1 TpCYfOJibHHKOB 
QES H QCK no11yqaeM: SQ : QC= 3 : l. 
C11e.11ouaTen&Ho, SQ= 3/4 ·· SC. HMeeM: 

; ~ 

HJlH VsEFQ: VEFQAac= 3: 13. 
lllJllMeP 10. Ha npo0o11:HCeHuu cmopOHbi AC mpeyeo11Mu1<ia ABC om-,. 

JlO:HCeHa mo"Ka D, ma1'aR · 'fmO DC= 1/.2 ·AC, a Ha cmopone BC -
mo'llUl E, KOT,nOpaJI .iJ.e.11um 3111X cmopoHy 6 omnowenuu BE: EC;;::, l : 2. 
To'IK.a D coeiJuneHa c cepeiJuHou F cmopOHbl AB ompe3/COM npRMou, .KO
mopDR nepeceKaem AE e mo'l/Ce Q. B Ka/COM omnoUlenuu mo'IKa Q iJe
.11um ompe3oK AE? 

Pemeoe. Hpoae.neM CKllAB K npHMCM CK=x. Tor.na AF=3x, 
OOCKOJlbKY AD= 3. CD (pHC. 54). 

fiocKoJI&KY, onHaKo, AF= FB, TOH FB= 3x. 
ff3 nono6HH TpCyron&HHKOB GBF H GCK, r.ue G - TOqKa rrepece-

qeHHJI oTp¢3Ka DF co cropoHoii BC, nonyqaeM:. ' 

BG:CG=J:l 

HJIH BG= 3/4 · BC. fio YCJIOBHIO BE== 1/3 · BC; JttaqHT, EG= 5/12 · BC. 



§ 4. flponOpf4UOHOAbHftle omJ>e31'11 B mpe~OAWIUKe 

nposeaeM .nanee OTpe30K CL napan- B 
nenbHO <rrpe3KY AE H npHMeM · CL= y. 
Tor.na HMeeM: AQ = 3y, nocKoJJbKY 
AD= 3 ·CD, a H3 nOll06H» TpeyronbHH- 3x 
KOB GQE K GKC c K03t\><l>HUHCHTOM A "-;;;,_ __ .!.:5~:::::::i-D 
IlO.llOOHfl 5/12: (l - 1/3 - 5/12) = 5: 3 
CJiellyCT, 'ITO QE= 5/3 · y. . , 

CoCTaBIDUI OTHOWeHHe AQ K QE, non~aeM: 

AQ 3y 
QE = 5/3 · y = 9 : S. 

l. B -rpeyronbHHKe ABC Ha cropotte AB B3J!Ta TO'iKa K r~K, '.JTO 
AK: BK= l : 2, a Ha cropoHe BC B3BTa TO'IKa L TaK, 'ITO CL:. BL= 2 : 1. 
Ilycrb Q - TO'IKa nepece'l:eHH» npRMbIX AL H CK HaliTH nJIOIQaJJ.b 
rpeyroni.HHKa ABC, ecnH .natto, 'ITO nnoman,h TpeyronbHHKa BQC 
paBHa 1. 

Omeem: 7/4. 

2. B rpeyroJibHHKe ABC, nnoIQa,nb Koroporo pautta 6, Ha crop<>He 
AB B3BTa TO'IKa K, JJ.CJI.HlllaJI 3Ty cropoHy B OTHoweHHH AK: BK= 2 : 3, 
a HaCTopoHeAC-TO'IKa L,llemilllMACB OTHOWCHHHAL: LC= 5: 3. 
To'l;Ka Q nepece\leHHH npHMbIX CK H BL y.naneHa or np.SIMoit AB Ha 
pac~o.RHHe 1,5. HaiirH MMHY cropoHbI AB .. 

Om6em: 6,4. 

3. B rpeyroJibHHKe ABC Ha cropoHe AC 83.RTa TO'IKa K raK, qro 
AK= l, KC= 3, a Ha cropoHe A.8 B3.RTa TO'lKa L TaK, qro AL : LB= 2 : 3. 
Oycrb Q - To'IKa nepeceqeHHR np.RMbIX BK H CL. ·nnoIQa,ub TJ)e- · 
yroJibHHKa A QC paBHa l. HaiiTH .llJIHHY BbICOTbI TJ)eyroJibHHKa ABC, 
onymeHHOH H3 sepwHHbI B. · 

Om6em: 3/2. 

4. Ha npo.llOJDKeHHH cropOHbI AB TpeyrOJibHHKa ABCornoxeH.OT
pe30K AD raK, qro AD : AB= a. Ha npo.u.oJDKeHHH MC.llHaHbI BE or110-
)l{CH orpe30K EF raK, 'ITO EF: BE= ~· Haiint OTHOWeHHe nnoIQa.ueii 
rpeyronbHHKOB BDF H ABC. 

Omeem: (a- I)(~+ 1)/2. 

5. Ha cropoHe AB rpeyroJibHHKa ABC Me)f(JJ.y TO'IKaMH A H B B3RTa 
roll Ka D raK, qro AD: AB= a( a< l ). Ha cropoHe BC Me)f(JJ.y TOllKaMH 
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B H C B3S1Ta TO'IKa E TaK, 'ITO .. BE: BC= ~ (~ < I). 1Iepe3 TO'IKY E 
npose.ueHa npSIMU, ·· rrapa.n:11e11bH'asl cropoHe AC H nepeceKaioi:ua.11 
cropoHy AB s roti:Ke .F. l:faitTH OTHOlllCHHe IIJIOIUa.n.eif TpeyroJI&HHKOB 
BDEu.BEF.· 

· Omeem: {l - a.)/~. 

6. ,llaH 1}JeyroJibHHK ABC. Ha cropoHe AC 6epeTCS1 TO.'IKa K, a Ha 
cropoHe BC - TO'IKa M TaKHM o6pa30M, qro 

HattTH CM: MB. 

Omeem: 6/5. 

7 . .llatt TPCYfOJibHHK A»C, IIJIOIUa.1.lb KOToporo pasHa 1. Ha Me.UHa
ttax AK, BL H CN weyrOJibHHKa ABC B3HTbI cooTBCTCTBeHHO TO'IKH 

P, Q H R TaK, 'ITO 

HatiTH nJIOW.a.n,b 1JJeYfOJihHHKa PQR. 

Omeem: 1/12. 

8. Ha cTopottax BbmyKIIoro 'leT&1pexyroJibHHKa ABCD, nnoi:ua.n.1> 
KOToporo pastta l, B3HTbI TO'IKH: K Ha AB, L Ha BC, M Ha CD H N Ha 
AD. IlpH3TOM 

HaiiTH nJiol.Ila.n.b 111ecTHyroJibHHKa AKLCMN. 

Omeem: 11/12. 

9. Ha cTopoHax AB, BC H CA weyroJibHHKa ABC B3SITbI cocnseT

cTBeHHO TO'IKH P, Q, R TaKHe, 'ITO AP= l/k· AB, BQ= l/m ·BC H 
CR= l/n ; CA, r.ue k, m, n - HaTYpaJibHbie 'IHCJia, rrpesocxoJJ,SIW.He l. 
To'IKa A coe.u11HeHa c TO'IKOH Q, TO"l.Ka B - c TO'IKOH R, TO'IKa C -
c TO'iKOH P. HatiTH OTHomeHHe nnow.a.n.u TpeyrOJibHHKa, sepmuHa
MH KOToporo cJiy)l(aT TO'iKH nepeceqeHHSI OTpe3KOB AQ, BR H CP, K 

nnoma.n.H TpeyronbHHKa ABC. 



§ 4. llponopquoHtlllbHble ompe31'U B mpey20A1>HU1'e 

0 · .. I 1 1 m«em: l - l/ k - 1/ m - 1/ n .f + · + . 
(m- l)k2 + k (k - l)m2 + m (n - l)m2 + m 

10. Ha npoJJ.OJDKeHHH pe6pa SC TpeyroJibHOit nHpaMH.llbl SABC 
(S - sepwutta) OTJIO)l(eHa TO'IKa D, TaKaH, 'ITO CD= l,S·SC, a 

Ha pe6pax SA H SB B3HTbI cooTBeTcTseHHO TO'IKH E H F, npH'leM 

SE= 1/3 ·SA H SF= 2/3 ·SB. B KaKOM .oTHOUleHHH .lleJlHT o6'beM 

nHpaM.HAbI nnocKOCTb, np.oXO.llSIW:aH qepe3 .TO'IKH D, E H F! 
Om«em: 472/815. 



I 5. B3AHMilOE PACDOJIOlKEHHE OKPYJKHOCTEA, 
YfJIOB H TPEYl'OJILHHK:OB 

B npeJJ.bl.D.~Hx naparpa4>ax )'JKe w.na pe'Ib o6 OKpYJKHOCTHX, KPY

rax H H>(OCHOBHblX 3JieMeHTax. B 'IRCTHOCTH, oTMe'laJIOCb, 'iTO ueHTp 

oKpYJKHOCTH, enHcaHHOH e TpeyronbHHK, Jie)KHT Ha nel)ece'leHHH 

ero 6HCCCKTJ>HC, a UCHTp OKPYJKHOCTH, ORHC8HHOH OKOJIO TpeyroJIL

HHKa, - Ha nepece'ICHHH CpeJlHHHblX nepneH,llHKyJUipOB K ero CTO

poHaM. TaM )Ke npHBOJlHJIHCb HaH6onee Hcnonb3yeMble <i>OPMYJibl Jl.JIH 

Bbl'IHCJICHHJI PaJJ.HYCOB OKp~HOCTeH. 
OcTaHOBKMC.SI TCnepb Ha peweHHK P8.3JIH'IHLIX 38)l.8'1, CBH38HHblX 

c pacnoJIO)KeHHeM OKPYJKHOCTeH JlPYf OTHOCHTCJILHO JJ.pyra, a T8K)KC 

OKPYJKHOCTCH, yrnoe H TpeyrOJILHHKOB. 3a)la'IH IlOJJ.o6paHbl TaKHM 

o6pa30M, 'ITOObl HX peWCHH.SI ,lleMOHCTpHpOBaJIH OCHOBHbie npueMbI 

a 

6 

A 

H 3JleMeHTbI peweHH.SI .llPYrHX, 6onee CJIO)K

HLIX 38.lJ.8'1. 

laAa-ia. aeHmp 01 OKPYJICHOCmu paiJuyca 
r yOa;zeH Ha paccmoRHue m om l.(eHmpa smo
pou OICPYXHOCmu 02 paiJuyca R (R > r, 
m > r+ R). Haumu iJ11uHbl 06114ux 1eacame.nb
HWX IC 3mUM OICpy:JICHOCmRM. 

P.ueHHe. H3eeCTHO, qro npH ycnoBHH 

m > r+ R OKP}')KHOCTH HMCJOT 'ieTblpe 06-

UlHC KaCaTeJibHble (JlBC BHCllIHHC H JlBC 

BHYTpCHHHe) c nonapHo paBHblMH JlJIHHa

MH (pHC. 55) . 
.llnHHbl BHeWHHX KaCaTeJibHblX, ttanpH-

PKc. SS Mep, (K1' K2). HaxO,WITC.SI CJie.llYIOUlHM o6-

pa30M. IlpoBO.llHM 0 1A II K1 K2 H paccMaTpHBaCM np.stMoyrOJibHbIH Tpe

yronLHHK o,A02 (pHC. 55a). lfa Hero HaxO)l.HM: 01A2 = 01 ol - OiA2
• 

QqeBMJI.HO, 'ITO 0 2A = R - r. Ilo3TOMY 

K1K2 = OiA = ~m2 -(R-r)2 = .j(m+ R-r)(m + r-R) . 

.llnutta ettyrpeHtteH: KacaTeJILHOii, HanpHMep, M1M2, HaXO.llHTCSI 

no'ITH attanOrH'IHO. CTpOHTCH OiA II M1M2 H paccMaTpHBaeTcH npfl

MoyroJibHblii TpeyrOJibHHK 01A02 (pHC. 556). lb Hero HaxO,llHTCfl: 



. § 5. lJ:JaUMHOe pacnOAOJICeHtll 01'/JY:J1CHOCTne'iJ,·yM<J11 u mpeyzo.t1bHUICOll 11 

0 2A
2 = 0 102

2 - 0 1A
2• 

fiocKOJibKY 0 1.A = R + r, TO 

M1M2 =<Ji.A== ~m2 -(R + r)2 = ~(m+R +r)(m-r-R). 

i>accMOTPHM ew.e OJJ.HY 33.llalfy 0 83aHMHOM ,PaCnOJIO)KeIJHH ,ll,Byx 
OKl)Y)KHOC'reii. . .. 

]a,IJ,a'la. 1'eHmp 01 nep8oiJ OKPY:JICHOCmu' paouyca r yoQ/le:/,,' Jia' pac-: 
cmoaitue m om i(eHmpa 02 smopou OKPY~Hdcmu paouyca R (R >' r). Hau~ 
mu OAUHY iJyzu nepsoii 01epyx11ocmu, 3a1C.111011e11Hoii s11ympu smopoi( .oi<.-
pyxHocmu. ' · ·.' · .· · · · · · · ,. ·. :.,,. ·· 

Pe111e1111e. OnpeJJ.eJIHM cHalfana, npH KaKHX m 33.llaqa HMeeT pewe-
HHe (pHC. 56). . 

EcJIH m > R + r, TO OKp}'}KJ{OCTH, KRK 3TO HMeJIO MecTO B npeJlhl

JJ.YW.eil 3an,aqe, He nepeceKalOTC.11; npH m = R + r OHH KaCaJOTC.11 &He

WHHM o6pa30M D.PYf ,ll,pyra, a' .IlPH 

R-r<m<R+r 

OKp}')KHOCTH nepeceldllOTCSl B D,Byx ro~ucax. 
OpH 

Osm<R-r 

MeHbWa.11 H3 OKPYJKHOCTeit Ue.TIHKOM nona

,ll,aeT BHYTPb eropoit oicpYJKHOCTK. 

TaKHM o6pa30M, Jan.alfa HMeeT pew~HH.11 
npH R - r s m s R + r. 

PHc. 56 

u 
IlycT& E H F - TO'IKH riepeceqeHIDI OKP~ocreit }l.JtHHa EF 

HCKOMof.i JJ.YrH pastta YllBOCHHoit MHHe JJ.yrH EK , T.e. 

v v 
EF = 2· EK = 2ar, 

rn.e ct - BCJIHtfHHa· ueHTPaJibHOro yrna E01K. 
}l.Jt.11 HaxO)l(,ZleHH.11 ex HCilOJib3yeM TOOpeMY KOCHffYCOB. l·h TpeYfOJil~

HHKa o, E02 HMeeM: 

HJIH 

. . 2 2 2 . 
. E02 = EO, + o, 02 - 2E01 · 01 OfCOS ct 

R 2 = r2 + m 2 - 2rm cos a, 

,2.+m2-R2 
COS<X = ------

2rm 
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u ,2 +m2 -R2 
EF = 2r · arccos-----

2nn 
u u 

IlpH 3TOM, eCJIH m = r+ R, ro EF = O; ecnH m = R- r, ro EF = 21tr, 
T.e . .ll)lHHe nepBoH OKp}')KHOCTH. 

3a;lau. Haumu 11110114aob 061J4eu lfacmu oByx Kpyl06 JJ<lOuyco6 r u R 
(R > r), u,eumpbl KomopblX .Haxoi)RmCfl flD paccmOJIHUU m opyz om opyza 
(R - r $ m :s;; R + r). 

Pemeaae. AHanorH'IHo npe.n.bUlYJ.Ueit 3rula'le (pHc. 56) HaxoauM: 

,2 +m2 -R2 
a1 = arccos 

2
rm 

R2 +'m2 _,2 
a 2 = arccos ---2R-m--

r.n.e a 1 H a2 - nonoBHHbI yrnos E01F H. E02F cOOTBeTCTBCHHo. 
no cI>opMyne .ll)lH nnoiuan.u cerMeHTa, CM. § l, nonyqaeM, 11To 

IlJIOlUallb s o6iueli '18CTH Kpyroe BblproKaeTCH CYMMOH: 

3.necb sin 2cx.1 MO}KHO Bbl'IHCJIHTb rto <l>opMyJie: 

. . ,2 + m2 _ R2 . ,2 + m2 _ R2 
·sm2cx1,=2cosa1 ·sma1 =2· . . ·smarccos = 

2rm 2rm 

,2 + m2 -R2 
' 2 -('2 +m2 -R2) 1 2rm · =----

rm 

AHanorH'IHo· 

. R2 + m2 - ,2 1 -( R2 +2mrm2 - ,2 )2 . 
sm2a2 = Rm 

B o6eux 3a,n,at1ax OTBeT 3Ha'IHTeJibHO ynpow;aeTCH, ec;m oKpy)KHO
cTH HMeJOT o.nnttaKOBbie pan.11ychl, T.e. R= r. 
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n...,. OICMO npRMoyzoAbH020 mpeyZO.llbHUICQ onucaHa OICp)IJICHOCmb. 
J(py2aR 01Cpyxnocmb mow xe paouyca 1eacaemc11 1eamem011 :3moeo mpe
y2011bHu1Ca ma1e, 'Imo oiJ11ou U3 mo1Ce1C 1eacaHUJ1 aeJ1J1emc11 BepwuHa mpe
Y20.llbHU1'a. · Haumu om11owe11u~ 11J1011.4aiJu mpeyzo11b11u1ea " 11J1011.4aou 06-
11.4eu 'lacmu iJaHHbtX 1epy2011. 

Peale1111e. 06o3Ha'IHM pa.n.uyc OKpy)J(HOCTeif 'lepe3 R. Tor.n.a 
A01 = 801 = C01 = R (puc. 57). fiOCKOJibKY TO'IKa 02 - ueHTJ> oK
pyxHoCTH, Kaca10l.l.(eitcJ1 KaTeTOB AB HBC, TO (B01) - 6HcceK1J)Hca 
npHMoro yrna tpeyroJibHHKa, (A02) ..L (AB), (A02) ..L (BC). CJie.11.o
eare11bHO, yron · AB02 paeeH 45• H AB= A 0 2 = R. 

Tat< KaK AB= A01 = B01 = R, To MB01 pasHocropottHHit u ero 
' ' 

BbICOTa E01 paeHa R J3 I 2. KpoMe Toro, AE = R/2. 
flpoee.n.eM 0 1FllAB. Tor.na 0 1F=AE= R/2; 0 2F= R -'-

- RJ3 I 2 = R(2-../3)/2. C11e.11.0BaTenbtto, 

TaKHM 06pa30M, 3Ta 3a.Ila'la cse11acb K npe.ll.bl.IJ.ynJ.eit, nocKoJibKY 
Tenepb H3BCCTHbl He TOJlbKO pa.LIJIYCbl OKpy)J(HOCTeH, HO H paccron
HHe MC.>K.llY HX UCHTJ>3MH. Ono~~ 061.1.(eit 'laCTK .11.syx KpyrQB H~Xo
JlHTCH no <J>opMyne, nonyqeHHoif B npeJlbl.IJ.Yl.l.(eit 3a.Ila'ie, ecnu e HeA 
nOJIO)l(J{Tb r = R. HMeeM: 

S . l AB AC •· 60° R
2J3. 

ABC =1 . ·Sm =-2-, 

S= If (2a- sin 2a), 

H OTHOWCHHC IlJIOl.l.(a.Ileit SAad s pa1mo: 

SABC _ JJ/2 
S- 2a-sin2a' 

r.11.e a= arccos m/2R. 
PaccMOTJ>HM Tenepb HCCKOJlbKO 3a}la'I, B Ak---.1~;.l..,-~~ 

KOTOpbIX pe'lb noit}leT o6 OKpy'x<HOCTHX, Ka
catol.l.(HXCH JlPYf .11.pyra, a TaIOKe. HCKOTOpOH 
npm10it. 

3a.~Ha. ,4ee oKpyJtCnocmu t paouycaMu r u 
R 1eaca10mc11 iJpy2 iJpyca u Heteomopoii npfl- PHc. 57 
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Mou. Haumu paiJuyc mpem&eu. 01epyJ1Cnocmu, KDCQIOU(euc.11 neptJblX iJ.;yx u 
OaHHOU npRMou. ·' 

G t----:k'--+,,...--=-· 

Ht---+~F-t~~ 

Pellle&He. 01le1JH.llHO, ecJIJt r ~ R, TO 
3aJJ,aqa HMeeT JJ.Ba peweHWI (pHc. 58). 

0.ntta H3 OKpµcHOCTeH BilHCaHa B 

KPHllOJilfHeHHYIQ· o611acTb K1/JK2, .. JJ.py
rWI KaCaetCJl Jl8HHWC OKpY'}KHOCTeit .· H 

npSIMOfl BHCWHHM o6pa30M. 

fiyCTb 01 H 02 - llCHTPbI JlBYX OK
py)l{HOCTeH (npHMeM, qTo R > r), a 0 3 I 

- UCHTP TpeTbeit (MeH1>Weit) OKPY)l{-
_J __ ~4~~~'!-t::.~(..,..' HOCTH, npH'ieM pa.n;Hyc 3TOH nocne-

PHc. 58 
.llHeit o6o3H8'1HM p1. PacctoSJHHe Me)f(-

11.y ueH'Jl)aMH 0 1 H 0 2 pasHo r+ R. AHa

Jiorwrno: 0 10 3=r +p1 H 020 3=R+p1• 

PaccMOTpHM np»MoyroJibHblif TpeyroJibHHK 0 1 02D, r.ne D - npo

eKUHSJ TOqKH 0 1 Ha nepneH.llHKYJUIP 02K2 K npRMOH AC. 
Mlle.ff pememrn COCTOHT B TOM, qTo6w, JanHcaB JJ,JIHHY OTpe3Ka 

0 1D llBYMH paJJIHqHbIMH cnoco6aMH (OllHH pa3 qepe3 r HR KaK cro

potty np.S1MoyroJI1>Horo TpeyroJibHHKa 01 02D, .llpyroi:t - qepeJ r, R H 
p1 KBK lJ.JIJIHY paBHoro eMy QTPC3Ka EF), nonyqHT1> ypaBHeJIHe JJ,JIJI 

HaXO)l{.lleHHSI pa.n;Hyca p I· . 
113 npSIMoytOJibHOfO TpeyrOJlbHHKa 01 02D HMeeM: 

O,.D = J<R + r)2 -(R - r)2 = 2..fiii. 

Tiocne 3TOf0 COCTaBJISICM ypaBHCHHe: 

2JTR = 2fii + 2~Rp1 , 
HJIH. 

' ' 
HaXO.UHM pa.n;Hyc HCKOMOH OKPY)l{HOCTH: 

. I 



§ 5. lboUMllOI pacnOAO:JICIUllle oi.py:JICHOCnteii, yi!A06 u mpeylOAbHU1'06 75 

AHuor~Ho HaxO.llHM pa,IlHyc p2 6oJI&weii okp)')KHOCTH~ Ee ueHTP 

o603Ha"IHM. 04, a npoeKI.lHH TO'leK o, H 02 Ha nepneHJJ.ltKYJUIP; 

onymeHH.&di H3 ueHTPa 0 4 Ha npRMYJO AC - qepe3 H H G cooT,

seTCTBeHHO• 

QqeBHAHbl' CJIC.llYJOll.Ule paBCHCTBa: 

0i H = J<P2 + r)2 -. (P2 - r)2 = 2Jj);T, 

CJ.iG = J<P2 + R)2 
- <P2 - R)2 = 2~p2R, 

OiD = J(r + R)2 -(r- R)2 = 2M. 

Ilo3TOMY ypaeHeHne M.R onpe.lleJieHHJJ p2 3llllHWeTC.R CJie.nYiomnM 

o6pa30M: 

OTKY.lla HaxO.llHM: 

Oco6blH KJiacc npe.llCTaBJUllOT 33.ll8'1H, B KOTOpblX .llBC KacaIOUUfC

CSI JlPYf ,llpyra OKPy)l(HOCTH BDHCaHbI B HCKOTOPblH yroJI. 0Ka3blBaeT-. 

C.R, .BeJIH'IHHa TaKOfO yrna onpe.lleJUHITCH TOJibKO OTHOWeHHCM P3.1lH

ycoB .ll3Hlf&IX oKpy)l(Hocreit. CnpaoeMHBO H o6paTHoe yrsep)l(Jleirne: 

npH 33.lJ,aHlfOH BeJllt'IHHe yrna OTHOWCHHe P3.llHYCOB TaKHX. OKp)')KlfO

CTeii 0.llH03Ha'IHO onpe}leJieHO. 

3~. B yzoA BAC, 6eAuituHa Komopozo pa6Ha a., 6nucaHbl iJ6e oK
pyJtCnocmu, KQCQIOl14UeCJl opyz opyza u cmopoH yZAa. OnpeiJeAumb omno
weHue paouyco« 3mux oKpyJtCnocmeu. 

Pemee11e. JlerKo BHJleTh, ':ITO ueHTP nl06ow OI<p)')KlfocTH, snHcaH

HbIA B yron BAC Jie)l(HT Ha 6ucceKTPKce 

3TOfO yrJta, UOCKOJlbK}' HMCHHO 6HCCCKT-~B . 
p1tca HBJUleTCJI reOMeTpH'ICCKHM . MCCTOM . . 

T()qOK, paBHOY!lMOHHWX OT cropOH yrna. ~ • 
Oo3TOMY TOlfKa 0, UCHTp ..11aHHOA OKPY>K-~ 
HOCTH, H TO':IKa 01' UCHlp mo6oit OKpy)I{- A . c 
HOCTH~ KacaiomeitcH ee CTOPOH It yma Puc. 59 
( O':leBHJlHO, tfTO TaKHX OKp)')KHOCTeii 6y- · . 
.ll.eT .ll.Be) 11e)f(HT Ha 6n.cceK'l'pHCe yma BAC. 
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HpoeeneM ODllAC, r.ne TO'iKa D Jie)KHT. Ha nepneH.llHJCYJU1pe, 

onymeHHOM H3. UCHTpa OKpy)KHOCTH 01 ·Ha CTOPQHY Ac (pHC. 59). 
OcHOBHbIM npHeMoM,·Il03BOJUIJOlllHM CBH38TI> panHycbt OKP}')KHo

cTeii c BeJIHlIHHOii yrna, B KOTOpbiii OHH BilHC8Hbl, SIBJUleTCH HC

nOJib30BaHHe COOTHOlUCHHH B npHMOYfOJibHOM TpeyfOJlbHHKe 001 If. 
fHilOTeHy3a B 3TOM TpeYfOJlbHHKe paBHa cyMMe pa.D.ffYCOB OKpy)KHOC

reit, IlOCKOJibKY Te KacaIOTCH .llPYf .npyra, OJlHH H3 KaTCTOB, a HMeH

HO 01 D, paBeH pa3HOCTH 3THX pan.Hycoe, nocKOJibKY oKp}')KHOCTH 

KacaJOTCH rrpHMOH (Aq, a OCTpblii yroJI paeeH -<J./2, TaK KaK 1.J,CHT

pbl OKP}')KHOCTeH Jie)KaT Ha 6HCCCJ<TpHCe. 

HMeeM 

001 = r+ R, OD= R - r, o;ol> = a/2. 
Orc10D.a cnenye1: 

. ex R-r . a 1-r/R 
sm- = -- HJJH sm- = . 

2 R+r 2 l+r/R 

Pa3pewru1 3TO ypaeHeHHe oTHOCHTeJibHO r/ R, nonyqaeM: 

r l - sin(a./2) 
R = l + sin(a/2) · 

TaKHM o6pa30M, OTHOWeHHe pan.Hyca MeHblllei:i OKpyxHOCTH K 

PMHycy OOJlblllCH 33BHCHT TOJlbKO OT BeJIH':IHHbl yrna, B KOTOpbtit 

3TH OKP~HOCTH BIIHCaHbl. Ilo3TOMY pan.Hye MCHbWOii OKP}')KHOCTH, 

KacaIOll.lCHCSI cropoH yrna BACH .naH'.Hott OKpyxHOCTH, OTHOCHTCSI K 

pan.Hycy .llRHHOH TaK )KC, T.e. KaK 

. (1- sin j- )/(1 +sin i ). 
IlpHMep. B mpeyzo11bHUKe ABC pa3MeU<eHa cucmeMa 6ecJCoHe'IHOW 

11uC11a Kpyzoe, npu'leM nepBblU U3 HUX ·BnucaH B mpeyzo11bHUK ABC, a 
KaJK:Oblii CJ1eoy10w,uu Kpyz KacaemcR npeobliJyw,ezo u cmopon yZJ1a ABC. 
K01cy10 11./lOTJ<OOb 30HUMaem cucmeMa KpyzoB, ec.llu cmopOHbl AB u BC 
mpeyzo11bHUKa coomeemcmeeHHO paBHbl 1 u 2, a yCOA, 3DKJJJOtteHHblii MeJtCOy 
HUMU, cocrna6.llRem 60°? 

Pemeflne. Ilpe)J(,ll,e scero MO)KHO 3aMernTh, ':ITO pan.HychI Kpyroll, ; 

a 3Ha'iHT, " HX mromamt, o6pa3YJOT 6ecK0He1mo y6L1eaiomyio reo., ' 

MeTpH'iCCKYJO nporpeccHIO • .lleiicTBHTeJlbHO, pelUCHHe npe,llhl.ll,Yll.lCii 

3a,n,aqu noKa3bIBaeT, 'ITO OTHoWettHe. PaJJ.HYCOB noc11e.uosareJihHhIX : 

Kpyros O,UHO H TO )KC H paBHO: 
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rk+I l - sin( cx./2) .. 1 - sin 30° I 
-= l:'. ' ==-·, 

rk 1 + sin( a/2) I + sin 30° 3 

r.11.e rk - PMHYC k-ro Kpyra. TaKHM o6paJoM, rulotuanH. KpyfOB sk+I " sk, 
OTHOCRi.UHeCR KaK KBa.llpaTbl HX PallHYCOB, oTfIOCRTCJI Kat< l: 9, T.e. 

a s ,_. CYMMa nnow.anett BCeit CHCTCMbl KPYfOB onpe.neID1.eTCa Bblpa
)KeHHeM: 

3.n.ec.b HCil0Jl.b30BaHa <PopMyna JI.JUI CYMMbl 1111eHOB 6ecKoHet.fHO 
y6bIB3IOUJ,eit reoMeTPH'lleCKOi1 nporpeCCHH co 3HaMeHaTeJieM 1/9. 

Ilocne 3Toro ocTaeTCH e1>11mcnutb nnomanb S1 Kpyra, en11cattttoro 
B TpCYfOJlbHHK ABC. 

Ilo TeOpeMe KOCHHyCOB BbllJHCJI.SleM -rpeTblO CTOpoHy TpCyroJihHHKa: 

AC 2 = 12+22 - 2 · l · 2 cos 60° = 3, 

AC= fj. 

3aTeM HaXOJJ.HM nJiotuanh rpeyro.JibHHKa ABC : 

S ABC = -1 
AB · BC· sin 60° = ~ · 1 · 2 . f!: = jJ_ 2 . 2 2 2 

BbI'iHCJIHeM pa.zlHYC enHcattttoro Kpyra: 

SABC J312 I 
r, = -P- = (1+2 + ../3)/2 =I+ J3 

H ero nJIOIUanb: 

2 7t 
S1 =nr1 = 4+213. 

Ilocne 3TOro CYMMapHM IlJIOIU~b KpyroB onpe.11.e.naeTCH BbipIDKe
JIHeM; 

S = 9n . 
32 + I6J3 
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PaccMO'fPHM Tenepb HecKOJibKO 33,!J,aq, e KOTOpblX peqb HJieT 06 

OKPY.lKHOCTHX, KacaIOLUHXCH TOJibKO O,nHOA H3 CTOpoH yrna H nepece

KaIOLUHX .npyry10 ero cTOPOHY e pa3JllfllHblX roqnx. 

31,lla'la. Ha Ay11e AB, J1BAJ110f/4e.MCJ1 oonou u3 cmopon yZAa BAC, oanbl 
d6e mO'CICU p u Q. nocmpoum& OKPYJICHOCmb, npOxOOJllJ-OlfO 'lepe3 mO'IKU 

p u Q u ICQCOIOIJ-OllOCJI opyzou cmopoHbl AC yZAa. . 
Pemeuae. IlyCTb TaKrur oKp~HOCTb nocTPoeHa (pHc. 60), H M -

TOqKa ee KaCllHHH c nyqoM AC. IlocKOJibKY TO'IKH pH Q 33,!J,aHbl, TO 

MO)l{HO C'IHTaTb ll3BeCTHblMH paccTOHHHH AP HAQ. 
no TeOpeMe 0 KacareJibHOit AM H CeKYmeA AQ, npoee,lleHHblX K 

oKpy)l(HOCTH H3 o.nttoit ToqKH A, HMeeM: 

AM2 =AQ·AP, 

T.e. KBaD.paT Jl}IHHbl xacaTeJibHOil paBeH npoH3Be)1,eHHIO CeKYmeif Ha 

ee BHeWHIOIO 'laCTb. Orc10.na Haxo.nm": 

AM= .jAQ ·AP, 

T.e . .IUIHHa oTpeJKa AM HBJljleTCH cpe.ll.HHM reOMC'fPHqecKHM .IUIHH OT

pe3KOB A Q u AP. 
IlocTpoHTb oTpe3oK AM MO)f{HO cne.nyIOLUHM o6pa3oM: OTJIO)l(HM 

Ha npHMOH nocne.noeaTeJibHO oTpelKH K1 K2 H K2K3, paBHble no 

.IUIHHe O'fPe3KaM AP H A Q; JaTeM c noMOLUbIO UHPKYJIH H JIHHeiiKH 

pal.neJIHM oTpeJoK K1K3 nononaM; npHHHMaH cepe.nHHY oTpe3Ka 

K1K3 3a ueHTP OKpy)l(HOCTH, OilHWeM 3TY OKpy)l(HOCTb Pa.D:HYCOM 

1/2 · K1K3; H3 ToqKH K2 eoccTaHOBHM nepneHJlHKYJIHP K K1K3 .n.o 

ero nepeceqeHHH c oKpy)l(HOCTbIO B TO'IKe L. ,ll;IHna oTpe3Ka LK2 H 

6y.neT cpe.n.HHM reoMeTpHqecKHM MHH oTpe3KOB AP HAQ. 
,lleHCTBHTeJibHO, ~K1LK3 - npHMOYfOJibHblH, nocKOJibKY yron 

K1LK3 onHpaeTCsr Ha .nuaMeTP oKpyxHOCTH. Tor.n.a O'fPeJoK LK2, HB

JISIIOLUHHCH no IlOCTpoeHHIO BbICOTOH npHMOYfOJibHOfO TpeyroJibHH

Ka, 6y.neT HMeTb .llJlHHY' paBHYIO cpe.nHeMy reOMC'fPHqecKOMy .IUIHH 

O'flle3KOB rHJIOTeHyJhl, Ha KOTOpble ee .n.eJIHT roqn K2, T.e. 

LK2=~K1K2 · K2K3 HJIH LK2=.jAQ ·AP, 

qro H Tpe60saJIOCb JJ.OKaJaTb .. 

0TJIO)f{HB Ha nyqeAC OT roqu1 A paccTOHHHe, paeHoe AM =LK2, 

noJiy'lHM TPeThIO ToqKy, qepe3 KOTOpble .D:OJI)f{Ha npoxO.llHTb HCKoMaH 

OKpyxHOCTb, ee ueHTP H3XO.D;HTCH KaK roqKa nepeceqeHHH cpe,llHH

HblX nepneHJlHKyJU1poe K O'flle3KaM PQ, QM HJIU PM. 
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A 
~t A D C 

. . 
' , f' 

PHc.60 Puc. 61 

TaKHM o6pa30M, COOTHOlllemie .ll)IHH 0Tpe3KOB, BbICeKaeMbIX Ha cro
potte yrJia OKp}')KHOCTbIO, H Olpe3Ka Kaca~bHOH, o6paJyeMOH Ha ..qpy
roif ero cropoHe, pery1mpyercS1 reopeMoit 0

1

KacareJI1>Hol1.·11 cel<yll.l,eH:. 

IlpHMep 1. aenmp OKPYJICHOCmu, KOCOIOU(eUCR cmopOHbl BC mpey-
20/lbHUKO ABC B mo'IKe B u npoxoiJRw,eu '1epe3 A, 11eJ1Cum na ompe31ee 
AC. Haumu n11ow,aiJb mpey20111'Hw,a·ABC, eC11u U3BecmHo, 'Imo BC=6, 
AC=9. 

PemeHHe. IlycTL oKpy)l(HOCTL c uempoM 0 npoxoiun qepe3 TO'IKY 
A -rpeyrOJibHHKa ABC 11 KacaeTCH cTOpOHbl BC B TOlJKe B (p11c. 61); 
D - BTopaSI TO'iKa nepecetJeHH.R CTopoHbl AC c oKpYJi<HOCTLIO. 

fio reopeMe 0 K~CaTeJibHOH H CeKYll.l,eH, np<;:>ne.neHHblMH H3 O.ll
HOH TO'IKH K OKPYJKHOCTH, HSXO.llHM: 

AC ·CD= Bc2, 

9 · CD= 36 => CD= 4. 

Cne.lloBareJILHO, AD= 5; paauyc R= 2,5. 
nnomaah TpeyroJibHHKa ABC MO)l(HO onpe.Zle.iIHTL no <PopMyJie: 

l .. -
SAsc =-AC ·BC ·smACB. 

2 

Coe.llHHHB ueHTp 0 c nepwnHoll B, 
fiOJIYl.fHM npHMoyrOJibHbil1. TpeyrOJibHHK 
OBC, H3 KOToporo HafuleM: 

- 5 sin A CB = 0-. 

no.ncTaBHB 3Ha'ieHIUI AC H BC H3 yc
JIOBHH 3aJJ.a'IH H HafuleHHOe 3HS'IeHHe CH
Hyca B <l>oPMYJIY .ll)ISI OJIOll.l,aJJ.H TpeyroJib
HHKa ABC, nonyquM: 

. l 5 135 
S ABC = -- · 6 · 9 · - = - . 

2 13· 13 

A 

PHc. 62 

c 
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IlpHMep 2. KaJ1CiJOJ1 u3 6oKOBblX cmopoH AB u BC paBHo6eopeHHozo 
mpeyzoAbHUKa ABC paJiJeAeHa Ha mpu pa<mble ~acmu, u 11epe3 11emblpe 
mo'lKU oe.neHUJI HQ 3mux cmopoHax np06eiJeHa .· OKPYJICHOCmb, 6b1Ce1ea10-
IJ.(OJI U3 ocHOBOHUJI AC xopiJy DE. Haumu omHoweHue n.110144aoeu mpey
ZOAbHUKOB ABC u BDE, eCJ1u AB= BC= 3 u AC=4 .. 

PemeeNe. qepre)f( K 3TOH Ja,lla'le npe.llcTaBJJeH Ha pHc. 62. 
nycTb F - cepe.zurna cropoHbI AC, a L H M -. TO'IKH .11.eneHHH 

6oKoeoii cropoHbl AB, TaK 'ITO AL= 1 H AM= 2. 06o3Ha'IHM, KpoMe 
Toro, AD=x. · 

no TeOpeMe 0 KaCaTeJibHOit ~ ceicym.eit HMee~: 

AL· AM= AD· AE, 
HJIH 

1 · 2 = x( 4 - x). 

0TCIO.lla H3XOllHM, 'ITO 

x=2-Ji, 

nocKOJibKY, o'leBH.llHO, 'ITO x < 2. CJieJlOBaTeJibHO, DE= 2 · DF = 2Ji. 
TpeyroJibHHKH ABC H BDE HMeIOT 0.11.HHaKoeble eb1c0Tb1, no3TOMY Hx 
nJIOUJ.a.LlH OTHOCSITCSI KaK JlJIHHbl OCHOBaHHif, T .e. S ABC : S ~DE= 2 : .J2 . 

IlpHMep 3. B mpeyzoAbHUKe ABC: AB= Jf4 , BC= 2. 0KpyJtCHoCmb 
npoxooum llepe3 mo'lKY B, llepe3 cepeouHy ompe3Ka BC, llepe3 mollKY E 
Ha ompe3Ke AB u JCacaemca cmopOHbl AC. Haumu omHoweHue, 6 Komo
poM 3ma OICPYJICHOCmb oe.num ompe30K AB, eC/lu DE - OUOMemp 3mofi 
0KpyJ1C11ocmu. 

Pemeue. nycT& F - TOlfKa KacaHHR 
· B oKp~ocTH co CTOpoHoii AC TpeyroJib-

E HHKa (pttc. 63). nocKOJibKY yroJI EBD onH-
0 D paeTCR Ha ,lJ.HaMeTp OKp~OCTH, TO OH 

- npjJMOH, H TpeyroJibHHK ABC - nps
A ~c MoyronbHblH. Ero rnnoTeHyJa ttaxo.11.HTcn 

PHc. 63 no TeopeMe nmparopa: AC= 3.fi.. 
no reopeMe o KacarenbHOH H ceKy

m.eu, B .llaHHOM cnyqae npoee.11.eHHblX H3 TO'IKH c, nerKO HaHTH JJ.JIH
HY OTpe3Ka FC. HMeeM: 

TorJJ.a 

AF=AC- FC= 3 .J2 - .J2 = 2.fi.. 
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06o3Ha'IHM AE::: x. no TO it )Ke TeOpeMe .lUIH KacareJibHOA: AF H 
ceicyw;eA AB nonyqaeM: 

HJIH 

(2 fi. )2 =xM, 
OTK}'.D.a Haxo.aHM x = 4 .Jf4 /7. Tor.aa 

EB= .Jf4 - x= 3.Ji4 /7. 
TaKHM o6pa3oM, AE: EB=4: 3. 

3A,~A''IH 

I. U~H1p1>1 .aeyx Kpyros c o.u.uttaKoBI>IMH pa,nHycaMH1 paBHh,IMH 2, 
HaXO.llHTCH Ha paccTOHHHH 2!3 OllHH oT upyroro. Hajt.TH nnow;a.n1> 
TOit qacTH KaJK,lJ.OfO H3 3THX Kpyros, KOTOpaH He nplrna,wie)l(ffT .apy
fOMY Kpyry. 

Omeem: (8rc + 6./3) / 3. 

2. CTOpoHa AB rpeyroJibHHKa ABC HBJIHeTCH xop.D.oA HeKoropoit 
OKPYX<HOCTH. CTopoHbI AC H BC Jie)l(aT BHYTPH oKpf)l(HOCTH, npo
.IJ.OJl)l(eHHe CTOPOHbI Ac nepeceKae1:' OKPY)l(HOCTb B TO'IKe D; a npo
.IJ.OJI)l(eff He CTOPOHbl BC -B TO'IKe E, npH'leM AB=AC= CD=2, 
EC = fi. . 'IeMy paseH pa.IJ.Hyc oKpf)l(HOCTH? 

Omeem: .J5. 
3. Ha cropoHe BC Tpeyron1>HttKa ABC KaK Ha .n;uaMeTpe nocTpoeHa 

OKPf)l(HOCTb, rrepeceKaIOw;aH OTpe3oK AB s TO'IKe f!. HafiTH OTHowe-' 
HHe nnow;a.IJ.eH Tpeyron1>HHKOB ABC H BCD, ecnH H3BeCTHO, 'ITO 
AC= 15, BC= 20 H ABC= AcD. 

Omeem: 25 : 16. 

4 .. OKpy)l(HOCTb KacaeTCjl cropoHbl BC TpeyronbHHKa AllC B ee ce
pe.u.HHe, npoxomtT qepe3 TO'lKY A, a oTpe3KH AB u AC nepeceKaeT s 
TO'IKax D H E, cooTBeTCTBeHHO. HaH:TH eenfflrnHy yma BA C, ecn» 

H3BeCTHO, lJTO BC= 12, AD= 3,5 H EC= 9/15. 
Omeem: 90°. 

5. A, B, CH D - nocne.u.oeareJibHbie sepWHHbl npHMoyron1>HHKa. 
OKpy)KHOCTb npoxo.LI.HT <1epe3~TO'IKH A u B u KacaeTC51 CTOpOHbl CDs 
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ee cepe.nHHe. t{epe3 TO'IKY D npoae.neHa npffMasi:, Koropasi: KacaeTCH 

TOH )l(C oKp~HOCTH e TO'IKe E, a 3aTCM nepeceKaeT npoJloJDKeHHe 

cropoHbl AB e TO'IKe K. HaHTH ll.IIOl.l.lall~ TpaneuHH BCDK, ecnH H3Be

CTHO, l.fTO AB= 10 H KE: KA=3 :2. 
OmBem: 210. 

6. CTopoHa AB KBau.paTa ABCD HMeeT JVIHHY 1 CM. Otta )l{e HBJJsi:eT

C.R xop.noH HeKOTOPOH Okpy)l(HOCTH, npH'ICM ece OCTaJibHbIC CTOpo

Hbl 1rnau.paTa Jie)l(aT BHe 3TOH OKP~HOCTH. Jl;iHHa KacaTeJibHOii CK, 
npoBe.neHHOH H3 eepllIHHbI c K TOH }KC OKPY}l(HOCTH, paBHa 2 CM. 

qeMy paBeH .nHaMeTp oKp~HOCTH? 

Om«em: JfO CM. 

7. f HnoreHy3a AB npsi:MoyroJI'bHoro ypeyroJILHHKa ABC HMeeT JVIHHY 

2 CM H .SIBJIJICTCH xop.noit HCKOTOpoii OKp~OCTH. KareT AC paBeH 

I CM H neX<HT BHYTPH oKpy)l(HOCTH, a ero npoJlOJI)l{CHHe nepeceKaeT 

OKP~HOCTL B TO'IKe D, npw1eM CD= 3 CM. tJeMy paeeH pau.Hyc oiC

P~HOCTH? 
Om6em: 2 CM. 

8. B np.11MoyroJILHOM TpeYfOJibHHKe ABC c KareraMH AB= 3 H BC= 4 
qepe3 cepeJlHHbI cTopoH AB H AC npoeeJleHa OKPY)l(HOCTb, Kaca10ma

si:c.11 CTOpoH,bI BC~ Haifm JVIHHY OTpe3Ka rnnoTeHy3LI AC, K0Topi.11t 

JIC}l(HT BHyfpH 3TOJf OKP~HOCTH. 
Om6em: l,l. 

9. TpM: oKpy)l(HOCTH pacnoJio)l(CHLI Ha ll.IIOCKOCTH TaK, 'ITO Ka)l(Jla.11 

H3 HHX BHCllIHHM o6pa30M KacaeTCH .neyx ,ZJ,pyrnx. Pau.HyCbl OKp~HO
CTCH OTHOCHTCR KaK 1 : 2 : 3. BbI'IHCJIHTb YfJibI TpeyroJJbHHKa, eepum

HbI KOTOporo .pacnoJio)KeHbl B TO'IKax KaCaHml. 

OmBem: 1t/4; arctg 2; arctg 3. 

l 0. UeHTpbl Tpex OKP~HocTeH pa3llHl.fHblX'PaIJ.Hycoe pacnono)l{e

Hbl Ha O.ll,HOJ;l np»MOii, a UCHTp 'ICTBepTOH HaXOJlHTCH Ha paCCTOSll:IHH 

d OT 3TOit npsi:Moil. HaiiTH pan;Hyc 'leTBepTOH oKpy)l(HOCTH, ec11H H3-

eecrHo, 'ITO Ka)l(JlaH H3 3THX OKP~HOCTCH KacaeTC.SI Tpex JlPYrHX. 

Om6em: d/2. 



§ 6. TPAIIEUHH, IlAPAJIJIEJIOfPAMMLI, IlPOH3BOJILHLIE 
11ETLIPEXYI'OJlbHHICH 

H3y"leHHe 3TOH rpynn&I <Pnryp Ha"lHeM c TpaneunH. KaK yxe 

OTMe'laJIOCb, TpaneuKjf -:no BblfiYKJlbIA qerblpeXYfOJlbHHK, llBe CTO

poHhl KOToporo (OCHOBaHHR) napaJI.llenbHbI ir.pyr Jlpyry, a JlBe llPY

rHe cTOpoHbl (6oKOBble) - HenapaJI.1IeJibHbl. CyMMa BH)'TpeHHHX. yr
JIOB, npH.Jie)l{all.lHX K K~OH OOKOBOH CTOpoHe TpaneUHH, paBHa 180°; 
TOqKa nepeceqeHHH n:HaromU1eA TpaneUHH nexHi' Ha np11Moii, co

emm.1110meii cepe,ll.HHbl OCHOBaHHH; .ll)IHHa cpe.n.HeH JIHHHH Tpane

IJ,HH paBHa nonycyMMe .ll)IHH OCHOB3HHH, a IIJIOll.la.zlb Tpaneu;HH -

npOK3BC,lJ.CHHIO IlOJIYCYMMbl .ll)IHH OCHOB3HHH Ha BblCOTY (§ 1). Ecm1 8 

Tpaneu,HIO MO)l{HO BilHCaTb OKp}')l{HOCTb, TO CYMMa ll.JIHH 60KOBblX 

CTOpOH paeHa cyMMe ll.JIHH OCHOBaHHH, IlPH'IeM cnpaBell.JIHBO TaK)l{e 

H o6paTHoe yreep)l(,l].eHHe: ecJIH CYMMa ll.JIHH 6oKOBblX CTOpoH Tpane

IJ,HH paeHa CYMMe .ll)IHH OCHOBaHHH, TO B TpaneIJ,HIO MOXHO BilHCaTb 

OKpyxHOCTb. )J.m1 Toro, lff06bI TpaneUHIO MO.lKHO 6blJIO BilHC3Tb B 
OKpy)f(HOCTb, Heo6XO.ll:HMO H ir.ocraTO'iHO, qTo6bI OHa 6hlJia paBH0-

6oqHOH (CM. Ja.l{aqy 7, § l). 
YcraHOBHM npe)l{JJ.e BCero •utcno napaMerpoe, Heo6xo.ru1Moe MR 

TOro, 'IT06.bl 3a..llaTh TpaneuH10. IloKaxeM, "!TO soo6me roeopR, TaKHX 

napaMeTJ>OB qeTblpe. qT06bl IlOSICHHTb 

CKaJaHHoe, paccMOTpHM CJIC.llYIOll.lHe TPH 

3a.zl3'IH Ha IlOCTJ>OCHHe. 

3a,u11a 1. llocmpoumb mpaneu.wo no 
itemblpeM cm()pDHOM (a u b-OCHOBOHUR 
mpaneu.uu,c u d- 601coswe cmopo11w). A---------D 

Pemeaae. Ilpe.unoJio)l(~M, TaKWI Tpa

nemrn nocTpoetta (pHc. 64). HMeeM: 

a 

AD=a, BC=b, AB=c, CD=d. 
PHc.64 

flycTb, ttanpnMep, a > b. Bo3bMeM Ha AD TO'IKY E, TaKYIO, qTo 

BE ll CD. Tor.ua AE = a - b, BE= CD= d. Cne.u;oBaTeJI&Ho, B Tpe

yro11&HHKe ABE H3BeCTHhl .ll.JJJU:fbl scex cTOpOH H, 3Ha'IHT, ero MO)l(

HO nocrpoHTb. QqeBH,ll,HO, KaK flOCTpOeHHblH TpeyroJibHHK ,UOCTpo-

HTb ,uo T'paneu.HH •. 
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fiocTJ)OeHHe ocymecran11eTCSJ B cne.nyiomeif nocne.noaare11bHocTH. 
CHatJana (H3BecTHbIM cnoco6oM) no -rpeM c'fopoHaM c, d H (a- b) 
cTpOHTCS TpeyroJibHHK ABE. 3aTeM Ha npo.noJI)KCHHH oTpe3Ka AE 3a 
TO'IKY E OTKJiaJJ.bIBaeTcH oTpe30K ED JJ.JIHHo:H b, HaKotteu, qepe3 TO'l

KH B H D npoBO.llHTCH npHMbie BC H CD, napanneJibHbie np.SIMbIM ED 
11 EB. qeTb1pexyroJILHHK ABCD ecTb HCKOMaH TpaneuH.si. 

,lle:HcTBHTeJibHO, BCll AD no nocTpoeHHIO, a AB H CD-Henapan
neJibHbI. CJie,noaaTeJibHO, ABCD - Tpaneuu.si. ,llaJiee: AB= c, 
BE= CD= d, BC= ED= b - KaK cropoHbI napanJienorpaMMa. 

OtJeBH.llHO, qro JaJJ.a'la HMeeT e.nHHcTBeHHoe peweH11e, ecnu TOJibKO 

a, b, c H d TaKOBbl, 'ITO no TpeM OTpe3KaM c JJ.JIHHaMH c, d H la - bl 
MO)KHO nOCTpOHTb TpeyroJibHHK. 

PeweHHe 3TOH 3aJJ.atJH noKa3bIBaeT, 'ITO 3HaHue tJeTblpex cTopoH 

TpaneUHH nOJIHOCTblO 3a.naeT ee H, CJie,llOBaTeJibHO, .llOCTaTO'IHO JJ.JIH 
pactJeTa ecex ee 3JieMeHTOB. 

3~8'18 2. llocmpoumb mpane14u10 no OBYM OCHOBQHWIM u OBYM YZ/l(/M 

npu oiJHOM U3 HUX. 

PemeHHe. TiycTb ABCD - HCKOMas TpaneuHH, a H b - ee ocHoBa

HHH, a Cl H 'Y - YrJibl npH OCHOBaHHH AD (pHC. 65). 
Tipo.aoJI)KHM 6oKOBble cropoHbI AB H CD .ao Hx nepece'leHHH B 

TO'IKe E. O'IeBH.llHO, 'ITO nonyqHBllIHHCH rpeyroJibHHK AED MO:>KHO 

nocrpoHTb, nocKOJibKY H3BeCTHbI ero ocHoBaHHe AD H .llBa npHJie)l(a
UJ.HX K HeMy yrna. Ocranocb nocrpoHTb oTpe3oK BC, napanneJibHbIH 
octtoBaHHIO AD H paBHbiif no MHHe b. · 

EcnH Ha AD OTJIO)l(HTb oTpe30K AF, JJ.JIHHa KOToporo paBHa b, H 

npoaecrH npHMYIO FC, napaJIJieJibHYJO 6oKoBo:H cropoHe AB, TO .llJIH
Ha OTpe3Ka BC, npoBe,lleHHOfO qepe3 TOlfKY c napaJJJieJibHO OCHOBa-

£ HHJO AD, 6y.neT KaK pa3 paBHa b, T.e. Tpane

u1rn ABCD 6y.aeT IlOCTpOeHa IlOJIHOCTbIO. 
TaKHM o6pa3oM, nocTpoemte cocTOHT 

H3 c11e.ny10mux npoue.nyp; CHatJana no oc

HoBaHHJO a H JJ.BYM npHJie)l(allI.HM K HeMy 
yrnaM CTpOHM TpeyroJibHHK AED. 3aTeM Ha 
ero OCHOBaHHH oTKJiaJJ.hIBaeM oTpe30K AF, 
raKoit, \ITO AF= b, H npoBOJJ.HM FC II AB. 

A-....._._ ___ ...... __. D qepe3 TOl!KY C npoBOJJ.HM OTpe3oK BC, 
a 

napaJIJieJibHbIH ocHoBaHHIO AD TpeyroJib-

HHKa AED. TpaneuuH ABCD - ucKoMa.SI. 
Puc. 65 

Jle:HCTBHTeJibHO, KaK OCHOBaHHe, TaK H npHJie)l(allI.He K HIDKHeMy 
ocHOBaHHIO yrnb1 no nocTpoeHHIO paBHbI 3aJJ.aHHbIM. TaKHM o6pa-

30M, 3a.naqa HMeeT eJJ.HHCTBeHHoe pelllett11e. PeweHHe noKa3bIBaeT, 
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'ITO H B 3TOM cnyqae 'ICTI>lpe 31leMeHTa (XOTH H OTJIH'IHble OT 3JleMeH

TOB npeD.hlJlYIUeH 3aJla':IH) OOJIHOCTblO 3a.ZlaIOT TpaneuHIO. 

31,!Ul'I& 3. llocmpoumb mpanel{u10 no OBYM ocHOBaHURM u oByM ee 
OUQZOHaJlJIM. 

PeweHHe. IlycTb ABCD - HCKOMaH TpaneuuH, au b - ee octtoea

HHH, d1 H di - nuarOHaJIH (puc. 66). 
IlpoBen.eM npHMYIO BE, napa.nJieJibHYIO AC, H paccMoTpHM no

JI}'lfHBWHHC.H TpeyroJibHHK BDE. B 3TOM TpeyroJibHHKe H3BeCTHbI .ll)IH

Hbl ecex cTopoH: BE= di> BD =di u DE= a+ b, c11e.noBaTeJibHo, Ta

KOH TpeyrOJihHHK MO)l{HO nocTpoHTb. Iloc11e 3Toro pernettue 3aJla•rn 

CTaHOBHTC.H O'leBH.IlHbIM, DOCKOJibKY no-

CTpOHTb Tpeyron&HHK BDE no Tpaneuuu ~~c 
ABCD nerKo: .nocTaTO'IHO npoJJeCTH qe-

pe3 TO'IKY B npaMyIO, napa:Jl.JieJI&HYIO oc- d, 

HOBaHHJO AD, H OTJIO)KHTh Ha HCH crrpe- d, d, 

30K BC, paBHhIH b. E A a • D 
J],0Ka3aTeJ1bCTBO roro cl>aicra, qro Tpa-

neuHH ABCD - HCKOMaH, TaK)Ke 01:1eBH.ll
PHc. 66 

HO. lifa IlOCTpOCHIDI jlCffO, ':ITO ee nuaroHaJIH. H OCHOBaHHJl paBHbl 

3aJJ.aHHbIM BeJIH'IHHaM. 51CHO TaJOKe H TO, ':ITO nocTpoeHHe B03MO)KH0 

Torn.a, KOfJJ;a no TpeM OTpe3KaM di> di H (a+ b) MO)l{HO nocTpOHTb 

TpeyrOJlbHHK. 

KaK H B npeJlhlJlYIUHX c11yqa.Hx, perneHue 3TOH 3aD.a':IH nOKa3blBa

eT, 'lTO npOH3BOJihHaR TpaneuuR onpe.n.enReTcJI, eoo6me roBopR, 

'leThiphMH He3aBHCHMblMH napaMeTpaMH. B naHHOM c11yqae TaKHMH 

napaMeTpaMH jlBJIJIIOTCR ee OCHOBaHHji H .ZJ,HafOHaJIH. 

PaccMOTpHM perneHHe HeCKOJihKHX «npott3BO.D.HbIX» 3ana11. 

UpHMep 1. Haiimu 11.llOut,(lOb mpanel{uu~ ec11u ee ocHoBaHUJI pa6Hbl 5 u 
2 CM,'a 60K06ble cmopOHbl- 3 u 1 CM. 

PewenHe. B yc110BHH 3a.Zla'IH )J.aHbI 11eTb1pe 3JieMeHrn, no KOTOpbIM 

Tpaneumo MO)l{HO nocTpOHTb, CM. 3a.lla'Iy I (puc. 64). McnOJib3YH Me

TOD. flOCTpOeHHH' HeTpyD.HO npe.LUIO)l{HTb " cnoco6 perneHHR 3TOH 

3a,n,a11u. Hai1:11.eM ctta11ana n11oman& Tpeyro)I&HHKa ABE no TpeM cTo

pottaM: AB= 3, BE= 1 n AE= 5- 2 = 3 . .[lJIR 3Toro eocnoJI&JyeMCR 

cPoPMYJIOii f epoHa: 

~7 · 1 · I 5 J35 SABE= ~p(p-a)(p-b)(p-c) =- · - · - · - = -. 2222 4· 

Ilnoman& napa.n11enorpaMMa BCDE paBHa yneoeHHOH nnomanu 

TpeyroJihHHKa ECD. Ilocl(OJihKY TpeyroJihHHKH ABE H ECD HMeIOT 
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OJlHHaKosyio BblCOTY, a OCHOB&HHe DE TpeyroJI&HHKa ECD pasHo 

2CM, TO 

2 JjS . JjS 
SECD = 3·SnE = 6; SBCDE =-3-. 

Cne)losareJtbHo, nnOU(3.llb 1'paneuHH ABCD pasHa: 

J35 J35 7JjS 
SAacD =SAJJE +SacDE =--+--=-. . 4 3 . 12 

IlpHMeP 2. J/.AUHbl OCH060HUU mpanel(UU patmbl 4 CM u 2 CM, a oOUli U3 
y211()(1npu6alibWeM OCH06anuu cocma811J1enr60°. H3BeCmno, 'fmO 8 mpane
icu10 MOJICHO Bnucamb OKpYJICHOCmb. Hallmu paiJuyc 3tnoii OKPYJICHOCmu; 

B 

2r 

,c 

2r 

Pemet111e. B yCJIOBHH :m:>A 33,llaqH npH

CyTCTBYJOT OQqTff ace 3JteMeHTbl, Heo6xo

JlHMble JUUi Toro, qTo6bl ee MO)IO{O 6hlJIO 

OOCTpOHTb CTaH.napTHblM cnoco60M, CM. 

33,llaqy 2 3roro naparpacpa. He xsaTaeT 

A ~-E_._ ___ F..____. ....... D TOJlbKO se;mqHHbl BTOporo yma npH oc-
HOBaHHH. BMeCT0'3TOf0 B 33,lla'le HMeeTCS 

yCJIOBHe - B TpaneuHJO MO)IO{O BnHcaTb PHC.67. 

OKpy)l(HOCTh - paBHOCHJl&Hoe YCJIOBHJO paseHCTBa CYMM ,llJlHH npo

THBOilOJIO)KffblX CTOpoH 1'paneUHH, T.e. YCJIOBHJO: 

AB+ CD=AD+ BC=6 (puc. 67). 
Ilo3ToMy wrn peweHH51 3a,naqH 33.ll3.llHM yron BAD, o6o3Ha'IHB 

ero seJlH'IHHY qepe3 ex; KpoMe roro, ,l])IHHbl cTopoH AB H CD Ha30BCM 

x H y. Tor.zta iIOJly<IHM CHCTeMy ypaBHeHHit: 

l
xsin ex= ysin 60°, 

xcosex + 2 + ycos60° = 4, 

x+ y = 6. 

Ilepeoe H3 3THX ypaBHeHHH OOJly<ICHO IlyTCM Bblp<l)l{eHWI BblCOTbl 

Tpaneu1rn JlBYM51 pa311H"iHblMH cnoco6aMH H3 1'peyroJt&HHKOB ABE H 

CDF; sropoe - nyTeM npoeKTHpoBaHH51 JlOMattoit ABCD Ha np51MYIO 

AD, npH"leM BHJl 3TOro ypaetteH:H51 He 3aBHCHT OT Toro, OCTpbIH HJlH. 

TyflOH yron ex; TpeTbe - 01'p<l)l{aeT yCJIOBHe, 'ITO B 1'paneuHJO MO)((HO 

BOHC3Tb OKpyxHOCTb. 
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ff3 nep&bIX .D.Byx ypaBHCHHH HaXO.llHM x H y. HMeeM: · 

2.J3 4sina 
X= y= . 

sin a + J3 cos a ' sin a + J3 cos a 

IlO.D.CTilBJUIJI 3TOT pe3yJibTaT B 'IJ)CTbe ypaBHCHHe CHCTeMbl, nonyqaeM: 
' t'• 

2~ina+.J3 =3 
sin cx + J3 cos cx ' 

sin a + 3 f3 cos a= f3 . ' 
PernHB 3TO ypaBHeHHe, Hai%.neM, qTo sin a= 4 fj /7, cos ex= 1/7. 
IlOCJie 3TOOO onpe,llCJIJICM BCJJH'IHHY y : 

4 sin a 4 · 4/j / 7.• 16 
y= . = .. =-

sin ci + J3 cos a 4J3 / 7 + J3 I 7 5 ' 

IlocKOJibKY 2r= y. sin 60° = y~ /2, r.ne r - Pa.llHYC BDHCaHHOH 
B TPaTICUHIO OKp}')l(HOCTH, TO r= 4 fj /5 CM. 

Ilpm1ep 3. Tpanel,{UJi ABCD c OCH06DHUJIMU BC= l u AD = 3 maJCo
sa, 11mo e nee MOJICHO snucamb mcpyxnocmb u solcpyz nee MOJICHO onu
camb oKpJIJICHocmb. Onpeoe11um,,, ziJe naxo0umcJ1 u.enmp onucaHnou 01e
pyJ1Cnocmu, m.e. pacno110JK:en 11u on snympu, BHe u11u JK:e na 'oOnou U3 
cmopon mpanel,{uu ABCD. Haiimu moKJICe n.noU{oOb onucaHHoco Kpyza. 

Pemene. IlyCTb -rpaneuHH ABCD- TaKrur TPaneuHH (pMc. 68). 
nocKOJibKY B TPaneuHIO MO)f(J{O BilHC3Tb OKPY)l(HOCTb, TO CYMMbI ee 
npoTHsonoJJo)l(HbIX cropoH paBHbI Me)l(Jly co6oli, a nocKoJ11>Ky TPa
neuHIO MO)l(HO BnHcaTh B oKpy)l(HOCTb, TO otta ~ paBHOOO'IHWI. Cne

.llOBa'reJJLHo, AB= CD= 0,5(BC +AD) :;:i 2 H 

e HeH H3BCCTHbI ,IJ,JIHHbI ecex cropoH. 

,llJIH TOro, 'lro6bI onpe)lCJIHTb, f.llC Jie
)l(HT UCHTP OTIHCaHHOH BOKpyr TPaneu1rn 
OKpy)l(HOCTH, .llOCTaTO'IHO BbUICHHTb -

ocrpbiii HJIH TYflOH yron ACD. ECJIH OH 
OCTpbIH. TO ueHTP OKPY)l(HOCTH Jte)l(HT 

i2l\ 
A 3 E D 

PHc.68 

BHYTPH TpanenHu; CCJIH OH TyDOH, to llCHTP OKP~HOCTH JIC)l(HT BHe 

ypaneuHu. 
YrnbI l'paneuutt nerKo onpe.lleiIHlore11 no ee cTopoHaM (CM. 33,lla

qy I 3TOro naparpacpa). Ilposo.nuM CEii AB, Toraa CE= CD= ED= 2. 
CneaoeaTeJibHO; yron ADC paeeH 60°. · 



88 fJIABA 1. fiJIAHKMETPH.Sl 

Yron ACD MO)KHO pacc•mTl.Tb c noMOW.bIO TeOpeMbl KOCHHycos, 

npttMeHeHHOH K TpeyroJibHHKY ACD. CHa'laJJa HaxOJlHM JJ.HaroHaJib 
AC. HMeeM: 

AC 2 = CD 2 +AD 2 - 2 CD·AD cos60°=7; AC= ../7. 
3aTeM BbI'IHCJUleM yro11 ACD, pasH&lii a: 

AD 2 =AC 2 + CD 2 - 2 AC· CD cos a, 

AC2 + CD2 
- AD2 7 + 4 - 9 J7 

coscx= 2AC-CD = 2J7.2 =14. 

0TcIOJla, eo-nepeblx, BHJlHO, 'ITO yr<>JI a - OCTPblit, nocK~hKY 
cos a> O; BO-BTOPbIX, MO)KHO HaUTH sin a, KOTOpblit B CO'leTaHHH c 
reopeMOH CHHYCOB, npHMCHeHHOf:l K TPeyroJibHHKY A.CD, IlOJBOJl.SleT 
Bbl'IHCJIHTb pa.u.uyc onucaHHOit BOKpyr Hero OKPYJKHOCTH. HMeeM: 

R= AD , 
2· sina 

rJJ.e sin ex= )1 - cos2 a = 3,fjj / 14. IloJI}"laeM: R = . ./ff I 3 ~·· 
Ilnoll.UlJJ.b onucattttoro Kpyra pastta 77t/3, ero ueHTP HaxO.IJ.HTCSI 

BHYfPH Tpaneuuu. 
PasHOOOl{HaR Tpaneuua, c KOTOpoit Mbl BCTpeTHJIHCb B DOCJIC

JJ.HCH 33,lla'le, HMCeT OCb CHMMCTPHH, npoXOJVIUJ.YIO 'lepe3 cepeJUIHbI 
OCHOBaH1dt; UCHTP onucaHHOit. 80,Kpyr Hee OKPYJKHOCTH JlC)l(ffT Ha 
:noit OCH, a B TOM CJJ.yqae, KOr.IJ.a B ypaneu1uo MO)KHO BDHCaTb OK
p)')KHOCTb, Ha 3TOH OCH JIC)l(HT K ueHTP BDHCCUtHOH OKP)')KHOCTH. 
PaBH06o'IHaSI TpaneuuSI onpeJJ.eJI.steTCR MCHbWHM 'IHCJIOM napaMeT.,. 
pos, 11eM npoHJBOJibHa» TpaneUH.SI; B o6w.eM cnyqae TaKHX napaMeT

poB TPH. 
3w11a. Jio1al3am&,lfmo eCJ1u iJua20HOAU mpanel(uu pasnw, mo ona ..,.... 

p06Ho6014110Jl. 
PeweHHe. HcnonblyeM noc-rpoeHue, BbIDOJJHeHHOe Ha puc. 66 u 

COCTO.SII.UCC B TOM, 'ITO qepe3 eepw1my B TPaneu1rn A.BCD npoBOD.KT
C.SI npHMaH BE, napanneJI&Hail . .B.HarOHaJIH AC. IlocKOJJbKY BE= BD, 
TO TpeyroJibHHK EBD - paetto6eJlpeHHhli1. CJieJ.lOBaTeJibHO, yroJI BED 
paBeH yrny BDE, a TalOKe yrJIY :CAD. 

A.HaJiorwrno .llOKaJbtBaeTCH, 'ITO yroJI .BAO paseH YfJJY· BDC. ,llJu1 
3T0f0 HY)[(HO TOJibKO npOBCCTH qepe3.TO'IKY ·D npSIMYIO, naparureJib

HYIO JJ.HarottaJJH BD. 
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TaKHM o6paJoM, BeJJH'IMHa yrna BAD pasna BeJlltlfHHe yrJia CDA 
H, cne.nosaTeJlbHO, -rpaneUHJI ABCD..,... pasH0601rnaJ1. 

IlpRMep '· B mpanel(uu ABCD: AD= °l; iJAuHbl iJuazo11a11eu pa6Hbl 
.ffi , a YZflA BAD. cocma8.11Jlem 60•. Ha iJuazoHa11u BD pacnOAoJICeHa 
molfKa M ma1', lfmo BM: MD= 3: 5. Y3Ham11, KOKYIO IJ3 cmopoH mpane
~uu--:-:-BC 'UAu CD- nepece11em npoi}<MJ1CeNue ompe3Ka AM? 

Pemet111e. IlocKOilbKy .llJUIHbln.HaroHuei.f,Tpaneuuu paBHbI, TO oHa 
-paBHoOO'IHWI (CM. npen.blAYIUYIO 3a,llaqy). lfa TpeyrO.ll;J>HHKa :ABD 
nerKo HaitrH AnHHbl 60KOBblX CTOJ)oH TpaneUHH. 0603HalJHM JilX qepe3 
X (pHC. 69). flo TeOpeMe KOCliHYCOB HMeeM: ' 

BD 2 =x2+AD2 
- 2x· AD cos 60°, 

HJIH 
x2- 7x+ 12=0, 

OTK)'.D.a Haxo,lJ.HM .n.sa 3Ha'leHHJI x : x1 = 3 H x2 = 4. TaKHM o6pa3oM, 
npH 3a,lJ.8HHblX ycJJOBHJIX 803MO)KHbl JlBa sapHaHTa paccMaTpHBaeMOH 
cPHrypJ>I. 

IlyCTb Q - TO'IKa nepece'leHIDI JIHarouaneil TJ?aneuuH. JierKo no-· 
HJITb, \fTO ecJJH Q JJC)f(HT Ha OTpe3Ke BM, TO npo.nom1<euHe AM nepe
ce'leT cropouy BC; eCJJH )f(C Q npHHWe)f(HT oTpe3Ky MD, TO npo
JlOJl)f(eHHe AM nepeceKaeT CTOpoHy CD Tpaneumi. 

lfa non.o6HJ1 TpeYfOJJbHHKOB JJQC H AQD BHaiio, 'ITO 

BQ: QD= BC: AD, T.e. BQ: BD= BC: (BC+ AD). 

PaccMOTpHM cnyqait, KOrD.a 6oK0Ba.s1 cropotta -rpaneuuu pautta 3. B 
3TOM CJJY'lae oTpe3KH AE H FD paBHM j cos 60°, T.e. 3/2. Tor.Ila uepx
Hee OCHOBaHHe TPaneUHH paBHO 4. HcKO
MOe OTHOllleHHe BQ: BD pauuo 4/11, T.e. 
MCHblllC, 'ICM 3/8. 3Ha'IHT, B 3TOM cnyqae 
npoaoJl)f(etme AM nepecelfeT 6oKOQYfO .cro-
potty CD TPaneUHH. · 

Bo BTopoM cnyqae AB= CD= 4. Atta:- A-=:;.ii......J1.....--..,,,
7
-,__,...._....;::,iD 

JlOfH'IHO Ha~O.IJ,HM, 'ITO eepxHee OCHO»a
HHe TpaneuHH HMeeT JlJJHHy, paBHYIO 3. 

PHc.69 

Torlla OTHOllleHHe BQ K QD COCTaBJJH~T 3/10, T.e. on.ffTb MCHbllle 
3/8. H B 3TOM CJJY'lae npO.llOJI)f(ettue O'fPe3Ka AM nepeceKaeT CTopo
HY CD TPaneuHH. 

flpHMep 5·. ,9,aHO p06H060ltHOJl mpaneu,uil, 6 KomopylO Bnucafta OK
pyJICHOCmb u oKo.no 1eomopou onucaHa 0KpyJ1CHocmb. OmHoiueHue sblco
mbl mpaneu,uu K paiJuycy onucaHHOU 01CpyJ1CHocmu pa6HO J2 I f3 . Haumu 
YZllbl mpaneu,uu. 
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PemeHHe. qepre)f( K 3TOit 3a,n;aqe .llaH Ha pHC. 70. 
0603Ha'IHM yron npH 6oJibWCM OCHOBaHHH 'IJ)ane~HH 11epe3 a, 

BblCOTY - H; pan.Hye onHcaH'HoA oKpy)KHocTH _.. R; Sy.11.eM KCKaTb 

(n-a)/2. ' BeJIH'IHHY Jl: ICaK pa.n;Hyc OK}>~HOCTH, OilH-

E c caHKoA · eoKpyr tpeyroJibHHKa ADC, c yrnoM 
B npH BepWHHe,. paBHblM (1t-. a). no reope

. Me CHHyCOB HMOCM: 

R= AC = AC. 
· 2,s;n(n- a). 2 sin a 

A F D · Bbl'lHCJIHM CTOpoHbl &ABC. YtfHTbIBaSI, 'ITO 
PHc. 70 llCHTp BffHCaHHOA OKpy)l{HOCTH JIC)f(HT Ha 

nepeCC'ICHHK 6HCCCK'I]>HC YrJIOB 'IJ)anel.(HH (a TalOKe H Ha OCH ee 
CHMMC11JKH), nonyqaeM 

·H 9 a 
AB=-· BE=-tg-· . ' 2 2, sma 

B(::.-=2B~ = Htg~/ 2. 

no TCOpeMe KOCHHYCO$ Haxo.11HM: 
~ ' ', ' ' ' f 

H .llanee: 

AC 2 =AB 2 +BC 2 - 2 AB·· BC cos (1t:-a), 
' • ; t ' 

2 · 9 2 · · 2 a 9 2 a. · 
AC = -:;::r-:: + H tg - + 2 -.. -. - tg - .cos a, 

sma 2 sma 2 

4 sin2 a· R2 = e 2(+ + tg2 a
2
. + 2tg a

2 
· ctg a) 

sm a · 

nocKOJibKY Hf R = !fl3 , ro· R 2 / H 2 = 3/2~ HMeeM: 

4·2 3 1 .t2a•.2t« t. 
sm a·2= sin2 a t g 2+ 8 2··cga, 

T.e. ypaBHCHHe llJlSI Oilpe.llCJICHHff ~C'IJ)Oro yrn'a <X. nonyqeHHOC ypaB

HCHHC llOCJie ynpoµJ;CHHA .llaCT: 

6 . 2 1 1 sm a=---+ 
sin2 a ' 

·I 
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6 sin4 a - sin2 a - 1 ;:;,0, 

. 2 r sm a::: 2. 

Il-OCKOJlbKY sin a> 0, ro sin a= fi. /2 H a= 1t/4. 
TaKHM o6pa30M, yrJlLI TpaneUHH paBHhI 45° H 135°. 
PaccMOTJ>HM Tenepb BLIAykJJbJe 'ICTbipexyronbHHKH, y KOTOpbIX 

HMeeTCJI He o.ntta, a .nee napb1 napanneJtbHblX CTopoH - napaJJ.11eJ10~ 

rpalDIW. HanoMHHM, 'Ito npH 3TOM ycnoBHH napam1enhHbie cTopotthl 

6y.nyr eme HMeTb H paBHbie MHHbI • 

.llM&J'OHanH napanneJJOJ'paMMOB B T01nce HX nepece'leHHH .neJIHTCH 

nononaM. EcnH CTOpoHbl napannenorpaMMa HMeIOT paeH1>1e ;llJIHHbI, 

TO 3'l"O...:.. poM6. ,llnaronann poM6a B3aHMHO neprieHJJ.HKYJUlpHbr. EcnH 

MHHLI .nnaroHanefi napanJieiforpaMMa paeHhl, To 3TO - npilMoyronh

HH:K. IlpJIMOyroJibHHK c 838HMHO nepneHJJ.HKYJIHPHbIMH l{HaroHaJIH

MH - KB3,!1p8T. 

3~a 4. )(01ea3amb, 'Imo napaA.11eJ102paMM, 81Comopblii MO:JICHO 8nu
camb 01epy:JH:Hocmb, ecmb pOM6. 

Pemeeae. IlocKOJibKY B Om'ICaHHOM 'leTblpexyroJibHHKe C)'MMbl AJIHH 

npOTHBODOJIOJKHblX CTOPOH paBHbl .npyr .n;pyry, TO B cnyqae napa.rrJte-' 

norpaMMa 3TO YCJIOBHe paBHOCHJlbHO paBeHCTBY MHH CMeXHblX CTO

pOH. Cne.noeaTeJILHO, TaKoli napanne.norpaMM - poM6. 

38All'la 5. )(01ea3amb, 'Imo napaMe.nozpaMM, 8oKpyz Komopozo MO:JICHO 
onucamb OKPYJtCHOCmb, ecmb npRMoyzo11bHU1C. 

Pe81e1111e. nocKoJILKY so BnHcaHHOM 'leT1:a1pexyroJibHHKe cyMMLI 

npOTHBOilOJlO)KHblX yrJlOB paBHbl 180°' TO B cnyqae napannenorpaM.:. 

Ma, y Koroporo eeJIH"IHHhi TaKHX yrnos paBHbl Me)l(Jly co6oit, 3TO 

ycnoBHe paBHOCHJibHO! TOMY, 'ITO . Ka)l(JlLIH yron cocTaBJIBeT 90°, H 

JJ,aHHblit napaJIJleJJorpaMM -,.. ,. IlP)}MOYfOJibHHK. 

CileJlCTlllle• llapaA11eJ102paM,M, 8 ICOmopblii MOJICHO 6nucamb oK.pyJIC
noctnb u soKpyz 1COmopo20 MOJICHO onucamb oKp)IJICHOOmb, J18.111l'emca ICBaiJ
pamoM. 

IlpoH3BOJibHblii rrapaJlJlenorpaMM noJIHOCTbJO orrpe.n;enHeTCJI 3a-

11attHeM TpeX 'napaMeTJ)OB,. Hanp1tMep, MHH CTOpoH H yrna Me)KJly 

HHMH, HJIH MHH ero JlHar~HaJieH H yrna Me)l(Jly HHMH, HJIH O.llHOR 

CTOPOHbl, 0.llHOA .llHaroHaJIH 11 yrna Me)KJly CTOpoHaMH H T.Jl. Ilo3TO

MY MHOrHe 3ana1m, CBSl3aHHbie c pac1.1eTOM 3JICMCHTOB napam1enor

paMMa; MO)KHO pewatb Kal<i 3M.a'IH Ha COCTaBJICHHe ypaBHCHHH, aHa

JIOfH'IHO TOMy, KaK 3TO .n;eJiaJIOCb B § 3. 
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PaccMOTpHM cJie.u:yJOUJ;Hit npHMep. 
IlpHMep 6. B napaJ1.11eJ1ozpaMMe A.BCD co cmoponou A.D = a u ocmpblM 

yc?110M iAJJ. =a (a> 'lt/6) Bwcoma, onyU(eH-
B c naR U3 BeplUUHbl B Ha cmopoHy A.D, eoBoe 

MeHbU.le ouazolf4Jlu A.C. .. Haumu ltJJOU(Odb na-
x x pOMeJUNptlMMO; , · 

a · .' 1t-a. PeoaeHHt. B ycnoBHH 33,lla'IH co.11.ep)l(R.TCSI · 

A.f'i.ODF llBa H3 Tpex napaMeTpOB, «Y.Ilo6Ho• onpe-
PMc: 71 .1J.eJI.lllOJ.UHX napMJieJiorpaMM, 3TO a H, a. 

BMecTo 'fl)eT&ero napaMeTpa yKa3aHo co
orHoweHHe Meuy Jl)IHH8MH OD:HOii H3 BblCOT H ,llH8fOHaJlblO napaJI

JieJiorpaMM;i. 
BseJJ,eM B Ka't:ecne TpeT&efO IJ,apaMeTpa .!IJIHHY CTOPQHbl A.B na

panJieJiorpaMMa, o6o:rna'"IHB ee ,x, H 3anHWeM. ycnoeHe, 'ITO BE= 
= 1/2 · A.C (pHC. 71). 

JiMeeM: 

1. BE=x· sin a 

2. A.C 2 =A.B 2 + BC 2 - 2 A.B. BC cos. ABC' 
HJIH 

AC 2 ~ x2 + a2 
- 2a · x · cos ('It - a)~ 

',UaJiee cocra81UleM ypaeHeHHe: 

x2 sin 2 a= lcx2 + a2 + 2 ·a ·x ·cosa) 
4 ' . 

HJlH 

x2(1 - 4sin2a) + 2. a. x· cos <X+ a2=0. 

,UHCKpHMHHaHT J sin2 ex 3TOfO ypaBHeHHJl OOJIO)l{HTeJleH, Il03TOMY 
ypaeHeHHe HMeeT .u:eiicTBHTeJlbHble peweHHJI; 'nocKOJlbKY ex> 'lt/6, TO 
sin ex> 1/2, H nepsblH K03$<l>HUHeHT ypaeHeHHJI O'fl)HuaTCJteH. TaK 
KaK ceo6o.llHblH lJJieH ypaetteHIDI noJJO)l(HTeJieH, ro no ~opeMe BH
erra KopHH ypasHeHHH HMelOT pa3Hble 3H8KH. BepeM, ecrecTBeHHO, 
noJIO)l(HTeJibHblH .. KopeHb ypaBHCHHff: ' 

3aMeTHB, '"ITO 

.J3 sin ex + cos a 
X=a· 

4sin2 a:-1 

"3sina+coscx=i2sin(ex+ ~), 
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4 sin2a. - 1 = 4(sin a. - sin 1_t )(sin a.+ sin 
6
7t ) = 4sin(o: - 7t )sin( a.+ 7t ), . . 6 6 6 

IlOJiyqKM: 
a x= ------- -----------·. 

2sin(a - n I 6) 

Ilnoiua,nh napan11enorpaMMa: 

1 . a2 sin a. 
S=-axsma= · 

2 4sin(cx-n/6) 

KoHe'rno, 3TOT )Ke peJyJihTaT ¥O?KHO noJIY'iHThJ!.e_OIUe. 113 np.RMO
yronbHoro TPeyrollbHHKa A CF ttaxo.llHM, 'iTO CAD = n/6 ( 0Tc10.u;a 
.si:ctto. no'leMy a. .llOJDKHO 6b1Tb 6onbwe rt/6). KpoMe roro, HJBeCTHO, 

::..--... ' ' ' -------
'ITO. ADC = 7t - a., cne.u;osaTMbHO, ACD =a - 7t/6. no TeOpeMe CH-
HYCOB, npuMetteHHOit K TPeYfOJibHHKY ACD, HMeeM: 

a CD -----= 
sin( a - 1r / 6) sin 1r 16 ' 

OTKY.lla HaxO.!lHM .ll}IHHY CTOPOHbl CD= x: 
a 

x= . 
· 2 sin( a - 1t / 6) 

IlpHMep 7. B napQJUle.aozpa.MMe co cmopoHDMU a u b u y2.110.M a npOBe
iJeHbl 6ucceKmpucw 11emwpex y2.11oe. Haumu f1.llOU{OOb 11emb1pexyzo11bHU-
1'a, ozpaHu11eHHOW 6ucceKmpuca.Mu. 

Pemeeee. IlOKa)l{eM ctta'lana, 'iTO 'leTb1pexyronbHHK, orpaHH'leH
HbIH 6HcceKTJ?HCilMH BHYTPeHHHX ymos napaJJJJenorpaMMa; :..... npst
MOyronbHHK. 

)leitCTBHTeJibHO, 6HCCeKT{>HCbl npont:BOJieX<aIUHX yrnos napam1e
norpaMMa rronaptio napannenbHbl, cne.l(oBaTeJibHO, orpaHH'ieHHbrH 
HMH 'leTblpexyronbHHK KLMN (puc. 72), 6y.lleT napam1e11orpaMMOM. 

KpoMe Toro, see yrnbI 3roro napan-
nenorpaMMa - npffMbie. TpeyronbHHKH c 
ALD, BNC, CMD H AKB - npRMoyronb
H~ HanpHM~ B lpeyronb~e ALD: 
LAfC l/2 · BAD= a/2; LDA = 1/2 · 
ADC =('It - a)/2, cne.n.osaTeJibHO, A ,_,.;;;;.:;.~~~-If 

AiJj ='It.- a/2- (1t/2 - a./2) = 1t/2. TaKHM 
o6pa30M, KLMN - npSIMOYfOJibHHK. Pw~. 72 
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Crop<>Hhl npJIMOYfOJibHHKa HaxOllHM CJICllYJOlllHM o6pa30M. IlycTb 

a > b. 3aMCTHB, 'ITO !lCDE - paBHo6eJl~bIA iJJCE = DcE - no 

ycJIOBHJO, TaK KaK CE - 6ucceICTpHca; DEC = BCE - KaK HaKpeCT 

nexau.u1e; CJieJloBaTeJibHO, DcE = DEC.), nonyqHM: AE ==a - b. Tor

Jla H3 np11MoyrOJibHOro TpeyroJibHHKa AEF HaXOJlHM, 11To 

EF =KN= (a - b) sin a/2 .. AHMOrHtfHO HaXOJlHM, tfTO GD= a - b H 

GH =MN= (a- b) sin (rc/2 - a./2) =(a - b). cos a./2. 
IlnolllaJlh S np11MoyroJibHHKa KLMN BbltfHCJIJleM no <l>opMyJie: 

S=KN·MN=(a-b)2 sin ~cos~=! (a-b)2 sincx.. 
2 2 2 

B Ilpi111ep 8. Bb111UCJ1Umb MOlJ40db o6-
lJ4eu 11acmu. d6yx poM6oe: iJuazoHDJIU nep
t1ozo pat1Hbl 2 u 3, a Bmopdu n0Ay11aemc11 
not1opomoM nepsozo Ha 90° OKOAO e20 14eH
mpa. 

n·~~~i::,..:;;..~--+..~'a• Pemeeae. qepTex K 3TOH 3aJla'le 

D 
PHc. 73 

npeJJ:CTaBJJeH Ha puc. 73. QqeBH}lHO, 'ITO 

OJIOlll,aJlb o6meii qacTH JlBYX poM60B 

CKJ1aJlbleaeTc11 H3 qeTb1pex nnomaneii 

f!>urypb1 A.EA' 0. B csoio 011epeJlb n110-

lllaJlh 'leTb1pexyronhHHKa A.EA· 0 - ecTb 

qacTb nnomanu np11MoyronbHoro Tpey

ronbHHKa ABO TaK,· 'ITO 

SAEA:o= SABo - AEBA'· 

IlJJOlll,aJlh 1J)eyronbHHKa EBA' nerKo aa~TH, 38MeTHB, .. 'ITO 3TOT 

TpeyroJihHHK nOJiyqaeTC.11 H3 TpeYfOJibHHKa ABO yMeHbWCHHeM .llBYX 

H3 ero cTopoH e OB/A' B H AB/ EB pa3. IlonoMy (cM. § 1 n 4): 

SEBA"= A'B. EB. SABO= I /2. EB. SABO 
. OB AB 1/3. AB . 

CJIC.llOBaTCJlbHO, 

SEBA'=~·EB ·S,410; SAEA'O =S .. ,0·(1-LEB )· 
2 AB · 2 AB 

TaKHM o6pa30M, 38Jl8'1a CBO.llHTC.ff K OTbICKaHHIO OTHOlllCHH.Sl 

EB : AB . .LI.ml 3TQro BOCTIOJib3yeMCJI MeTOJlOM, H3JlO:lK:eHHbIM B § 4. qepe3 

TO'IKY A npoeeJJ,eM AFll OB. 
1-fa no.no6H.Sl TpeyroJibHHKOB AFD' H OA' D' c K03f!>ct>uuneHTOM 

no.no6H.S1 I : 3 cne]lyeT, 11To AF= 1/3 · OA' = 1/3. 
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H3 no.n.o6H.R. -rpeyrom)HHKOB AFE H A' BE c K03cP<l>HUHeHTOM no

.no6HR AF,: A' B= 1/3: 1/2 = 2 :3 cne.nyeT, lJTO EB= 3/2 ·EA HJIH EB:;. 
= 3/5 ·All Cne.n.owneJibHO, EB: AB= 3: 5 . 

. HMeeM: 

no3TOMY IlJIOllla,!lb 06ll.lCH qacTH .IlB)'X poMOOB }>!lBHa 3/10.' 
B · 3aI<J1JOqeHne 3Toro • naparpaq>a paccMOTpHM flCCKOJibKO 3a.IJ.aq, e 

KOTOpbIX peqb H,lleT 0 npoH3BOJlbHb1X 'ieTblpexyroJlbHHKaX HJIH MHO-

royronbHHKaX. 

Ilpoep 9. ll110U<aiJb 'lemblpexyeo11bHUKa, 
BepzuuHaMu Komopoeo cJtyxam · cepeiJURbl B 
cmopoH BblnyK.!loeo 'lemblpeX)IZO/lbHUKO A/JCD, 
paBHa S. Haumu n.tlOU<DOb yemblpexy20J1bHu-
Ka ABCD. · 

Pemeaae. 'leTbipexyronbHHK KLMN 
(p~c. 74); aepwuHaMH KOTOporo .RBJI.RIOT:.. 

CH cepe.n.HHbi cropoH npOH3BOJ\bHOfO Bbl

c 

·...t 
PHc. 74 

nyK1Ioro 'leTblpexyron1>HHKa· - napannenorpaMM (cM. § 1), nocKOJib

KY ero CTOp()Hbl 'nonapHO napaJIJieJibHbl .llH3f'OHaJIJIM 'iCTbipexyroJib

HHKa ABCD. ,llnHHbI CropOH 3TOTO napannenorpaMMa paBHbI d1/2 H 
. d,_/2, KaK,II)U\Hbl cpenHHX nmnd\ COOTBe1'CTBYIOW.HX tpeyroJlbHHKOB, 
a yron Me)f(Jly HHMH paeeH yrny Me)K'.ny ,llHBfOHaJIHMH t1eTblpexyro11b

HHKa. no3TOMY 

S 
·. s. d1 di . , l ( t d d . . , ). . . = KLMN =-·-sma=- - 1 isma ' 2 2 2 2 

'! ,. , ' . ' 

rJJ.e a - yron Me)l(Jly JJ.HaroHaJl.RMH qeTblpeXYfOJlbHHKa ABCD. 
nocKOJibKY nnollla.zlb npoH3BOJibHoro qeT1llpexyto111>HJ:1Ka paeHa 

nonynpoH~Be,lleHHJO .llHaroKaneH:' Ha CHHYC yma MC)f(Jly HHMH, TO 

H 

. I . 
SA.BCD= - d1 di sm a. 

2 

SA.aCD=2S. 
IlpRMep 10. CfemwpexyzoilbHUK ABCD o611aoaem meM cBoucmsoM, ttmo 

OKOJlO nezo MOJICHO onucamb u 8 He20 MOJICRO Bnucamb OKpyJICHOCmu. 
,l(ua20na11u 3mo20 'lemblpexyzo11bRUKa nepneHOUKYJIJIPRbl, AB= CD u pa
ouyc BnucaRHOU OKp}'JICHOCmU pa6eH 1. lJeMy pa6Ha MOU<tiitb 'lemblpexy-
20/lbHUKO ABCD? 
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PerueHHe. IloCI<OJlbKY B OKPY-*ffOCTH, OilHCaHHOit BOKpyr 'IeTbl
pexyrQJibHHKa ABCD, xop.zur1 AB H CD HMeJOT paBH.ble JlJlH~bl, ro 

paBHbl JlJlHHbI CT51fHBaeMblX HMH JlYf• 0rCJOJl3 CJiellyeT paBeHCTBO 

yrnoB DAC, DBC, ACB H ADB, onHpaiomHxcSt Ha 3TH .nym. EcnH K 

ToMy yqecTh, 'ITO TpeyroJihHHKH BCE H ADE - npS1MoyroJ1bHhie, 

MOJl<HO JaKJIIO'IHTb, 'ITO ynOMSIHYTbie yrJibI cocTaBJUIJOT no 45• 
(pHC. 75). 

TaKHM 06p330M, y.crattoBJieao, 'ITO 'Ie':fhipexyronhHHK ABCD -
paetto6oqtta» TpaneuHs.' 06o3tta'IHM JlJl~Hhl octtosatt.Hii BC= u, 
AD= v, a 6oKOBblX cTOWH - x. Torn.a oHeBH.ZJ.HhI cooTHOUieHHst: 

PHc. 7S 

1) u+ v = 2x; 

2) (u/ Ji )2 + (u/ Ii. )2 == X2; 
3) u/2+v/2=2. 

TiepBoe H3 HHX cnen.yeT H3 YCJIOBHff, 'ITO 

B qeTblpexyroJibHHK ABCD MO)KHO BDHCaTb 

OKp}')KHOCTb, BTopoe - H3 TeopeMbl' Tiu{t>a

ropa, npH~eHeHHOii K. TpeyroJibHHKY .ABE, 
TPeT:be oTp~aeT TOT <t>aKT, 'ITO EF= u/2, 
EG::;:: v/2, a eecb orpe3oK FG HBJIHeTcH JJ.Ha-: 

. MeTpOM BilHC3HHOR OKpy)ICHOCTH. 

P33perna.H 3TH COOTHOWeHHH, nonyqaeM: u = l) = x == 2, T.e .. ycTa-: 

HaBJIHaaeM, 'ITO 1.JeTb1pexyroJ1bHHK ABCD - K.Ba.n.par. C11e.D.0BaTeJib-: 

Ho, ero n11omanh paBHa 4. 
IlpHMep 11. ll11muyz011bHUK ABCDE enucaH 8 OKPYJICHocmb. Pac

cmo11HUJ1 om BepUIUHbl E iJo cmopoH AB, BC u CD (Uilu ux npoiJ011JK:eHuu) 
coomeemcmeeHHO paBHbl a, b u c. Haumu paccmo11Hue om BepwuHbl E iJo 
OUQZOHQJlU AD. 

PeweH11e. B § l6wa cQ>opMynHpoBaHa B BH.ne Ja.D.a'IH cJieJJ.yKimaS1 

TeopeMa: «IlPOH3Be.neHHe paCCTO.stHHii OT Jtl06oii TO'IKH OKpy)ICHOCTH, 

OflHC3HHOii OKOJIO BbIDYKJIOfO qeTblpexyrOJibHHKa, Jl.O ero npoTHBO

nOJIO)l(HblX CTOpOH HJIH HX npo.noJl)l(eHHH, paBHbl Me)l(Jly co60H» (CM. 

3a,n,aqy 10 § 1) (puc. 38). TI03TOMY, npHHJIB Ja ToqKy S sepwuHy E 
nSITHYfOJlbHHKa, MO)l(HO 3anHC8Tb ypaBHeHHe 

ac=bx, 

s KoTopoM x - paccTOJIHHe OT sepwHHbl E JJ.O .nuarottanu AD nJJTH

yroJibRHKa. Orc10.na nerKo cne.nye-r, 'ITO x = ac / b. 



1. B paBHOOO'IHYIO rpaneumo, sepXHee OCHOBaHHe KOTOpoH pas
HO 1, BnHCaHa oKpy)l(HOCTb PMHyca 1. Hai1TH n11omanh rpaneuuu. 

Omttem: 5. 

2. }.J.aHa rpaneuHH ABCD c ocHoBaHHJIMH AD= 8, BC= 4 H cropo
HOH AB = .fi8 . KpoMe roro, H3BeCTHO, qro yro11 CDA cocTaBJU1eT 
60°. qepe3 TO'IJ<Y c npOXO.l(HT npHMaJI, .neJIJIIUaJI TpaneuHIO Ha .n.se 
pasHoBeJIHKHe $urypbl. HaihH .ll.JIHHY scero OTpe3Ka 3TOH npHMOH, 
HaXO,ll,JllUCfOCJI BHYTpH rpaneuHH. 

Omttem: 6. 

3. B rpaneUHH ABCD .ll.JIHHa OOJibIUero OCHOBaHHH. AD pasHa 19, 
AB= 13, a .npyraJI 6oKOBaJI CTopotta CD= 12 u nepneH.llHKYJlllPHa 
OCHOBaHHJIM. 0Hcce1crpHca ocrporo yr11a BAD nepeceicae't npHM}'IO 
DCB TO'IKe M. Onpe,!J.enHTb, r.u.e ne)l{IIT TO'IKa M, Ha OTpe3Ke DC HJIH 
BHe ero? 

OmBem: ToqKa M JIC)l(HT BHe OTpe3Ka DC; DC: MD= 38: 3. 

4. Octtosattue AB rpaneuuu ABCD B,ll,Boe .llJIHHHee OCHOBaHHH CD 
H B,ll,Boe }J)lHHHee 6oKOBOH cropoHhl AD . .llmma )J.HaronanH AC paBHa 
a, a }J)lHHa 6oKOBOH cropoHhl BC pastta b. BbiqHCJIHTb nnoma.n.b rpa
neuHH. 

OmBem: 3ab/4. 

5. }.J.aHa paBH06oqHaJI TpaneuHH, B KOTOpyIO BilHCaHa OKP}'XHOCTb 
H OKOJIO KOTOpoH OilHCaHa OKP}'XHOCTb. IlJIOIUa,ll,b OilHCaHHOro Kpy
ra B 12 pa3 6oJihllle nnoma.n.u snucaHHoro Kpyra. Haihu yrnbl rpa
neuHH. 

Omtrem: arcsin (1/3); 7t - arcsin (1/3). 

6. llatt napa1111e.rrorpaMM ABCD, y Koroporo AB= 1, BC= 2 H yron 
ABC - zynoii. qepe3 KIDK.llYIO HJ ToqeK B H D npose.neHo no n:se 
npflMble, o.n.Ha HJ KOTOphlx nepneH,llHJ<Ym1pHa cropotte AB, a .npyraJI 
nepneHJJ.HKYJIHpHa cropoHe BC. B nepeceqemm 3THX 'ICThlpex npHMhIX 
no11yqHJ1cR napa.n11e11orpaMM, no.no6HbIH napaJIJie11orpaMMY ABCD. 
HaiiTH nJIOIUa.n.b napaJIJie11orpaMMa ABCD. 

Omeem: 6/5. 

7. A, B, C H D - noCJie.!J.OBaTeJibHble sepurn.HhI npaMoyronbHHKa. 
0KpyxttOCTb npoxo.nHT qepe3 TO'IKH A u B H KacaeTcH cropoHhl CD s 
ee cepcmutte. qepeJ TO'IKY D npose.netta np.siMaH, KOTOPaJI KacaeTcH 
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TOH )J(e oKpy){<HOCTII B ToqKe £, a 3aTeM nepeceKaeT npo.lloIDKettwe 

cTopottbI ABB TOlfKe K HaifTH WIOlll.a.D.b Tpaneumt BCDK, ec;rn H3Be
CTHO, 'ITO AB== I 0 Ji qTO KE: KA = 3 : 2. 

OmBem: 210. 

8. B BbinYKJJOM 'IeTbipexyroJI&HHKe ABCD yrnhI npw aepunrnax A H 
B - npHMbie, eenwmtta yrna nptt sepumtte D pasHa 45" . .Umrna cTo
poHbI BC paatta IM, .n.mrna .u11arottanH BD paatta 5 M. Haifm nno
lllMb 3T0f0 qeTblpexytOJibHHKa. 

Om6em: 7,5 M
2

. 

9. B BLmyI<.1loM qeTbJpexyroJihHHKe JJ.JJH.HbI .z:umrottanelf paBHbI l H 
2 M. HaHTH ITJIOllla.D.h lfeTbipexyroJibHHKa, 3Hrut, 'ITO JJ.JJHHbI oTpe3KOB, 
coe)UIHfllOlllHX cepe.llHHhI ero npOTHBOilOJIO)J(HbIX CTOpoH, paBHbl. 

OmBem: l M
2

• 

10. B Tparremm MHHhl )UlaroHaneii paBHbI 3 H 5, a OTPe30K, coe.u.H
HflIOlllHH cepe.llHHbI OCHOBaHHii, paseH 2. HaiiTH IJJIOI.UalU> TpaneUHH. 

Omeem: 6. 



§ 7. 3A).(A1JH HA OTLICKAHHE 
rEOMETPH'JECKltt .PllTYP 

C 3KCTP.EMAJlldlLIMH ~.JIEMEBTAMH 

06paTHMC» Tenepb K oco6oMy KJiaccy reoMeTPWJecKHX Ja.u.aq, a 

HMeHHO K Ja.u.aqaM, B KOTOphlX Tpe6yeTCH Haiim ¢\Hrypy HJIH ee 3Jie

MeHThl c 3KCTpeMllllbHblMH, T.e. HaHOOnblllHMH HJfH HaHMeHblIIHMH JHa

qeHH»MH Tex HJIH HHhfX napaMerpoB. B Jana'llax 3TOfO KJiacca, KaK npa

BHJIO, peqb imeT 0 TOMy lff06bI cpe.n;H .ecex cpm:yp, o6JI3.l{aIOll.(HX onpe

JJ.eneHHbIM CBOHCTBOM, HaHTH qmrypy, y KOTOpOH TOT HJIH HHOH 

napaMeTp npHHHMaeT HaH6om.mee HJIH HaHMeHLIIIee 3HaqeHHe. 

Pac<;MOTPHM npocre:HlllHH npmrep. 

3&Aa'la 1. Cpeou ocex npJ1MoyzoRbHUKOB, nepUMemp KomopblX paoen 
2p, naumu npRMOYZOAbHUIC c HOUfioAbUleU flJIOU{OOblO. 

PemeUHe. IlpoH3BQllbHwH npmmyroni.~K onpe.Zle.ruieTCJI JJ.BYM» na

paMeTpaMH: x H y- }J)IHHaMH ero CTOpoH. 0.IUiaKO B ,llaHHOM CJiyqae 3TH 

napaMeTpbl He HBIDUOTCSI HeJaBHCHMhIMH, IlOCKOJlhKY Me)KJJ,y HHMH cy

llJ,eCTByeT CBR3b, BhlpruKaeMaR ypaBHeHHeM 
, 

2x+2y=2p 

H eb1reKa10ma» H3 yc11oeID1, qTo y ecex paccMaTpHBaeMblX iI.pHMoy

roJibHHKOB OJJ.HH H TOT )Ke nepHMeTp. Ilo3TOMY IlJIOllJ,3.l{b s TaKOfO 

npRMOYfOJlbHHKa s = xy = x(p - x)' RBJIRCTCR <l>YHKUHeii TOJlbKO o.n;

HOH nepeMeHHOH - x, npH'leM 0 < x < p. 
TaKHM o6paJoM, JaJJ.aqa CBO.llHTCH KOTblCKa.HH,10 MaKCHMyMa KBa.n.

paTHqHoif cpyHKUHH S(x) = x(p- x) e HHTepBane x e [O; p]. IlocJS".OJib

KY napa6011a x(p - x) HanpaBJieHa eeTB»MH BHH3, TO, OlleBHJJ.HO, qro 

ee M3KCHMYM llOCTHfaeTCH B eepumHe, T.e. npH x = p/2. l103TOMY B 

npSIMOYfOJlbHHKe c HaH60JlbWeH ImOllJ,a.u;bIO OJI.Ha H3 CTOPOH paBHa 

p/2. 0TCJO.IJ.a cpa3y )Ke CJleJJ.yeT, 'ITO y = X= p/2, T.e. npJIMoyroJibHHK -

KBa,u,paT. 

VITaK, cpe11H scex npsMoyroJihHMKOB c JaJJ.aIIHhIM nepHMeTpoM HaH-

6onbUieif fUIOllJ.a.n.hIO o6na.n.aeT KBaJJ.paT. 

IlpaKTHqecKoii mrrepnperaimeii nonyqettttoro peJyJihTaTa cJiy)l(HT 

BbIBOJ.l 0 TOM' qTo MaKCHMaJibHaH DJIOllJ,aJJ.h npHMOyrOJihHOfO yqaCTKa, 

KOTOpbIH MO)l(HO oropOJJ.HTb 3a6opoM Ja,u,aHHOH ,U,JIHHhI, y KBa,u,paTa. 
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3aJJ,au 2. CpeiJu sqex npllMPJ'lOAWIU1'06, Bnuca~HblX B mpeyzOllbllUK 
ABC maKUM o6p03QM, rtmo dtle BepUl.UHbl npHMOYloAbllUKa 11exam Ha 
ocHooauuu AC,a i>Be iJpyaue- Ha fioKosblX cmopoHtix AB u BC,coomBem
cmBenuo, naumu npRMoyzOJtblluK: 1) c Hau6oA&tueii Mo~aiJ&10; 2) c nau

A. K 

B 
MeHblUeii iJuaWHQ./lb10. 

Pememre. 06o3Ha'!HM .wnmy OCHOeaHIDI 
A Cl"peyroJiblUUra '1epe3 a, a BLICOThl BD -
11epe3 h (pHc. 76). IlyCTb KLMN - mrn:caH

Hblit npflMOYfOJibHHK co CTOpoHaMH, .wrn:
Hbl KoTOpbIX paeHhl LM = x, KL= y. 

1. Hait,neM ctta11a.rra cpe.nH npHMoyroJib

HHKOB TOT' y KOTOporo HaHOOJibWM nJIO

lllBJU>. 
Kax. H B npe,llbl.llyw.eif Ja,D.a11e, rrJIOllla.D.b 

D N c BblpaxcaeTCJI ci>oPMY.llOJf s = xy, npHlJCM 

PHc. 76 MCXOJ.Y Be.11HlfHHaMH X Hy cyl.UCCTByeT CBSl3b. 

,[(eiicTBHTeJibHO, H3 no.ao6m1 'fPCyroJILHHKOB LBM H ABC cne.n;yeT rrpo

nopuHSI 

LM BE 
AC.= BD 

HJIH 
x h-y 
;=-h-, 

OTK)'.lla BLITCKaeT, 'ITO X= (h- y). a/h .. 3To Il03BOJUICT 3aKJIIO'IHTb, 'ITO 

nJIOlll,a,llb mo6oro BilHCaHHOfO IlpflMOYfOJlbHHKa paBHa: 

a 
S=xy= -y(h-y) 

h 

IlJiowa.zu, flBMleTCH <l>YkKUHeit TOJibKO 0.llHOH rrepeMeHHOH y. 
IlOCKOJibKY napa6oJia S(y);,,, Y<.h-y)a/h HanpaBJieHa BCTBjfMH BHH3, 

TO B HHTCJ>BaJie JO; h[ OHa HMCCT MaKCHM)'M, IlpH'ICM 3TOT MaKCHMYM 

.llOC'i'HraeTCSI B TO'IKe y = h/2. 0Tc10.na JICfl(O cne.D.yeT, lfTo x = a/2. 
TaKHM o6pa30M, cpe.n;H DCCX BilHCaHHbIX npSIMOYfOJibHHKOB 6y.ueT 

o6~aTb HaH6oJibWeii ImOlll3,llbIO TOT, y KOroporo o.umi lf3 cropott 

SIBJISieTCjf cpe.!lHCH JIHHHCH 'fPCyro.JibHHKa. IlpH 3TOM x/y = a/ h. 
2. Haif.neM renepb np»MoyroJibHHK c HaHMeHbweii .D.HaroHaJibIO. 

06o3Ha'IHM ee MHHY d. Tor.na: 
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d2 =rc1 + ( i J 1-2hy(i J +a2=J<Y>. 

T.e. JlJIHHa .ll,H3fOH3JUf npH:MOYfOJibHHKOB HBJUleTCH: TaIOKe <l>YJIKUHeH: 

TOJlbKO 0.ll.HOH nepeMeHHOH. 

HCTJ>Y.ll.HO BH.ll,eTb, lfl'O JlJIH: napa6oJlbl /(y), HanpaBJieHHOH BeT

BH:MH eeepx, MHHHMYM JlOCTHraeTCH: npH y = y., r.n.e Y• - KOOP.ll.HHa

Ta seprnHHbI 3TOH napa6oJibI: 

h (a/ h)2 
Y• = . l +(a/ h)2 • 

3TOMY 3Ha'lemno Y• COOTBeTCTByeT x., paBHOe a/{l + (a/h)2]; 

x./y. = h/a, T.e. OTHOllleHHe CTOPOH npH:MOYfOJlbHHKa, y KOTOporo JJ)IH

Ha JJ,H3fOHaJIH 6y.n.eT H3HMeHbllleH H3 scex B03MO.:lKHbIX, pasHo h/ a. 
3aMCTHM, 'ITO OTHOllleHHe CTOPOH IlOJiy'leHHOfO npHMOYfOJibHHKa 

o6paTHO no OTHOIIIeHHIO K npRMOYfOJibHHKY c HaHOOJlbWeK WIOl.U3-

.n;bl0, BilHCaHHOMY B 3TOT }Ke ipeyroJibHHK. 

38All'l8 3. Ha OKpy:NCuocmu iJaua mo""" M. flpooecmu XDJ10y AB 
napfJJl/le.R.IJHO 1Cacamen.1Jnoii. " oKpy:NCnocmu 6 mo'IKe M maK, 'lmofibt TLllO
w,aiJb mpeyz0Jlb1t.U1Ca AMB 6bl.lla uau6o.Abweu. 

Pemeeae. fiYCTb 0 - lleH'l"(> JJ,aHHOH OK-

py)((HOCTH, R :_ ee pa,u,Hyc, AB - npoH3- M 
BOJIJ>HaH: xop.n.a, 1Iapa.1IJleJlbHaR KaCareJibHOH 

K OKPy)((HOCTH, nposeJJ,eHHOH s TO'lKe M, 
c - cepe.n;HHa 3TOH XOP.11.bl (pHC. 77). 

IlpeJKn,e ecero JaMeTHM, 'ITO fiOJIOXCHHe 

xop.ll.bl AB onpe.n.eAAeTCR scero JIKl.llb o.n.HHM 

He33BH.CHMblM napaMeipoM - paccTOHHHeM 

3TOH xop,D.bl OT TO'IKH M HJIH, ttanpHMep, 

YrJIOM AiifJ ' IlOJl KOTOpbIM 3Ta xop.n.a BH.D.- PHC. 76 

Ha H3 TO'IKH M. Ilo3TOMY IlJIOIUaJJ.b TpeyroJI&HHKa AMB ra10Ke .ll.OJI}((H3 

JaeHceTb OT 3TOro napaMCTpa. BbI6epeM e Ka'lecTBe TclKOro napaMeTpa 
uemt'IHHY yma AiifJ, Ha3Bas ee a. 

HMeeM: 

I. CB= R sin ex, AB= 2Rsin a. 

2. OC= R.cos ex, (ec;rn ex> 'lf./2, ro C ne}((KT Bblwe 0). 

3. MC= R+ Reos a.= R(l +cos ex). 
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TaKHM o6p830M, 

S(a.) = i AB· MC= R2 sin a(l +cos a.)= R2(sin a.+ i sin 2a.). 

Haii:JJ.eM Tenepb, npH KaKOM 3HaqeHH:u a. <l>YHKUHH S(a.) np:uH:u
MaeT csoe Ha:n6011I>wee 3HaqeHHe (a e [ O; 1t ]). )lmI 3TOro BI>1q:ncJIHM 
npOH3~0.IJ.HYIO S'(a.), npHpaBHSieM ee K HYJIIO H HailJJ.eM COOTBCT
CTBYIOlllHe a: 

S'(a) = R 2(cos a +cos 2a) = R 2(2cos2a.+ cos a- 1), 

S' (a)= 2R 2(cos a+ l)(cos a.-1/2) = 0, 

cos a=-1; cos a= 1/2. 
c yqeTOM HHTepsana, B KOTOpOM MCH.SleTCH a, HaxO,llHM, lJTO a= 1t/3. 

QqeBH.llHO, qTO B ToqKe CX=1t/3 rrpOH3BO,nHaH S'(a) MCHHeT 3HaK c 
«+» Ha «-», 'ITO CBH,.!leTeJibCTByeT o MaKCHMyMe cPYHKUHH S(a) B 
3TOif TO~e. 

Ta1arn o6p83oM, cpeJJ.H TPeyroJibHHKOB, BnHcaHHhIX B OKp}')KHOCTh 
.H HMCIOlllHX OCHOBaHHH, rrapaJIJieJihHbie O,llHOH H TOH xe npHMOH, 
HaH6oJI:bmeif iIJIOlll3.nblO o6Jia,naer paBHOCTOpOHHHii' TpeyrOJibHHK. 

3;wiqa 4. Haumu cmopoHbl npR.Moyzo11b
nuKa nau60.1Zb1.Ue20 nepUMempa, enucaHHOZO 
e noAyoKpy:»enocmb paouyca R. 

PemeRlfe. Attanonrqm> TOMy, KaK 3TO 
.uenaJIOCb B npe.llblAYlllHX 3a,IJ,aqax, Bbipa3HM 

1----------11-~ HHTepecy10µtllif Hae 3JieMeHT, 'a JlaHHOM 

PHc. 78 

pe3 OJJ.HH napaMerp. 

cnyqae rrepHMerp an:ucaHHoro B nonyoK
p)')KHOCTI> npSIMoyrOJibHHKa (p:uc. 78), qe-

3THM napaMeTpOM MOXeT 6b1Tb OJJ,Ha H3 CTOpOH npHMoyronhHH
Ka, HanpHMep, AD= x. Tor,n:a ,llJIHHa .n:pyro:H CTopoHbI CD paBHa 

~ R2 
- x 2 / 4 , a nepHMeTP P BblpaxaeTCH <l>opMyno"H: 

P = 2x + 2~R2 
- x: = 2x + J4R2 -x2

. 

TaKHM o6pa3oM, nepHMeTp P HBIDieTCH <l>YHKUHeii TOJII>Ko O.llHOH 
nepeMeHHOH x. HafiJJ.eM MaKCHMyM cPYHKIUUI P (x). BhI'IHCJIHM npoH3-
BO.llHYIO P' (x): 
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P'(x) = 2 + - 2x 
2J4R2 -x2 

2J4R2 -x2 -x 
= 

J4R2 -x2 

fip11paBHHBaH P' (x} liymo, HaxO.U.HM Heo6xo.u.uMoe yCJioeue 3KCT

peMYMa 

2J4R2 
- x

2 = x, OTKY.U.a x = 4R I JS. 
HeTpy.U.HP yBH)J.eTb, qro npu x < 4R/ JS npoH3BO.U.HaH P' noJio

)l(HTeJibHa, a npH x > 4R/ JS, npmt3BO.U.HaH P' oTpuu,aTeJibHa. CJie

.u.oeareJibHO, B TO'lKe x = 4R/ JS <l>YHKUHH p (x) HMeeT HaH60Jiblllee 

3Ha'leHHe. ,UpyraH cTopotta CD paetta R/ JS . 
TaKHM o6pa3oM, cpen.H Bcex npHMoyroJibHHKOB, BnHcaHHhIX B 

nonyoKpy)l(HOCTb, MaKCHMaJibHblH nepuMeTp HMeeT TOT. rrpHMOYfOJib-

HHK, y KOTOporo CTOpOHbl paBHbl 4 R/ JS H R/ JS . . 
Tenepb MO)l(HO ccpopMyJIHpoeaTb nocJie.uoeaTeJihHOCTb .ueifcTBHH, 

KOTOpoM: Mbl npH)J.ep)l(HBaJIHCb npH peweHHH ecex paccMOTpeHHbIX 

BbIIlle 3a,uaq. CHaqarra onpe.u.eJIHJIHCb He3aBHCHMbJe napaMeTphI, qe

pe3 KOTOpbie MO)l(HO 6bIJIO 6bI Bbipa3HTb HHrepecyIOlll,HH Hae 3Jie

MeHT npOH3BOJibHOH cpHrypbl, npHHa.QJie)l(alll,eH K n.aHHOH COBOKyn

HOCTH. 3aTeM BeJIH'lHHa 3TOro 3JieMeHTa 3anHCb1BaJiaCb KaK cpyHKUHH 

Bb16paHHoro napaMe'l'pa (nepeMeHHoM:). HaKotteu, c noMolll,hIO Toro 

HJIH HHOfO nptteMa (ttanpHMep, c HCilOJib30BaHHeM npoH3BO.llHOH) 

OTblCKHBaJICH 3KCTpeMyM 3TOH cpyHKUHH H 3Ha'leHHe 3KCTpeMa.JibHO

ro 3JieMeHTa. 

0.u.HaKO HMeIOTCH 3a,uaq11, KOTOpbie .u.onycKalOT 'IHCTO reoMe'l'pH

qecKoe pellleHue npu Haxo)l(Jl.eHirn cpHryp c 3KCTpeMaJibHhIMH ceoH:

CTBaMH HJIH 11cnoJibJY10lll,He arrre6pa11qecKHe MeTO.UbI qacTH'lHO. Bo

Jiee Toro, pellleHHe 3THX 3a,uaq arrre6paH'leCKHM MeTO.UOM 6b1JIO 6bI 

CBH3aHO c rpOM03)J,KHMH MaTeMaTH'leCKHMH BhlKJia.uKaMH H TpY.UHO

CTHMH npH HCTOJIKOBaHHH noJiyqeHHblX pe3yJibTaTOB, B TO epe}.rn KaK 

reoMeTpHtJecKoe perneHHe .n;aeT HCHhIH H rrpoCTo.H OTBeT. PaccMOTpHM 

npHMepbl TaKHX Ja,ua'l. 

3a,n.a'la 5. J(ee moitKu A u B pacnoJ10J1CeHbl no oiJHy cmopony om 
np11Mou MN. Haumu na npRMoil MN m01cy10 mo•ucy Q, itmo6bt cyMMa ee 
paccmoRnuu om moiteK A u B 6bllla MUHUMGJlbHOU. 

PemeuHe. ilycTh Q - rrpoM3BOJihHa5I TO'lKa, Jie){(alll,a5I Ha rrp5IMOti 

MN (pHc. 79). PeweHHe 3a,uaqu nerKo ttaxo.u.HTCH, ecm1 JaMeTHTb, 

qyo paccTosrntte OT TO'IKH Q .u.o TO'l.KH B paetto paccTOSIHHIO OT 3TOH 

)Ke TO'IKH .u.o TOllKH B' CHMMeTpH'lHOH TO'lKe B OTHOCHTeJibHO npsi-
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MOH MN H J1exa11J,eii, cJie.llOBaTeJihHO, c ToqKoH: A no pa3Hbie cTOpoHbI 

IlpslMOH MN. 
TaKHM o6pa30M, 3Maqy MO)KHO nepecl>opMyJIHpOBaTh Ka~ 33.lla'ly o 

MHttHMYMC C)'MMbl pacCTOHHHH QA H QB'' KOTopaH, O'ICBH.llHO, 6y.lleT 

MHHHMaJibHOH, ecJIH ToqKa Q Jie)KHT tta npH

MOH AB', HBJIHJOlIJ,eiicH, KaK H3BecTHO, KpaT

qaifllIHM paccTOHHHeM Me)KJl)I TO'iKaMH A H B'. 
M N 38,lla'la 6. Bnympu yzna A oaua moiaca M. 

C/epe3 mo11Ky M npoBecmu npRMy10, omceKa10-
uoi10 om 3mozo yZlla mpeyzollbHUK HaUMeHb
weu flllOW,aiJu. 

PHc. 79 Peme1111e. IlycTu TaKaH npHMWI npoee.lleHa, 

a roqKH B H C - roqKH ee rrepece'ieHH.ff co cTOpoHaMH .llaHHOro yrna. 

IloKaxeM, qTO ecJIH nJIOlIJ,Mb TpeyroJibHHKa ABC - ttaHMeHhlllaH H3 

ecex B03MO)l(HbIX, TO .llJIHHhl OTJ>C3KOB MB H MC paBHhl (pHc. 80). 
06o3HaqHM MB~ a, MC= b H npe.llilOJIO)KHM rrpoTHBHoe, qro a ;t:. b, 

ttanpHMep, a > b. IlpoBC)leM qepe3 ToqKy M elIJ,e O.llHY np.RMYJO, ne

peceKaIOlU,YJOCH co cTopottaMH yrna B TO'IKax B' H C', H TaK, 'IT06bl 

AB' < AB. Ilo.llc'iHTaeM, ttaCKOJtbKO npH 3TOM H3MeHHTC.sI niiolIJ,Mb 

OTCeKaeMoro TpeyfOJibHHKa: 

SAIJ'C' = SABC - SMB'B+ SMC'C• 

T.e. H3MeHeHHe IlJIOlIJ,B,lUf 3TOro TpeyTOJibHHKa npoHCXO.llHT 3a C'ieT 

YMeHbllleHH.sI .npH o:r6pacb1BaHHH IlJJOlIJ,3.llH fl.MB' B c O.llHOBpeMeH

HblM yeeJiffqeHHeM 33 cqer npHCoe.llHHCHIDI IlJIOlIJ,aJlH fl.MC' c. l1MeeM: 

SMa·a= .!. a· MB'· sin <p, SMc-c= "l_ b ·MC'· sin q>, 
2 2 

r.lle q> -:-- yrOJI Me}l<Jly np.RMhlMH BC H B' C' (pHc. 80a). 

cc· 
a 

A C C' 

6 

A' 
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IlOCKOJibK)' a > b, TO BCJie.ncTBHe ttenpepblBHOCTH H3MeHCHIDI Jl]IHH 

o-rpe3KOB MB H MC npH noeopore npHMOH BC eoKpyr 'fOl{KH M, yroJI 

. cp MO.>KHO Bbl6paTb CTOJib MMbIM, 'ITO MB' > MC'. Orc10.na CJie.zzyeT, 'ITO 

npHMyIO (B' C') MO)l{HO npoeecrn TaK, qro OJIOUla.D:b AMB' B 6y.ner 

6on&we nJioIUa.nH AMC' C, T.e. IlJIOIUa.D:b T,PeyroJI&HHKa MB' C' 6y.neT 
MeHbwe rmowa.nH -rpeyroJibHHKa MBC. 3To npoTHBOpe'IHT ycnoBHJO, 

comacHo KOTopoMy nJIOll.UU{b MBC Bb16paHa HaHMeH1>weH. H3 scex 
B03MO)l(H1>1x. Cne.noeaTeJJ&Ho, a He 6on1>we b. A.Han:omqHo b He MO)l{eT 

6blTb 6oJI1>llle a. Cne.noeareJibHO, a= b. 3ro 03Ha11aeT, 'ITO JJ:aHHaH TO'IKa 
M .n.onxma 61>1T1> cepe.n.imoii ceK)'iuero o:rpe3Ka BC. 

HeT,PY.ll.HO noKaJaTb, 11To ecJIH HCKOMRH npSIMRH BC npoue.n;eua 
11epe3 TO'IK)' M TaK, 11ro MB= MC, TO MBC 6y.n;eT HMCTb HaHMCHb

my10 IlllOIUaJJ:h. ,llelicTBHTeJihHO, npose.neM ;1106yt0 IIPHMYIO B' C', 
ttanpHMep, KaK 3TO caenatto Ha p11c. 806, H CD II AB. <l>Krypa B' BCD -
napaJIJJ.enorpaMM, nocKOJibKY oTpe3KH BC H B' D, HBJIHIOIUHecH ero 
.n11aroHMHMH, .11.em1TCH B TO'IKe nepece11eHID1 nononaM. Orct0aa cne
.zzyeT, 11To OJIOIUa.zlH TpeyroJI&HHKOB MBB' u MCC' paBHhl. Cne.11oea

TeJ11>Ho, SMcc > SMao· u, 3Ha11HT, nJiomallI> T,PeyroJII>HHKa AB'C' 
60JI&llle nnoiua.nH -rpeyroJI&HHKa ABC. 

IlOCTpOeHHe npHMOH BC ocyiuecTBJISICTCH cJieJlYIOIUHM o6pa30M. 
Ha npo.noJI)l{CHHH OTpe3Ka AM 3a TO'IKY M OTKJ18.llhl.BaCM TQ'IKY A' 
TRK, 11ro61>1 AM= MA'. 3aTeM qepC3 TO'IKY A' npoBO.llHM npHMhle A· B 
H A' C, napamieJI&HJ>Ie cOOTBeTCTByIOIUHM cropoHaM yrna A. BepwK
HbI B H C nonyqHBlllerocH napamieJiorpaMMa ABA' C onpe.neJISllOT 
IlOJIO)l{eHHe HCKOMOH npSIMOH. 

PacCMOT})HM, HaKOHCU, npHMCp 3a,na'1H, B KOTOpoH: Mre6paH'lec

KHii MeT0.11. HCilOJ11>3YeTCH JIHlllb lJaCTH'IHO. 
la.¥t1a 7. CpeiJu Bcex mpeyzo.llbHUKOB, UMelOU{llX npu 81!J'UIUHe yzo.11 p 

u OllUHY OCHOBUHUJl, paBH)JIO b~ Haumu mpey00.4bHUK, y KOmopozo cyMMa 
KBaiJpamoo 6oK06blX cmopoH HaUOO.llbUUJR. 

Pememre. H3BecTHO (CM. § 1), lJTO seplllHHbI scex TPeyroJlbHHKOQ, 

KMeIOIUHX O,!lHHaKOBOe OCHOBaHHe H paBHble no BeJIH'IHHe YfJibI npH 

sepUIHHe, JleX<aT Ha OJJ.HOH H3 .n;yr OKpy)J(HOCTH, onn:paIOw.eifcff Ha 
JlaHHbIH O"fPe30K (pHC. 7). 3THM onpe.nem1eTCJI COBOK)'llHOCTb pac-

CMa-rpHeaeMl;>IX TpeyroJibHHKOB, . . .. 
Ilo TeopeMe i<oc11ttycoB, npHMeHeHHOH K -rpeyroni.HHKY AMC, 

HMeeM 

AC 2 =AM2 + CM 2 -2 ·AM· CM cos J3, 
OTKy.lla HaxOJJ.HM HHrepecyIOIUyIO Hae CYMMY KBaJlPaTOB OOKOBblX 
CTOpoH: 
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AM2 + CM 2 =AC 2 +2 ·AM· CM cos P=b2+2 ·AM· CMcosp. 

TiocKOJibKY nnomari,b STJ)eyroJibHHKaAMCpaBHa 1/2 ·AM· CM sin p, 
TO CYMMY KBa,n,paTOB 6oKOBbIX CTOPOH MOJKHO Bblpa3HTb qepe3 IlJIO

ma.n.h S TJ)eyroJibHHKa: 

AM 2 + CAJ 2 = b2 +4S ctg p. 
TaKHM o6pa30M, cyMMa KBa,upaTOB 6oKOBbIX cTopoH oKa3anac1> 

<}>yttKu,HeM TOJibKO O.UHOM nepeMemtoii - nJIOJ..Ua.LI.H TJ)eyroJibHHKa S, 

npH'IeM <l>YHKUHeM MOHOTOHHO B03pacTa10meH:. 

QqeBH.IlHO, 'ITO cpe,UH Bcex TpeyrOJibHHKOB, HMeIOJ..UHX O.UHO H TO 

)f(e OCHOBaHHe H pa:myro BbICOTY, HaH6om,rneH: 6y.n.eT IlJlOJ..Ua,zJ,b TOfO 

TJ)eyronbHHKa, y KOToporo ttaH6onhllIIDI BbICOTa. Cne.n.0BaTeJ11>Ho, 

MMC - paBtto6enpeHHbIM. 

l. Cpe.uH Bcex np.HMoyroJihHHKOB c 3a.LI.aHHOM nJIOJ..Ua.LI.bIO S HaMTH 

np.HMOyfOJlbHHK c HaHMeHbllIHM nepHMeTpOM. 

OmBem: K.Ba,n,paT co CTOpOHOH JS . 
2. B .n.aHHbIM cerMeHT Kpyra BnHcaTb np.HMOYfOJibHHK ttaH60J1bllleii 

IlJIOJ..Ua,zJ,H. 

OmBem: BbICOTa np.HMoyronhHHKa paBHa 

( ~8R2 + h2 
- 3h)/4, 

rne h - paccTO.HHHe XOP.Ilbl, CT.HfHBaromeii .IlYfY cerMeHTa, OT u,eHT

pa, R - pan.Hye Kpyra. 

3. KaKOB .IlOJI)f(ett 6hlTh yron npH BepnmHe paBHo6enpettHoro TJ)e

yro111>HHKa 3a.LI.aHHOH n11oma.n.11, 'lT06bl pa,n,11yc BffHCaHHOfO B 3TOT 

TJ)eyrOJibHHK Kpyra 6bm HaH60JihlllHM? 

OmBem: 60°. 

4. 113 Kpyra Bbipe3aH ceKTOp c u,eHTJ)aJibHbIM yrnoM a.. yfa ceKTOpa 

ceepHyra KOHHtJeCKa.H noeepXHOCTb. TipH KaKOM 3HatJeHHH yrJia a. oUbeM 

nonyqeHHOfO KOHyca 6yneT HaH60JihlllHM? 

Omeem: 2rc.fil3 . 
5. )laHhI .uee napanneJihHbie np.HM1>1e H TO'lKa M Me)f(JJ:y HHMH, 

ne:>I<aI.Ua.H Ha paCCTO.HHHH a OT OD.HOH Ilp.HMOM H Ha paCCTO.HHHH b OT 

D.pyroii. TotJKa M cJI~HT BeprnHHOM npHMbIX yrnoB np.HMoyroJihHbIX 

TpeyrOJihHHKOB, ,UBe .upyrne BepllIHHhI KOTOpbIX p H Q Jie)f(aT Ha 



§ 7. 3aiJa'tu Ha omblCKOHUe zeoMempu11eCKux <Puzyp ... 107 

KaX<.llOH H3 hapannerrhHhIX npHMhIX. KaKoH: H3 'rpeyronbHHKOB HMeeT 

HaHMeHhrny10 ruioma,nh? HaHnl 31)' IDioma.nh. 

Omoem:ab. 

6. Ha cTOpoHe yrna .uattbl .UBe TO'IKH A a B. Haii:TH TO'IKY M, Jie)l(a

myio Ha JlPYfOH CTOpOHe yrna Ji TaKYIO, 'ITO yron AMfJ HaH60Jib

lllHH H3 ucex B03MO)l(HblX. 

Omeetn: Tol£Ka M pacrroJio:JKeHa TaK, 'ITO OKPY:JKHOCTh, npoxoM

maH qepe3 TO'IKH A, B Ji M, KacaeTCH cropOHbI yrna. 

7. Haiint: BHyrpH TPeyroJihHHKa TO'IKY' CYMMa KBa.n.paTOB paCCTO

HHHH OT KOTOpOM .uo seplliHH TPeyrOJibHHKa 6bIJia 6hI MHHHMaJibHOM. 

Omoem: HcKoMOH TO'IKOH HBllileTCH roqKa nepeceqeHIDI Me.u.naH 

TpeyrOJihHHKa. 

8. HaiiTM ,11,JIHHhI cTopoH paBHo6e.n:peHHoro -rpeyroJibHHKa, Mo

ma.uh KOTOporo paBHa s, a CYMMa KBa.n;paTOB 6oKOBhlX cropoH MHHH

MaJibHa. 

Omeem: ./4S, .JfS, .JfS. 
9. B Tpaneu.HH ABCD 6oKOBaH cropotta CD nepneHJJ:HKYJlJIPHa oc

HOBaHHHM. KpoMe mro, ,11,JIHHa OCHOBaHHH AD paBHa I CM, a IDio

ma.n:h TPaneUHH - 3 ..[6 /2 CM
2
. KaKHMH .n.omKHbl 6HJ.Tb CTOPOHbl Tpa

neu.mt:, 'IT06hl .n;Harottanh BD HMrina HaHMeHhIIIYIO .ll)IHtty? 

Omeem: OcttoBaHHH - 1 H 2 CM, 6oKOBbie CTOPOHhl · - ..[6 H 
fl CM. . 

10. Ilo .U:aHHOMy OCHOBaHHIO H BblCOTe IlOCTpOHTb Tpeyf'OJihHHK, 

KMelOUUIH MKHHMaJlhHblH nepHMeTp. 

Omoem: paeHo6e.upeHHhIH TpeyrOJibHHK. 



§ 8. fEOMETPWIECKHE MECTA T011EK 
H METO.Z. KOOP.Z.HHAT 

B )laJ'lbHeiiweM noH.neT pe11h o «reoM~KOM MecTe TO'leK• T.e. 

MHOXecTJJe TO'leK IlJIOCKOCTH, KIDK,lJ,aH H3 KOTOphIX o6na,naeT OJlHHM 

H TeM xe OilpeJleJieHHblM CBOHCTBOM, npH'leM MHO)l{eCTBe, CO)lep)Ka

IUCM ace TO'IKH, o6.nan.a10mHe 3THM CBOHCTBOM. 

HanpHMep, reoMeTpH11ecKHM MCCTOM TO'leK, paBHOYJlaJieHHhIX OT 

)lByx 38.ZJ.aHHhIX TO'leK A H B, »BJISieTCSI cpeJlHHHhiii nepneHJlHKyJI»P K 

orpe3Ky AB. Ta1coii BblBOJl MO)l{HO CJleJiaTh no JlByM npH'IHHaM: so

nepBblX, mo6ru1 TO'IKa 3T0f0 nepneHJlHKyJISipa paBHOYJlaJICHa OT T'o-

'leK A H B, BO-BTOPhlX, mo6a11 TO'IKa, He npHH8.!Uie)KaJ.UaH cpeJlHH

HOMY nepneH)lHKyJlllPY' 6y.n.eT 6J1H)Ke K O,llHOH H3 TO'ICK A HJlH B B 

3aBHCHMOCTH OT Toro, no KaKylO CTOPOHY OT cpe,llHHHOfO nepneH,llH

KyJillpa na TO'IKa Jie)l{HT. Cne.n.oBaTeJihHO, 3TOT nepneHJlHKyJI»P co

JlepxHT ace TO'IKH, pal!HOYJlaJieHHbie OT TO'leK AH B, T.e. JleiicTBH

TeJihHO SIBJilleTCSI reOMeTpH'leCKHM MecTOM TO'ICK. 

IlpHseJleM HeCKOJibKO npHMepoB reOMeTpH'leCKHX MCCT TO'ICK. 

f eOMCTpH'leCKHM MeCTOM TO'ICK, Y.llaJJCHHblX OT .n.aHHOH TO'IKH 0 
Ha pacCTO»HHe R, HBJISieTc.SI oKpyxHocTh c ueHTpOM o TO'IKe 0 H 

Pa.nHYCOM R. 
f eoMeTpH'ICCKHM MCCTOM TO'leK, paBHOY.llaJieHHblX OT CTOpoH yrna, 

.RBJJJieTCR. 6ucceKTJ)Hca noro yrna. 

f eoMCTpH'leCKHM MecroM TO'leK, H3 KOTOPhIX JlaHHhlH 01pe3oK 

BH,lleH nO,ll, ,lJ,aHHblM YfJIOM (3, CJI)')K3T .llYfH .ll.BYX 0.llHH3KOBblX OKp)')K

HOCTeii, B KOTOpbIX JlaHHblft OTpC30K SIBJl.SleTCH xopJlOH, BH,ll,HOH H3 

ueHTpOB oKpy)l(Hocreii no.ll. ymoM 2(3 (pHc. 7). 
f eOMCTpH'leCKHM MeCTOM cepe,ll,HH 0Tpe3KOB, npose)leHHblX na

paJIJieJibHO OCHOBaHHlO TpeyroJibHHKa H orpaHH'IeHHblX ero 60K0Bbl

MH CTOpoHaMH, CJI)')KHT MC.ZlHaHa TpeyrOJibHHKa, npoBe,lleHHa.SI K 

OCHOBaHHIO. 

f eOMCTpH'leCKHM MeCTOM cepe)lHH OTpe3KOB, HMClOJ.UHX Ha'IMO 

Ha OJJ;HOii H3 napaJIJieJibHhlX npSIMblX, a KOHeu - Ha .npyroii npSIMOii, 

CJl)')KHT npSIMaH, napaJIJieJibHaH nepBhlM .ll.BYM" HaXOJlHll.{aHCH OT HHX 

Ha paBHOM pacCTOHHHH. 

PaccMOTpHM HecKOJihKO 3a,naq Ha Haxo)l(JleHHe reoMeTpH'lecKHx 

MecT TO'ICK. 
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3itaa'la 1. Ha nAoc1eocmu naiimu 2eo111empu11ec1Coe Mecmo ocnoeanuu 
nepneHiJwcyA11JXJ8, onyw,eHHblX U3 3aiJannou mo111Cu A na npou3BO/lbHble 
npRMble, npioxoOaw,ue 11epe3 oanny10 mo111ey B. 
Pe~ IlyCTb TO':!Ka M - octtoeanHe o.n.noro H3 TaKHX nepneH

llHK)'Ju:1poe (pHc. 81). Tor.na yron AMB- npHMOH. AHaJIOfH':IHO npSI

MblM 6y.n.eT H mo6oiLnpyroif yron AMB, nonyqa10um:Hcsr.npH npoeK

THpoBaHHH TO'IKH A Ha npHMhle, npoxo.Wlll.lHe qepe3 TO'IKY B. 
c .n.pyroH CTOpOHbI, H3BeCTHO, ':!TO reoMe1J>H'feCKHM MecTOM TO

'leK M, H3 KoTOpbIX 3a.n;aHHblH OTpe30K AB BHJJ.eH no.n, npJ1MhIM yr
noM, HBJ1J1eTC11 OKp)')KHOCTb, npoxo.nHll.laJI qepe3 TO\IKH A H B H HMe-

1011.laJI OTpe30K AB CBOliM .n.HaMeTpoM. TaKHM o6paJOM, :JiCKOMWM reo
MeTpH':leCKHM MeCTOM TO':leK HBJIJleTCH OKP)')KH-OCTb c .zmaMeypoM AB. 

3aAa'la 2. Hafunu zeoMempu"tecKOe Mecmo. ~o"teK 11.11ocKpcmu, cUM
Mempu"IHblX oannoii mo111ee A omnocumeAbHO. npoU3BQ/lbHou npJWoii, npo
xoORU(eii "tepe3 oanny10 mo"IKY B. 

Pe111e1111e. QqeeH.n;Ho, 'ITO caMa TO'IKa A npHtta.nnexmT HCKOMOMY 

reoMeTpH'IecKOMY Meczy. )leHCTBHTeJibHO, ecJIH IlpJIMaJI, npOXOM

UJ.Wl qepe3 TO'IK)' B, Bb16patta TaK, 'ITO OHa npoXO.lJ.Hl' H .'1epe3 TO'IKY 
A, TO CHMMCTpHqHaH TO'IKe A OTHOCHTeJibHO noii np»Moii TO':!Ka A' 
coena.naeT c TO'IKOii A (puc. 82). · 

IlycTb TO'IKa M - TO':IKa, CHMMeTpH'tHaJI T~"e A OTHocureJILHO 
npoH3BOJibHoii npnMo:H, npoxo,ll,H~eii qepe3 ro~ B. Tor.na o'IeBHJJ.

Ho, 'ITO BA= BM. 3-ro 03Ha'laeT, 'JTO TO':!Ka M nexm:r ttanKp)')KHOCTH 
c ueHTpOM e TO':!Ke B u pa.nuycoM BA. TaKHM o6pa30M, Heo6xo.n.11-
MbIM ycnoeHeM, ':ITOObI TO'IK3 M npHHa.nnexami HCKQMoM}r fCOMeT
PH'lecKoMy Meczy roqeK, HBm:leTCH ycnoeue npntta;u.neXHOCTH ee yKa-
3aHHOH OKPYXHOCTH. 

IloKIDKeM Tenepb, 'ITO n106aH TO':IKa oKpyxttocTH c ueHTpOM B TO':l

Ke B H pa.n.uycoM BA nputta.nnexmT HCKOMOMY reoMeTpH'lecKoMy MecTY. 

____ .,,.,. 
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IlyCTb M - npoH.lBOJibHrul roqKa TMCOH oKpyx<HOCTH. ITpoBCJJ.eM K 

xopJJ.e MA cpC.IJ.HHHhlii nepneHJJ.HicyJUip, Korophlif, oqeBHJJ.HO, npoxo

JJ.HT qepe3 uemp oKp)')l(HOCTH, roqKY B. Tor.n;a TO'lKH M H A oKa3bIBa

IOTca CHMMCTPH'IHblMH OTHOCHTeJlbHO 3TOH npHMOH, 'fl'() 11 .llOKa3bIBaeT 

BF.dCKa3aHHoe yreepJK.11:eH11e. 

TaKHM o6pa30M, reoMeTpH'leCKHM MecroM To'leK lIROCKOCTH, 

CHMMeT{>H'IHbIX .llaHHOH TO'IKe A OTHOCHTellbHO npOH3BOJibHOH npH

MOH, npoXO.ll)Ill.l,eH qepe3 .ll.PYJYIO D.aHHYIO TO'IKY B, HBJUICTCH OKpyx<

HOCTb c ueHTpoM B TOIJKe B H pan;HycoM BA. 
311J1.a'la 3. Ha n11oc1eocmu iJaHbl oBa ompe31ea AB u CD. Haiimu 2eo

Mempu'fec1eoe Mecmo cepeiJuH ompe31eoe, y 1eomopb1X oiJuH KOneu. AeJ1Cum 
Ha ompe31Ce AB, a opy20ii - Ha ompe3Ke CD. 

Pemeuae. ·pa.ccMOTpHM no.ztMHO)l{ecTBo OTpe3KOB, coeJJ.l1HHIOll.l,HX 

TO'IKH orpe3KOB AB H CD, Ta.Koe, qro O.n;HH KoHeu 3THx OTPe3KOB 

ttaxoJJ.HTCH B TO'lKe A, a .ztpyroii - B 1uo6oii TO'IKe OTpe3Ka CD 
(p11C. 83). 

3ro MHO)l{eCTBO npl1H3,llJie)l{HT nyqKY nyqeii, HCXOJJ.Hll.l,HX H3 TO'i

KH A, H orpaHH'leHHO oTpe3KaMH AC H AD. 0'1eBH.ll.HO, \ffO cepe.n.H

HbI 3THX OJ1>e3KOB o6pa3yIOT 0Tpe30K KL. JIM.HIOII.l,HHCH cpeJJ.Heii 

JIHHHeii MCD, napaJIJieJibHbIH CD 11 paBHbIH 

no .IUIHHe 1/2 · CD. 
AHanorfflIHO, OTpe30K MN CJlyx<HT MHO

)l{CCTBOM cepe.nHH OTPe3KOB, HaliHHaIOW,HX"'

¥{,~il-/--l:iolN cH e TO'IKe B 0Tpe3Ka AB 11 0KaH'lHBa10w.11xcH 

B TO'lKax oTpe3.Ka CD, npH'leM MNll CD H 

MN=l/2· CD. 
IlycTb E - npoH3BOJibHaJI TO'lKa OTpe3Ka 

AB. PaCCMD'fPHM cepe.ll.HHhl OTpe3KOB, Hcxo-

PHc. 83 . JJ.HW.HX 113 TO'IKl1 E 11 OKaH'arna10w.11xcH B TO'l-

KaX oTpe3Ka CD. OttH o6pa3yIOT oTpe30K PQ, JIBmIIOW.HMCH cpe.n.tte:M: 

n11tt11eii llECD, napaJIJieJihHbIH CD H paettblii no .IUIHHe, KaK H npe

.llbl.ll.YW.He oTpe3KH, 1/2 · CD. 
IloKIDKeM, 'ITO TO'lKH P H Q npHHa.Jl)IC)JGlT mpe3KaM KM H LN 

COOTBeTCTBeHHO .•. lleiiCTBl1TeJlbHO, TO'lKa p HBJIHeTCH cepeJJ.HHOH OJJ.

HOfO 113 0Tpe3KOJJ, HCXOJ].Hll.l,HX 113 TO'lK11 C 11 OKaH'il1BaIOlll.11XCH B 

TO'IKax oTpe3Ka AB. Cne.u,oeareJILHO, 3Ta TO'lKa rrptttta.Jl)Ie){(:HT cpe.n:

tteii JIHH1111 KM TPeyroJibH11Ka CAB, KOTOpa.H napaJIJieJibHa AB H pae

tta no .IUI11He 1/2 ·AB. AHaJiom'IHO noK33bIBaeTCH, 'ITO TO'IKa Q np11- ' 

Ha.zlJie)l(HT OTPeJKY LN, KoTOphIH TaIOKe napaJIJieneH AB H paseH no 

Jl)ll1He 1/2 ·AB. 
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TaKHM o6pa3oM, ct>nrypa KLMN- napa.TIJle.norpaMM co cropomlMH, 

napa.TUie.ni>HblMH o-rpe3KaM AB H CD H MHHaMH cropoH, paaHblMH 

IlOJIOBHHa.M MHH 3THX 0Tpe3KOB. f eoMerpH'IecKHM MeCTOM cepe.ll,HH OT

pe3KOB, Ha\fHHaIOmHxCH B To\fKax oTpe3Ka AB H · 0KaH\fHBa10mHXcH B 

TotIKax OTpe3Ka CD, HBJIHeTcH MH§eCTBo To\feK, nexamnx BHYTPH 

HJI.H Ha rpaHHUe 3TOro napaJJJ1e.norpa Ma, 

3aMeTHM, 'ITO MCTOD. perneHHH 311 H 3a,na\fH IIOKa3WBaeT, 'ITO HH 

on.Ha H3 TO\feK, Jie)l(amrui BHe nap enorpaMMa KLMN, He MoxeT 

6bITb cepe.ZUIHOH KaKOf0-JIH6o H3 paccMaTpHBaeMblX 0Tpe3KOB. 

Me'l'O.D. KoopinreaT 
Bo MHOfHx CJiyqruix MH OTbICKamrn reoMCTpHttecKHX MCCT TO'ICK 

y11,o6Ho HcnOJih30BaTh MeTO.ll KoopnHHaT. HanoMHHM ocHoBHhle ·no

noxeHHH 3roro Merona. 

IlpRMoyroJihHhIMH neKaproBhlMH KOOP.llHHaTaMH TO\fKH Ha TIJIOCKo

cTH Ha3hIBaIOTCSI KOop.wrnaThl npoeK~HH 3TOH TO\fKH Ha OCH KOOP.llH

HaT. Me)l(Jly TO\fKaMH M TIJIOCKOCTH H napaMH 'IHCe.n (x, y) cymecTByeT 

B3aHMHO O.ll,H03Ha\fHOe COOTBeTCTBHe, T.e. COOTBCTcTBHe, npH KOTOpoM 

Ka)l(JlOH TO\fKe coomeTCTByeT 0.llHa napa \fHCCJI H Ka)l(JlOH nape \fHCeJI 

COOTBCTCTByeT HCKOTopast TO'IKa IlJIOCKOCTH, npH\feM pa3HblM TO'IKaM 

coomercmyioT paJHble napbI. 3anHChIBaIOT 3TO TaK: M (x, y). 
EcJIH 'IHCJia x H y npOH3BOJlbHO MCHHIOTCSI OT 0 no oo, TO COOTBCT

CTBYIOlllruI TOtIKa M MoXeT 11e)l(aTb B JIIOOOM Mecre nnocKOCTH. Ecim 

xe TO'IKH TaKOBbl, \fTO Me)l(Jly HX KOopn1tHaTaMH cyru.ecTBYeT onpe

neneHHOe COOTHOlllCHHC, TO OHH nexaT He npoH3BOJlbHO, a o6pa3y

IOT Ha IIJIOCKOCTH HeKOTOpoe MHO)l(CCTBO. HanpHMep, COBOKYfiHOCTb 

TO'leK M (x' y), y KOTOPhIX x > 0 H y > 0, o6pa3yIOT «rrepBblH KBa.ll,

paHT», HJIH «nepByIO qeTBepTb» IlJIOCKOCTH; TO'lKH, y KOTOpblX x < 0, 
y > 0, JIC)J(aT BO «BTOpoM KBa,n;paH'fe»; COBOKYflHOCTb TO'ICK, KOOp.ll,HHa

Tbl KoTOPhIX CBH3aHbI ttepaBeHCTBoM x2 +I ~ R2
, npeJJ.CTaBJIHeT co6oif 

Kpyr c panHyCOM R H UCHTpOM B Haqane KOOp.ll,HHaT; COBOKYilHOCTb 

To'leK, KoopnnHaTb1 KOTOPhIX ynoBJieTBOpHIOT ypasHeHHIO x = y, HBJIH

eTCH 6HCCeKTpHCOH nepBoro H TpeTbero KBa.ll,paHTOB H T . .n. 
KsanpaT paccToRHHH d Me)l(Jly .llBYMJI To\fKaMH A(x1, y1) H B(x2, y2) 

Bblp3)l(aeTCH qepe3 KOOp.D,MHaTbI 3TMX TO'leK cl>oPMYJIOH: 

d 2 = (X1 -x2)2 + (yl - Y2)2. 

Cepen1rna OTpe3Ka AB HMeeT np11 3ToM KoopnHHaTbI 1/2 · (x1 + x 2); 

1/2 . <Y1 + Y2). 

0rhlCKaHHe reoMeTpH\feCKHX MeCT c IlOMOlll,blO MeTo,na Koop,D;HHaT 

yn.o6Ho, IlOTOMY 'ITO Ka)l(Jloe CBOijCTBO, KOTopoe Bbl.ll,CJIHCT reoMeTpH-
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qecKoe MecTO ToqeK, anre6pa11qecKH BblpruKaerCH OllHHM HJIH HCCKOJlb

KHMH COOTHOWeHHHMH Me::KJlY KOOp,rutHaTilMH roqeK, npHHWiexcaw.HX 

3TOM)' reOMtrrpHqecKOMY MeC'fY. c JlPyrOH CTOpoHbl, BCHKoe COOTHOllle

HHe (HJIK CHCreMa coornoweHHH) Me)l{,l(y KOOP.llHHaTaMH x H y roqeK 

nJIOCKOCTH onpe)le.TlSllOT MHOXecTBo, KOTOpoe MO)l(HO paccMaTpHBaTb 

KaK reoMcrrpuqecKoe Mecro roqeK, o6Ha.muolllHX caoH:cTBOM, Bbipaxrae

MbIM 3THM COOTHOllieHHCM. 

JlnH HJUIIOCTpamm CKa3aHHOf0 paCCMOTpHM HecKOJlbKO 3a,naq. 

3a.Aan.4. KaKUM coomHoweHue.M MexOy Koopikmama.Mu mQlfeK, 06-
pa3y10w,ux oKpyxnocmb c u,enmpoM B mo11Ke 0 u paiJuyct>M R, 3anucbl
eaemCJ1 3mo zeo.Mempu11eacoe Mecmo? 

· PemeH11e. Bse.lleM CHCTeMy KOOP.llHHaT TaK, qro roqKR 0 nOJiyqHT 

koop,llHHaTbI (41, y0). fiycTb M (x, y) - npoH3BOJihHWI roqKa oKp)')K

HOCTH. Tor.ua paccTOHHHe OM paatto R. HMeeM: 

d2= OM2= (x-41)2+ (y-yo)2. 

IlocKOJibKY e pa<;<:MaTpHBaeMOM CJiy'lae d = R npH JII06b1x x u y, TO 

KOOP.llHHaTbI roqeK OJCP}l)l(HOCTH .llOJDKHbI Y.llOBlleTBOpsrrb coomollleHHIO 

(x -Xo)2 + (y- Yo)2 = R2, 

KOTOpoe H npe.ncTaB11HeT co6oif KOOp,llHHaTttylO 3ailHCb J(aHHOfO reo

MeTpHqCCK-OfO MCCTa roqeK. 3-ro COOTHOWeHHe Ha3bPJaeTCH «ypaRelBI-

. eM OKpy.lKllOCTB• c u,empoM B roqKe O(.xo, y0) 

y H pa,aHYCOM R. 
~---M(x,y) 3a,1Ul'la 5. Ha 11.llOCKocmu dDHbl iJ6e mQlflCU 

A u B. Haiimu zeOMempu'leCKoe Mecmo mo-
11eK, paccmoanue om KaJICiJou u3 KOmopwx 0o x 
mo111Cu A B k pa3 6o.a&we, 'leM paccmoanue oo 
moitKu B. 

Peme1111e. Bse.lleM Ha ruJOCKOCTH CHCTeMY 
PHc.84 

npHMOYfOJibHblX KOOp,llHHaT TaK, qro6bl roq

KH A 11 B neX<anH Ha OC,H · a6cuHcc, a ttaqano KO-OP.llHffilT, TOqKa 0, 
HaxO,llHJIOCb B ueHTpeOTpe3KaAB(pHC. 84). EcJIH o6o3HaqHTb npH 3TOM 

JlJIHHy OTpe3Ka AB qepe3 2a, ro roqKH A H B nonyqaT KOOP.ll.HHaTbI: 

A(-a, 0), B(a, 0). 
OycTb M (x, y) - npoH3BOJibHaH TOqKa, npHHaJlJle)l(3.ll.l,WI HCKO

MOMY reoMeTpHqecKoMy Meczy. Tor.n;a 

MA2 = (x+ a)2 + y2, 

MB 2= (x-a)2 + Y. 
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H COOTHorneHHe, onpe.nemnow.ee reoMeiiJHqecKoe MecTO TOqeK, HMeeT 

BH.11.: 

(x + a)2 + Y2 - k2 
(x-a)2 + y2 -

IDIH 6o.nee rrpocro : 

r(k2- l) + y(k2 - 1) - 2xa(k2 + 1) = a2 (1 - k2). 
ECJIH k= 1, TO OTCIO.Ila CJie.nyeT, qro x=O. 3TO IlOKa3~eT, qTO 

reoMeTpH'leCKHM MeCTOM TO'leK, paBHoy.naneHHhIX (k= I) T TOqeK 

AH B, SIBJUieTCSI cpe.nHHhIH nepneH.11.HKyJISIP K oTpeJKy AB och op.nH

mlT. 
EcJIH k * I, TO MO)l{HO pa3.11.eJIHTb o6e qacTH ypaBHeHHSl Ha. k 2 - 1. 

IlonyqHM: 

2 k 2 +1 2 2 x -2xa--+y =-a. 
k 2 -1 

,llorroJIHSISI nep8ble .11.Ba llJieHa Jiesou l£aCTH 3TOro ypalmeHHSI .no 

noJIHoro KB3,llpaTa pa3HOCTH .nsyx l£HceJI, neperrHllleM ero e CJie.nyro

w.eM BH.11.e: 

[
x _ a k: + l )

2 

+ Y2 = ( ~ak )
2

• 
k -1 k -l 

3ro ypaettemrn OIIHCbIBaeT OKp}')l{HOCTb c ueHTpOM B TO'IKe 01: 

01 a-2-, 0 
( 

k2+1 ) 
k -1 

H pamiycoM R=2ak/(k2- 1). 
IloJiyqeHHYIO OKp~oCTb HaJbrna10T •01cpyJ1C1tocmblO AnoMoHUR». 

Otta npe.nCTawrneT reoMeTpHqecKoe MecTo TO'leK, pacCTOSIHIDI OT 

KOTOpblX .llO .Ll,Byx 3a,ll3HHhIX TO'leK IIJIOCKOCTH OTHOCHTCSI KaK k. 0K

py)((HOCTb AnoJUIOHHSI JierKo nocTpOHTh, npHHHe eo BHHMamte, qTO 

ee ueHTp JIC)f(HT Ha npHMOM, npoXO,l.Ullll,CM qepe3 33.IlaHHhle TOlfKH, a 

caMa OKp)')KHOCTh .ll,eJIHT OTpe30K Me)f(JJ.y HHMH BHyrpeHHHM H BHe

lllHHM o6pa30M Ha qacTH B OTHOllICHHH k : I. 
3amt'l8 6. ,D,aHbl 0Kpyx1tocmb u moitKa A BHe ee. Haumu zeoMempu

itecK.Oe Mecmo cepeiJuH ompe1K06 AB, ziJe B - npOU360llbHOJl moitKa 
iJa1t1toii OKJJYJtCHOcmu. 
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Pemeuue. TiycTb M (x, y) - npoH3BOJibHruJ. ToqKa, npHHanJie)(<amrui. 

reoMeTp11qecK0My MeCTY ToqeK. Haqano CHCTeMbI KOOPJJ.HHaT YJJ.06Ho 

BhI6paTb B ll,eHTpe 01 OKpy)f(HOCTM, a OCh a6cll,HCC HanpaBHTh B,UOJlb 

npHMOH, npoxoMmeii qepe3 Toq1<w 0 1 "A TaK, qrn 0 1(0, 0), A(a, 0), 
rJJ.e a - paccTOHHHe OT rnqKH A JJ.O ll,eHTpa OKp~HOCTH (pwc. 85). 

TiycTh B(x1, y1) - npott3BOJihHM ToqKa oKp~ocTH TaKM, 'ITO 

ToqKa M HBJI51eTc51 cepeJJ.HHOH oTpe3Ka AB. qHCJia x1 u y 1 CBH3aHbI 

Me)l(JJ.y co6o:H ypastteHHeM oKpy)((HOCTH x 1
2 + y 1

2 = R?, r)J.e R1 - pa

JJ.HYC 3TOH OKPY)l(HOCTH. TIOCKOJibKY x = l/2(x1 +a) H y = 1/2 . Y1' TO 

HaxO,U.HM COOTHOUieHHe Me)l(JJ.y KOOp,ll.HHaTaMH TOqKH M: 

3To ypastteHue TaK)f(e npeJJ.cTarurneT oKpy)f(HOCTh. Ee ll,eHTp ttaxo

JJ.HTCH B TOY:Ke 02(a/2, 0), a PaJJ.HYC R2 paneH 1/2 · R1• TaKHM o6pa30M, 

HCKOMOe reOMeTpH'leCKOe MeCTo ToqeK HatiJJ.eHO. 3aMeTHM, qTO OK

P~HOCTh 02 noJiyqaeTcH H3 JJ.attttoti oKpy)l(HOCTH npeo6pa30BaHHeM 

TIOJJ.06m1 c ll,eHTpOM B TOY:Ke AH K03cl>qmu,tteHTOM IlOJJ.06HH 1/2. 
3a,zui11a 7. Haiimu zeoMempuztecKoe Mecmo mozteK, paenoyoaJ1eHHbJX 

om 3aoannoii npRMoii u oan1wii moztKu, AeJJCaw.eu ene :Jmoii npRMoii. 
Pemeuue. TipuMeM 3aJJ.aHHyro npHMyro 3a ocb a6cll,ttcc, a ocb op

,u.uttaT HanpaBHM TaK, 'IT06bI OHa npOXOJlHJia qepe3 3aJJ.aHHYIO TOqKY 

(Ha3oBeM ee F). To'IKa F HMeeT KOOPJlHHaTbI 0 u d, rJJ.e d - paccTO

HHHe OT TO'IKH F JlO np51MOH (pHC. 86). 

y 

A(a,O) x 

PMc. 85 
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IlycTb M (x, y) - npou3BORbHaa TO'iKa MC.KOMOro reoMeTpH'lecKoro 
Mecra. Tor.ua 

MF= J x 2 + (y - d)2
, 

MA =IYI 
u 'IHCJia x u y y.11.oBJieTBop.moT ypaBHeHHIO 

IlocJie npeo6pa3oBattttif u ynpomeHHM nonyquM ypmmenn:e napa6o-
Rbl 

I 2 d 
y=-X +-

2d 2 

TaKHM o6pa3oM, ttCKOMbIM reoMerpw1ecKHM MeCTOM TO'leK jjBJIH
eTcH napa6ona, HanpaBJieHHaH BeTBHMH BBepx M )l.eJIHlUaSI OTpe30K 
OFnononaM. · 

YKa3aHHbie B onpe)l.eJiemrn reoMerpwi:ecKoro MeCTa npHMaH u 
TO'IKa HOCSIT Ha3Ba.HIDI Jl.HPeJ(Tp.HCLI napa6.oJibl H tlM>KYCa napa60Jibl, 
COOTBeTCTBeHHO. 

33,11,aqa 8. Ila f1JlOCICOCmu aall.bl, iJee mO'tlCU Fi u Fi. paccmO.HHUe MeJtCay 
Komopbl.MU pae110 2/ Ilaiimu 2e0Mempu11ec1Coe Mecmo mo'teK, cyMMa 
paccmoJIHuii om KaJ1Caoii u3 KomopblX iJo motteK F1 u F2 paena oiJHoMy u 
moMy J1Ce 'tUCJlY 2a(a > j). 

Pemeeue. BBeJJ.eM CHCreMy KOOP.9.HHaT TaKHM o6pa30M, 'iT06hI ocb 
a6CI1HCC npoxo.zurna qepe3 TO'IKH F1 H F2, npu.qeM Ha'iaJIO KOOP.llH
ttaT HaxO.lJ.HJIOCb 6b1 B cepe.n.uHe orpe3Ka F1F2 (puc. 87). HMeeM: F1(-f, 0), 
F2(f, 0). 

TiycTb M (x, y) - npott3BOJibHaH TO'IKa, rrpuHa,!l)le)l(amaH reo
Me'fP1P1ecKOMY MecTY. TorJJ.a 

y 

0 

PHc. 86 

x 

PHC. 87 
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MF12=(x+f)2+ y, 

MF,/= (x-/)2 + y 
H CBOHCTBO TO'leK, npHHazI)le)l(all.lHX reOMeTpH'leCKOMY MecTY' 3ailHCbl

BaeTCH B BH,lle ypaBHeHHH 

Tipeo6pa3yeM 3TO ypaBHeHHe: 

J<x + /)2 + y2 = 2a - J<x - /)2 + y2, 

a2 - xf = aJ(x - /)2 + y 2 , 

Pa3,aeJIHB o6e 'lacTH ypaBHeHHH Ha ero npaByio qacTh, HMeeM: 

x2 y2 
-2+ 2 2=1 
a a -f 

H, H3KOHeu, o603H3'1HB pa3HOCTb a2-f2 
qepe3 b2, IlOJIY'IHM: 

x2 Y2 
-+-=l a2 b2 . 

KpHBaH c TaKHM ypaBHeHHeM Ha3bIBaeTcH 3.llJDlllCOM, a 'IHCJia a H b 
- ero nonyocHMH (pHc. 87). EcJm nooqepe,atto nonaraTb B ypaBHeHHH 

x = 0 H y = 0, TO MO)l(HO BH.lleTb, qTo TO'IKH A H B HMeIOT KOOp.llHH3TbI 

(a, 0) H (0, b), cooTBeTCTBeHHO, T.e . .llJIHHbl OTpe3KOB AO H BO paBHbl 

a H b, COOTBeTCTBeHHO. 

To'IKH F1 H F2 Ha3bIBaIOTCH «<l>OKYCaMH» 3JIJIHnca, TO'IKa 0 - «ueH

TPOM» 3JDnmca, a TO'IKH AH B- «eepUIHHaMH» 3JIJIHnca. OcH OXH OY 
CJ1yx3T OCHMH CHMMeTpHH 3JIJIHnca. 

EcnH f = 0, T.e, TO'IKH F1 H F2 c0Bna,aa10T, TO .llJIHHbl nonyoceH: 

3Jl.JIHnca paBHhI Me)l(.lly co6oH: (a= b = R), H ypaBHeHHe 3Jl.JIHnca nepe

XO.llHT B ypaBHeHHe OKpyxHOCTH C UeHTpOM B Ha'laJie KOOp,ll,HHaT: 

x2 Y2 
- + - = 1 x2 + y2 = R2. R2 R2 , 
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BenH'IHHa £=fl a, . xapaKTepH3YIOlllWI oTHocHrem.ttoe yJl)IHHeHHe 

3JIJIHnca, HaJbl.BaeTCSI ero «3Kc~enmpucumemoM». °'1eBH.llHO, £ < L )l.rul 
OKP)')KHOCTH £ = 0. 

3aA&•a 9. Ha nt1ocKocmu iJanw iJBe 
mo11Ku F1 u Fi, paccm01mue Me:JICiJy KO
mopblMu paBHO 2/ Haumu ze0Mempu11ec
Koe Mecmo mo11eK, iJAa Komopblx pa3nocmb 

y 

paccmoanuii (83amaa no MoiJyA10) iJo .mo- £.(-/,0 "...,k:::,_-+::...._~,: 
11eK F1 u Fi ecmb nocmoJ1Hnaa BeAU'IUHa, 
pasnaa 2a(a <j). 

Pe11149111e. Bee.lleM CHCTeMY KOOP.llHHaT PHc.88 

TaKHM o6paJoM, 'IT06hl ocb a6cuHcc npoxo,llHJla qepe3 TO'IKH F1 H 

Fi, npH'ieM Haqano KOOP.llHHaT HaxO.llHJIOCb 6bl e cepe.nHHe OTJ>e3Ka 

F1Fi (pHC. 88). 
HMeeM: F1 (-/, 0). Fi<J. 0). 
IlyCTb M (x, y) - npOH380JlbHCUI TO'IKa, npHHaJl)le:>KalJ.lruI HCKOMO

MY reoMeTpH'ieCKOMY Mecry. Tor.na 

MF1i = (x+f)i + y, 
MFl = (x-f)i + y. 

CeoAcreo TO'leK, BXOD.HlllHX e reoMe'J'PH1:1ecKoe Mecro, JartHCblBaeT

cH CJle.llyJOIJ.lHM o6pa30M: 

IloCJie ynpomettMH, attanom'IHblX npe.llbl.llYIUeH 33,!la'le~ nonyqHM 

jpaBHeHHe 

x2 y2 
;;r - I 2 - a2 = I. 

IlocKOJlbxy />a, TO pa3HOCTb/2 - ai MO:>KHO o6o3H3'1HTb qepe3 b2. 
0KOH'l3Te.1IbHO HMeeM: . 

x2 Y2 
---=1 a2 b2 . 

KpMBCUI c'Tal<HM ypaetteHJ.teM Ha3btBaeTCg «nmepfio.noi•. IlpH YKa-
3aHHOM Bb16ope CHCTeMbl KOOp.l(HHaT OCH KOOp,llHHaT HBJIHJOTC$1 OC.H-
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MH CHMMel'pHH runep60Jlbl, a Ha'laJIO KOOP.ll.HHaT - ee uempoM CHM

Me1'pHH. ToqKa F1 u F2 Ha3hIBaIOTCH <«P<>KYCaMH» rHnep6oJibI. 

fHnep6ona nepeceKaeT O.ll.HY HJ cBoeu oceu; roqKH nepece':leHHH 

Ha3bIBalOTCSI «BepIIIHHaMH» rHnep60Jibl. flpaMoyroJibHHK co cropo

HaMH 2a H 2b, pacnOJIO)l{eHHblH CHMMe1'pH':IHO .OTHOCHTeJibHO oceU' 

rttnep6oJibl H KaCaIOll.l,HHCH ee B BeplllHHax, Ha3bIBaeTCH «OCHOBHbIM 

npaMOYfOJlbHHKOM mnep60Jibl». ,UnaroHaJIH OCHOBHOro npHMOYfOJib

HHKa HBJIHIOTCH «aCHMilTOTaMH runep60Jibl». 

qHCJIO £ = J/a Ha3bIBaeTCH «3.KCO:em'pRCHTeTOM» runep60Jibl. Qqe

BHD.HO, e > 1. Ecnu a= b, TO ypaBHem1e runep60Jibl HMeeT BH.ll. 

x? - y2 = a2
• TaKaH mnep6ona HaJbmaeTCH paBttocTopoHHeu. Ecn11 ocu 

KOOP.ll.HHaT ox H 0 y noBepHy:I'b Ha 45· BOKpyr Ha':lana KOop.n.1maT' TO B 

HOBbIX OCHX ypaBttemrn rurrep60Jibl 6y.ueT HMeTb rrpHBbI'lHblH BMD.: 

xy = k, r.zi.e k = a2 /2, Bblp3)1{al0ll.l,HH o6paTHYIO nponopU,HOHaJlbHOCTb 

.UBYX BeJJH'iHH. Mo)l(Ho IIOKaJaTb, ':ITO rpaQlHK Juo6ow runep60J1bI no

JiyqaeTC» H3 rpaQ.>HK.a o6paTHOH nponopll,IJOHa.JlbHOCTH JI.Byx BeJIH':IHH 

nyreM paCT5I)l{eHHH HJIH C)l{aTifH KOOp.lI.HHaTHb!X OCCU H IlapaJIJieJibHOfO 

nepeHoca B TY HJIH HHYJO TO'IKY IlJIOCKOCTH. 

flocne.uHHe 3aJW1IH 3Toro naparpa<jla noKaJaJIH, 'ITO reoMeTpH'!ec

KHe CBOHCTBa <Pnryp H COOTHOWeHHH Me)l()],y HX 3JieMeHTaMH MOryT 

6bITb Bblpa)l{eHhl c IlOMOll.l,blO a.nre6paw1eCKHX ypaBHeHHH Me)l{lly KO

OPD.HHaTaMH. 113yqettue reoMeTPH'leCKHX <Pttryp 3THM cnoco6oM co

CTaBJIHeT npe.a.MeT aHaJIHTH'leCKOH reoMe1'pHH. 

1. Haff:TH reoMeTPH'lecKoe Mecro To'leK, pacCTOHHHH KOTOphrx OT 

CTOpOH D,aHHOfO OC1'p0ro yr.na HMCIOT OJJ:HO H TO )l{C OTHOWeHHe m : n; 
(m < n). 

Omoem: IincceK1'pHCa 3TOro yrna, ecJIH m = n; .a.aa nyqa, Jie)l(all.l,He 

BHYTPH yrna H HCXOD.slll.l,He H3 ero BepIIIHHbI, eCJIH KOCHHYC D,aHHOfO 

yrna 60JibUie, qeM m/n; 'leTblpe .rryqa, HCXO.!J.Hlll,He H3 BepWHHhl .uaHHO

ro yrna, npttroM JI.Ba H3 HMX Jie)l(aT BHYTPH yrna, a JI.Ba .upyme - BHe 

yrna, ecJIH KOCHHyc .uaHHoro yrna MeHbIIIe, lteM m/n. 
2. Halim reoMe"I'pH'!ecKoe Mecro cepe.nnH xop.n., npose.n.eHHbIX B oK

pyxHoCTH qepe3 JJ,aHHYIO BHyrpH Hee TO\IKY. 

Omoem: 0KpyxttOCTb. 

3. HaiiTH reoMeTpH\lecKoe Mecro cepe,llHH xopJJ. OKpYJKHOCTH, o6pa-

30BaHHbIX npHMhIMH, npOXOJI.Hll.l,HMH qepe3 JJ.aHHYIO TO\IKY BHe OKpyx

HOCTH. 



§ 8. I'eoMempu'teCKue Mecma mo'teK u MemoiJ KOopiJunam 119 

01118eln: .llyra OKJJ~OCTH. 

~· Haiim reoMerpwiecKoe MeCTO ToqeK, C)'MMa paccTOHHHH KOTOphIX 
.ll.0 .ll.Byx .ll.aHHbIX nepeceKalOJ.IUIXCH npHMbIX IlOCTOJIHHa. 

Omeem: KoHTyp npHMoyroJihHHKa. 

5. HaiiTH reoMerpHqecKoe MecTO ToqeK, .rum KOTOphrx CYMMa KBM
paTOB pacCTOHHMM OT .ll.Byx .ll.aHHbIX ToqeK eCTh BeJIHqHHa IlOCTOHHHaH. 

Omemn: 0Kpy)l{HOCTh c uettTpOM B cepe.ll.HHe oTpe3Ka Me)IOJ.y .ll.aH
HhIMH roqKaMH. 

6. HaiiTH reoMeTpwiecKoe MecTo ToqeK, AlIH KOTOphIX pa3HOCTh 
KBMpaTOB paccTOHHHM OT .n:ayx .ll.aHHblX TOqeK eCTb BeJIM.'UIHa no
CTOHHHRH. 

OmBem: TiepneHAMKy1rnp K npHMOH, npoxo.n:m~eii qepe3 3MaH
Hbie TOqKH H .n:eJIHU.01.H 0Tpe30K Me)l()ly HHMH 8 onpe)J.eJieHHOM OT
HOllleHHH. 

7. Ha nnocKocm AaH nyq [OX) c sepllIMHoii s TOqKe 0. HaiiTH 
reoMerpmecKoe MecTo ToqeK M, paccTOHHHe KOTophIX .n:o ToqKH 0 
qffcJieHHo paBHO yrny Me)((JI.y nyqaMH [OX) H [OM). 

OmBem: PaJBepTbrnarow;asi:csi: cnttpanb ( «CTIHpanh Apx1rne.n;a» ). 

8. Ha TIJIOCKOCTM .n;aH ny~ [OX) c sepllIHHOH B TOqKe 0. Halim 
reoMerpHqecKoe MeCTO TOqeK M, .wrn KOTOpbIX paccTOSIHHe OT TOqKH 0 
qHcnetttto pastto KOCHttycy yma Me)l{)J;y nyqaMH [OX) H [OM). 

"' OmBem: 0Kp~oCTh. 

9. Ha nnocKocrn .D.aH nyq [OX) c seprnHHOH B ToqKe 0. Ha:HTH 
reoMerpttqecKoe MeCTO TOqeK M, .rum KOTOpbIX paccTOHHHe OT TOqKH 0 
q11c11eHHO paBHO KOC1rnycy yTpOeHHOfO yrna Me)l()ly nyqaMH [OX) H 
[OM). 

OmBem: TpHJIHCTHiK. 

10. Ha TIJIOCKOCTH .n;aH nyq [OX) c seprn11ttoii s TOqKe 0. HattTH 
reoMerpHqecKoe MecTo ToqeK M, Ll)IH KOTOphIX paccTOHHHe OT ToqK11 0 
pastto a(l - cos cp), rne a - MMHa .uattttoro oTpe3Ka, a cp - se1111q1ma 
yrna Me)((JI.y nyqaM~I [OX) H [OM) .. 

OmBem: KpHBaH, HMeJOu..r;RH ¢>opMy cep.n;ua ( «Kap.n:11ott.n.a» ). 
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AHAJIHTll'IECKOA rEOMETPHH 

EcnH Ha IlnOCKOCTH BBeJJ;eHa CHcreMa .n;eKapTOBbIX npHMOyronbHblX 

KOOP.lllfHaT XOY, TO Krut<JJ:aH roqKa M JIJIOCKocrn nOJiyqaeT napy KO

OpJlHHaT (x, y), a JIKX>aH npHMaH MO)l{eT 6bITb 3anucaHa ypaBHCHHCM 

Ax+By+ C=O, (1) 

BblpIDKalOilUIM JIHHCHHYJO CBH3b Me)l(Jly KOOPJlHHaTilMH COCTilBJUIIOil.UIX 

ee roqeK. 06paTHO, KaX<.II.oe JiHHeHHOe ypaBHeHHe yKa3aHHOro BHJJ.a 

onpe.nemieT npHMYJO Ha nnocKOCTH (npe)lilonaraeTc11, qTo qffcna AH B 
O.n;HOBpeMeHHO He paBHbl ffYJllO ). 

YpaeHeHHe y = kx + b npHMOH nponopUHOHaJibHOii JaBHCHMOCTH 

Me)l(Jly BeJIH'IHHaMH (y- b) H x HBJDleTCR qacTHblM cnyqaeM nepBoro 

ypaBHeHHH, Il03TOMY OHO TaIOKe onpe)lenHeT npHMYIO Ha IlnOCKOCTH. 

BeJiffqHHa k Ha3blBaeTCH yrnoBbIM KO~HUH
eHTOM npRMOH: k = tg a, r.ue a - yron HaKJIO

Hanp.RMOH K ocH a6uHcc; napaMeTp b -Koop

.D.HHarn TOqKH, B KOTOpoH: paCCMRTpHBaeMaH 

__ ....,._...._......,.. __ .,... npRMaH nepeceKaeT OCb OP.UHHaT (pHC; 89). 
0 x C IlOMOIUbIO ypaBHCHH}I y = k:x + b 33IlHCbl-

PHc.89 

BaCTCR He BCHKaH np.HMaH DJIOCKOCTH. IlpHMbie, 

nepneH.ZJ;HK)'JIHpHble OCH a6UHCC, o6pa3YJOT c HeH 

yron a, pa'BHblH rc/2, II031'0My ·,WUI HHX tg a He 

cyiuecTByeT. B TO )Ke BpeMB ypaBHeHHe o6iuero BHJJ.a (I) onpe.n.en.HeT 

JIJ06yIO np»MYIO IlJIOCKOCTH, B TOM qffCJie H BepTHKaJibHYIO. 

Ecnu a:;:. rc/2, TO B:;:. 0 H ypaeHettHe ( l) MO)l{HO rrepenHcaTb B 

cne.n;yioiueM BH,ZJ,e: 

A C 
y=--x--. 

B B 

B 3TOM cnyqae yrnoooii Ko3$cl>HUHeHT onpe.n.eJI.HeTCH ct>opMynoit: 

a napaMeTp b paseH -C/ B. 

A 
k=tga=--, 

B 
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ECJIH a=7t/2, T.e. npHMaH BepTHKa.JibHa, TO B=O. IlocxoJibKY npH 

3TOM A,i:O, TO ypaBHeHJte (1) JJ.aeT X=-C/A, HB.runomeecH ypaBHeHH

eM npHMOH, nepneHJ\HKYJUIPHOH OCH a6nHcC H npoXOJJ.HmeH: qepe3 

TO'IKY c KoopJJ.HHaTOH x=-C/A. TaKHM o6pa3oM, c noMomblo ypas

HeHHH (1) MO)l(HO 3anwcaTb 11106y10 npHMYIO IlJIOCKOCTH, Il03TOMY OHO 

Ha3blBaeTCH «o6114UM ypaeHeHUeM np.R.MOU». 
Ecnii Ha nJIOCKOCTH JJ.atta TO'IKa P(xi. y1,), TO 'lepe3 Hee MO)l(HO 

npoaecTH 6ec'IHCJieHHoe MHO)KeCTBO npHMbIX. YpasHeHHe nI06oif Ta

KOH npHMOH HMeeT BHJJ. 

(2) 

rJJ.e A H B - npoH3BOJihHb1e Ko3<}><}>unueHTbl. JleHCTBHTeJihHO, ypaeHe

HHe (2) - JIHHeifHOe, CJie)lOBaTeJibHO, OHO onpeJJ.eJUleT IlPHMYIO Ha 

nnocxocTH. KpoMe Toro, KOOPJJ.HHaTbl roqKH P, 11Hcna x 1 H y1, y.noB

neTBopHIOT 3TOMY ypaBHeHHIO. 3tta'IHT, npHMaH npoXOJJ.HT '1epe3 .naH

HYIO TO'IKY. EcnH 'faKHe npHMble He napaJIJieJILHbl OCH opJJ.HHaT, ro 

B * 0 H, BBOJJ.H ymoBOH K03qxpHnHeHT k =-A/ B, ypaBHCHHe (2) MOX{

HO 3anHC3Tb B .n:pyrOH c:}>opMe: 

(2') 

EcJIH Ha IlJIOCKOCTH JJ.aHbl JJ.BC TO'IKH P(x1, Y1) H Q(x2j Y2), TO OHH 

onpeJJ.CJIHIOT yxe eJJ.HHCTBCHHYIO npoXOJJ.HmJIO 'ICpe3 HHX IlPHMYIO. 

ECJIH x1 ,i: x 2, T.e. TaKaH npHMaH He BepTHKaJihHa, ro H3 ypaeHeHHH 

(2 ') MOXHO ttaiiTH ee yrJIOBOH K03<l><t>HUHCHT. ,llJuI 3TOro .llOCTilTO'IHO 

IlOJJ.CTaBHTb B ypaBHeHHe npHMOH, npoxoJJ.Hmeif qepe3 TO'IKY p (x1, y,), 
KOOPJJ.HHaTb1 TO'IKH Q. HMeeM: 

H ypaBHCHHe npHMOH, npOXOJJ.Hmeit qepe3 JJ.Be 33,ll3HHble TO':l~ nJIOC

KOCTH p (xi> y,) H Q(x2, Y2). HMeeT BHJJ. 

HJIH 

y-yl = x-x, 
Y2 -y, X2 - X1 

(3) 

Ilpmtep 1. Hanucamb ypaeHeHue npJ1.Moi.i, npo:xoiJJ1114eii 11epe3 mo'IKU 
P(l, 3) u Q(-1, 4). 
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PemeHHe. CornacHo ypaBHemno (3), ttMeeM: 

y-3 x-1 
--=--
4-3 -1-1 

HJIH 

1 7 
Y=-2X+l. 

31y :>Ke 33,[{a'Iy MO:>KHO 6brno 6b1 peunrrb .ll.pyrim cnoco6oM, a HMeHHO 
c IlOMOIIl,bIO BeKTopOB (CM.§ 1). 

IlycTb M (x, y) - npoHJBOJlbHaH TO'!Ka npSIMOH (P, Q). Tor)l.a BeK
TOpbI PM H PQ KOJIJIHHeapttbl. Koop.ll.HHaTbl 3THX seKTopos TaKOBbr: 

PM {x- l; y- 3}, PQ {-1 -1; 4-3}. 

IlocKOJlbKY KOOPJJ.HHaTbl KOJIJIHHeapHblX BeKTOpOB nponopu.tto
HaJlbHbI, HMeeM 

y-3 x-1 
--= ·, 
4-3 (-1)-1 

T.e. npHXO.ll.MM K TOMY )Ke ypaBHeHHIO npHMoii:: y=-0,5x+ 3,5. 
llpHMep 2. Hanucamb ypaBHeHUR npRMblX, R6JIRIOUJ,UXCR cmopoHaMU 

mpeyZOJlbHUKa ABC, 6 KomopoM eepwunbl A, B u C UMe10m KOopouna
mbl A(O, 0), B(l, -2), C(3, 5). 

Pemeuae. Mcnonb3YH ypasHeHHe (3), HMeeM: 

(AB): 
y-0 x-0 . --"----- = -- ~ 2x + y = 0 

-2-0 1-0 ' 

(BC): y - (-2 ) 
5-(-2) 

x-3 
--~ 7x-2y-ll=O· 
3 -1 ' 

(CA): 
y-5 x-3 
-- = -- ~ 5x - 3y = 0. 
0-5 0-3 

llpHMep 3. Hanucamb ypaeHenue MeouaHbl AD mpeyeoAbHUKa ABC, y 
Komopoeo A(O, 0), B(l, -2) u C(3, 5), a moztKa D - cepeouna ompe3-
1Ca BC. 

PemenHe. Koop.n.ttHaTbl cepeuttHbI oTpe3Ka BCttaxo.usrrc» KaK cpe.n.
Hee apmpMeTw-1ecKoe KOOPJJ.HHaT TO<J:eK B tt C: 

1+3 
XD =--=2, 

2 
-2+5 3 

YD=--=-. 
2 2 
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YpaBHeaue npRMOH, npoxoJJ:Rmeii qepe3 TO'IKH A u D, HMeeT BH.n.: 

_y_-_o_ = _x_-_o ==> 3x - 4y = o. 
3/2-0 2-0 

)J.irn reoMeTpH'leCKOH HHTepnpeniuuu K03<Ix1>1-11~HeHTOB A H B, BXO

.ll.Rlll,HX B o6mee ypaBHeHHe npHMOH ( 1 ), paccMOTpHM CJienyIOlll,yIO 33-

JJa'IY. 
33,!Ul"la. Hanucamb ypaoHenue npRMoii, npoxoiJR~eii 'lepe3 iJanuy10 

mo11Ky p (XQ,Yo) nepneHOUKYllRpHO 3aiJaHHOMy BeKmopy ii J KOOpiJunambl 
Komopow {A, B}. · 

PemeHHe. Ilpe)l{lJ;e acero JaMeTHM, 'ITO ycJTOBHe Ja.D.a'IH onpe.nem1eT 

e.n.HHCTBeHHYIO IlP.HMYIO. ,UeHCTBHTCJibHO, qepe3 JJ,aHHYIO TO'IKY B 3a

.IJ,aHHOM Hanpaw1emm (nepneimrucy.IDJPHOM BeK

ropy ii ) MOJKHO npOBCCTH TOJlbKO OJI.HY TIPSl:

M)'IO. 

n{A,B} 

" ' ' P(Xo,Yo) ' 

x 

IlycTb M (x, y) - npoHJBOJibHaH To11Ka 

3TOH npSIMOH (pHC. 90). Tor.n.a aeKTOp PM 
KOJ1HHeapeH 3TOH npSIMOH npH mo6oM IlOJIO

~~-r-~~t=-..,._---1_ 

)l(CHHH T011KH M. Orc10.n.a ciieJJ.yeT, 11To aeK- O ', 
' 

rop PM nepneH.llHKYJISlpeH BeKropy ii c KO- ' 

OPJJ.HHanlMH {A, B}. 
TaK KaK Heo6xo.n.HMblM H .n.ocTaT011HbIM 

PHc. 90 

ycnoBHeM nepneH.llHKYJISipHOCTH BeKTopoB (ii =1:- 0, A 2 + B 2 
=1:- 0) SIB

JISieTCH ycnoBue paBeHcTBa HYJIIO wx CKaJIHpHoro npoH3Be.n.eHHH (cM. 

§ 1.), T.e. YCJIOBHC 

(ii· PM)= 0, 

TO C}'MMa npOH3BeJJ,eHHH KOOP.lJ.HHaT COOTlJCTCmyIO:lll,HX BCKTOpoB paaHa 

HyJIIO. 3aMeTHB, 11TO BCKTOp p M HMeeT KOOp.UHHaTbl {x- XQ, >'.-Yo}' no-

A(x- Xo) + B(y- y0) = 0 
HJIH 

Ax+By+ C=O, 
r.ue 

C = -Ax0 - BYo· 

PeweHHe 3TOH 3a,ua11H noKa3brnaeT, 11TO K03cPcPHUHeHTbI A H B, 
CTOSl:lll,He npH x " y B o6meM ypaBHeHUH npHMOH ( 1 ), MO){(HO TpaICTO

BaTb KaK KOopmrnaTbI BeKTopa, nepneHJJ.HKYJIHpHoro naHHOH npHMOH. 
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n,....,., 4. Hanucamb ypa8Henue npHMOU, npoxoiJaw,eii 11epe3 mO'llCJ' p 
c ICOOpOUHamaMu (-3, 1) nepneHOUICYJIJIPHO 6€/Cmopy ii {2-3}. 

PemeRHe. Cor.11acHo o6meH: <l>opMyJie, raKoe ypaeHeHHe 6y.n.trr HMeTb 

BH,ll: 

2(x+ 3)-3(y- l) ::::0 

2x-3y+9::::0. 

IlpRMep S. Pan mpey2011bHU1C ABC c 6epwunaMu A(l, 3), B(O, 4) u 
C(-1, 2). Hanucamb ypa6nenue 6blCOmbl mpeyzo11bHUKa, onyw,ennoii u3 
6epiuuHbl B Ha cmopoHy AC. 

PemeHBe. QqeeH,llHO, 'ITO eeKTOp AC nepneH,llHicyIDipeH HCKOMOH 

npmtOH. Ero KOOP.llHH3Tbl HaxOMTCst KaK pa.3HOCTH KOOPJlHHaT TO'leK c 
HA, T.e. {-2, -l}; Tor.n.a ypaeHeHHe BblCOTbl 6y.n.eT CJie,llyIOUJ,HM: 

-2(x-O)- l(y-4) = 0 

HJIH 

2x+y-4=0. 

YroJJ MellUJY np&MWMll. EyiJeM Ha3bl6amb YZllOM Me31COy npR.MbLMU mom 
u3 i:J6yx yZJ106 MeJ1Coy 3mUMu npHMbLMU, Komopwii ne npe6ocxoiJum npa
Mozo. 

TiycTb ,llaHbl ,llBe npstMble CBOHMH ypaeHeHHSIMH 

A1x+ B1y+ C1 =0 HA~+ B'])'+ C2 =0. 

TiocKOJlbKY yroJI Me)KJly nepneH,llHKYJISlpHbIMH HM beKTOpaMH 

ii1 {AI> B1} H iii {A2, B2} paeeH no eeJIH'IHHe ymy cp Me:lKJlY caMHMH 

npSIMbIMH HJIH ,llOilOJIIDieT ero ,llO 180°, TO KOCHHYC 3TOf0 yma MOX

HO Bbl'IHCJIHTb qepe3 CKaJIHpHOe npoH3Be,lleHHe BCKTOpoB ii1 H ii1 H 

HX .lVIHHbl (CM.§ l): 

(4) 

r.n.e cpl - BeJIH'IHHa yrna Me)l(Jly BeKTOpaMH ii1 H ii1. 
ECJIH A1A2 + B1B2 > 0, ro yron cp1 - OCTpblH, H yron cp Me)l(Jly 

npSIMbIMH paeeH <91. 

ECJIH A1A2 + B1B2 = 0, To npS1Mhle B33HMHO nepneH.llHKYJIHPHhl, 

«p=90°. 



§ 9. IlpMw~ HQ llJIOCKOCmu. 3Ae.MeHmbl QHQJIUJnll'tl!CICOU zeOMempuu 125 

WH A1A2 + B1B2 < 0, TO yroJI cpl - TYJI-Oit, H <i> = 1t-'P1· 

Ilpi111ep 6. Bbl'IUCJlUmb y2011 MeJICiJy npRMbl.MU, 3QOQHHblMU CBOUMU 
ypaoneHURMU 

3x-4y+ l =0, 

x+y-5=0. 

Pemeuae. JlmI nepeoii npstMOH BeKTOp ii. HMeeT KOOPJI.HHaTbI {3, -4}, 
D.1U1 eropoit - {l, I}. Ilo3TOMY 

H 

I· 3+1 · (-4) Ji 
coscp1 = . = --, J32 + (-4)2 . J12+ 12 IO 

.fi Ii 
cp1= 7t - arccos( - -) = arccos(-) 10 IO . 

IlpMep 7. Ilpu KOKUX 3HO'leHURX napOMempa m npRMble 

.nzx+2y-3=0 

x+ (m- l)y+ I =0 
nepneHOUKyllRpHbl? 

PeJD.eBBe. YcnoBHe nepnett.D.HKYJUlpttocTH rrpHMblx 3aITHCbIBaeTCH 
CJIC.ll}'IOllI.HM o6pa30M: 

A112 +Bi.Bi= 0. 

Ilo3TOMY Heo6XO)l.HMO, qro6bI 

m · l +2(m-1)=0. 

Orc10.n.a HaxO.ZJ.HM, lfTO m = 2/3. 
Ilp&Mep 8. Bb1Becmu yCJ10Bue, Komopo.My OO/lJICHbl yiJo61lem6opamb 

Kro</J<Puu.uenmbl ·npRMblX OllJl mow, 11mo6bl ::Jmu npRMble 6wu napaJl
IU!.llbHbl. 

Pememre . .flmr napaJIJieJibHblX npHMblX I cos cp I = I. Mcnonb3y.11 <l>OP
MYJIY (4) 3TOfO naparpaQ>a .ZJ.JISI KOCHHyca yma Me)l(Jly npHMblMH, 
ITOJl)'\IHM 

(5) 

Ilocne ynpomeHHH HaxOJI.HM HCKOMoe YCJIOBHe: 
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A1Bi.-A2B1=0. 

Ec1m AJ'IH neyx npHMLIX, 3anHcaHHLIX B BHJ~e 

y= k1X+ bl Hy= k].X+ b2, 

(6) 

H3BeCTHbI YfllOBble K03cfJqnni.tteHThl k, H k1, TO yroJI <p Me)K,Lly npffMbl

MH onpeJleruieTCH no cfJopMyJie 

tg <p=l ki-"21. 
l+/<ikz 

(7) 

IlpH3HaKOM napallJieJibHOCTH JlByx IlpHMblX HBJlffe"I:Cff paBeHCTBO HX 

yrnoBbIX K03$c.}>HUHeHroB 

(8) 

IlpH3H3KOM nepneH.llHJcy.IDIPHOCTH .unyx npffMblX jJBJiffeTCff COOTHO

llleHHe 

1 
k1. ·k2 = -1 HJIH k1 = --. 

k1 (9) 

CoOTHomeHHff (7)-(9) MOI)"T 6b1Tb nonyqeHbl H3 o6m;Hx <l>oPMYJI 

(4)-(6), npn11eM COOTHOilleHHe (7) MO)J{CT 6b1Th npeo6pa30BaJf0 K BM.Uy: 

t en=! A1B2 -A2B1 I· (10) 
g T Ai.Ai. + B1B2 

lb Hero, B 'laCTHOCTH, CJie,llyeT yCJIOBHe napanJieJibHOCTH npffMblX 

(6), eCJIH <p IlOJIO)KHTb paBHblM Hymo. 

IlpHMep 9. Hanucamb ypaeueHue npJJMou, npoxoiJRw,eii 'tepe3 mo11Ky 
M (1, 4) napa.MeJlbHO npRMou 2x- 3y+ 5 == 0. 

Pemenee. YpaeHem1e np.JIMOH, npoxo)JJlm;e:iii. qepe3 TO'IKY M (1, 4), 
HMeeTBHJl 

y-4=k(x-1), 

Il03TOMY OCTaeTCff onpe.neJIHTb TOJlbKO YfllOBOH K03cP<l>MUHeHT k. ,lJ.JIH 
napaJIJICJibHhIX IlpffMbIX, cornaCHO <PopMyJie (8), K03$<lmuHeHTbl k1 H 

k2 paeHbl. Cne.noeareJibHO, k = 2/3. J1TaK, y = 2/3(x- l) + 4. 
IlpJDtep 10. Hanucamb ypaeueHUfl npaMblX, npoxoiJRW,UX 'tepe3 mo'IKY 

M (1, -1) noa YZllOM 45° K npRMOU 3x- 2y+ 1=0. 
PemeHHe. O'leBH..UHO, 'ITO TaKHX npffMbIX .u.se. IlocKOJibKY Ka)l{Jlaff 113 

HHX npoXO,IJ,HT qepe3 TO'IKY M; TO HX ypaBHemrn. MO)l(HO 3anJicaTb B 

BH..Ue 
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y+ I= k(x- l). 

BocrroJih3yeMcH <l>opMyJiotl: (7) 11;u1 TaHrettca yrna Me)!(,L(y rrpHMhIMH. 

)l)rn .naHHOH ITPHMOH YfJIOBOH KO~Hl.UieHT paBeH 3/2, 1103TOMY HMeeM 

ypaBttem1e n:.rm orrpeJJ.eJieHHSI k: 

tg 45° =l=I k-312 I· 
1+312·k 

0Tc10aa HaXO.llHM k 1 = -5, k2 = l/5. CneaoBa

TeJibHO, HCKOMbie np.sIMbie HMeIOT ypaBHemrn 

y=-5x+4 Hy=x/5-6/5. 
PaCCTOHHHe OT TO'IKH JJ.O BpSIMOH. Ilycmb 

oaua mo""a P<..:xo, y0) H rrpHMaSI Ax+ By+ C = 0 
(p11c. 91 ). Bbt'IUCJlUmb paccmOJlHUe om oamwu 
moitKU 00 iJanHOU npJlMOU. Plic. 91 

IlocKoJihKY BeKTOp ii c Koop.zumaTilMH {A, B} rreprreHL1.11KyJI.sipett 

.n.attHOH rrpHMOH, TO .ll.JI.sI 110.Ll,Ct.JeTa paCCTOSIHHSI h OT TOqKH p 11.0 rrpsi

MOH .llOCTaTOt.JHO cnpoeKTHPOBaTb BeKTop PM (pHc. 91) Ha ttarrpaBJie

HHe 3Toro rrepneHllHKynsipa. 3n.ecb M (x, y) - npoH3BOJibHasi TOt.JKa 

,WlHHOH npBMOH. 

3aMeTHM, qTO CKaJI5IpHOe rrpoU3BeJJ.em1e JJ.Byx BeKTOpOB ii H e , 
H3 KOTOpbIX BeKTop e - e.LU.fHH\.JHbIH (T.e. HMeeT .ll.JIHHY, paBHYIO 

e.a.attuu:e), paBHO KaK pa3 npoeKU:HH BeKTopa ii tta HanpaBJiett11e 

BeKTOpa e . 
.UeM:CTBHTeJibHO, HMeeM 

(ii e) = I ii II i I cos ae = I ii I cos ae = rrpoeK1.1Jrneii, 

T.K., e l=J. 
E.LIHHH\.JHhIH BeKTOp e IIOJIY\.fHM B JJ.aHHOM CJiyqae 113 BeKTOpa ii , 

pa3JJ.eJIHB ero Ha I ii I, T.e. 

KpoMe Toro, HMeeM PM {x-xo, y-y0}. HaxoJJ.HM paccTO.sIHHe h: 

h =I PM. e I= A(x - Xo) + B(y- Yo) 
JA2 + B2 
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h= AxQ+Byo-(Ax+By) 
~A2+B2 . 

IlocKOJibK)' TOqKa M(x, y) Jie)l(HT tta npHMOH, TO Ax+ By+ C= 0 H 

Ax+ By= -C. 3aMeHHH CYMMY Ax+ By B noCJie.uaeii <t>opMyJie ee Jaaqe

HHeM -C, nonyqaeM ct>opMyny .llJlH paCCTOHHHH OT TOlfKH P(XQ,Yo) .uo 

npHMoii: 

h_I Axo+Byo+C I 
- ~A2+B2 . 

(11) 

Ilp•Mep 11. Haumu paccmo11nue om mo11Ku P(3, 1) iJo npRMou 
3x-4y+2=0. 

PemeHBe. Bocnonb3oBaBlllHCb ct>opMynoH: (11), HMeeM: 

I 3·3-4·1+2 I 7 
h -

JJ2+(-4)2 s· 

Ilp101ep 12. Haumu Bblcomy mpeyi!OflbHUKa ABC, onyUJ,eHHJllO U3 sep
UlUHbl A Ha cmopoHy BC, eCflu A(2, 1), B(-3, 4) u C(l, 1). 

Pemeue. 3anHIUeM caaqana ypaBHeHHe npHMOH BC, npoxo,llJl

w,eif qepe3 .llBe TOlfKH B H C. 11MeeM 

y-4 x-(-3) --=---
1-4 1-(-3) 

HJIH 

3x+4y-7 =0. 

fio <i>oPMYJie ( 11) HaXO,lJ,HM .llJlHHY BblCOTbI TpeYfOJibHHK.a: 

13·2+4·1-71 3 
h= =-

J32 +42 5. 

B:JaHMBOe pacnOJIO.JK~mre npBMWX ea WIOCKOCTH. IlycTb .D.Be npHMble 

WIOCKOCTH 3a,ll.aHhl CBOHMH ypaBHCHH»MH 

A1x+ B1y+ C1 =0, 

A;zX + B:zY + C2 = 0, 

npHlfeM A1
2 + Bl :F 0, Al+ /Ji2 * 0. 

3TH npHMble MOryT nepecCK.aTbCH, 6blTb napaJIJieJibHblMH HJIH co

BfiaJlllTb. ECJIH BblpruKCHHe 
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A= A1B2 -A2B1 * 0, (12) 

TO npJIMble He napanneJibHbl, CJIC.llOBaTeJibHO nepeceUIOTC.R B e.lllfH

CTBCHHOH TO'IKe. 

EcJJH 

(13) 

TO npHMbie Jlll6o nap8JIJleJIMIW, JIWO COBDUBIOT. 

IlocJJe]lHHe cnyqau MO)l(HO OTJIHlJHTb .upyr OT .upyra, npoeepHB, 

paetto HJJH He paeHo HYllIO O.llHO H3 .ueyx BblpaxeHHH A1 = A1 C2 -

- A2 C1 HJJH A2 = B1 C2 - B2 C1. Ec;rn OHH He paeHbl Hynio, TO npHMbie 

napannenbHbI; ecnH )Ke A1=A2 ;,.0, TO npJ1Mb1e coena.uaIOT. 

B Tex CJiytJaJIX, KOf]la COOTBeTCTBYIOl.l.lHC K03<t>cl>HUHeHTbl B. ypae

HeHHHX npHMblX OTJIH'IHbl OT ffYJIA, YCJIOBHe napanneJibHOCTH npH

MblX 03HaqaeT npoCTyIO nponopUHOH8JlbHOCTb 3THX K03<t>cl>HUl{eHTOB 

(13') 

ycnoeue coena.uemrn npHMblX -

(13") 

a ycnoeHe nepece11eHHH npHMblX -

A1 Bi 
A2 * B2. (12') 

IlpHMep 13. K01cue U3 mpex iJaHHblX npRMwx 2x + 3y- 4 = 0, 4x -
- 2y + 1 = 0, 2x + y + 4 = 0' napa.MellbHbl np.RMoii 4x + 2y- 7 = 0? 

Pemene. IlpHMble 2x + y + 4 = 0 H 4x + 2y - 7 = 0 napanneJibHbI, no

CKOJibKY TOJlbKO JlJIH HHX BblplleHHe A== A1B2 -A2B1 paBHO HYJIIO. 

011eBH.llHO TaK)Ke, 'ITO 3TH npj!Mble He coena.uaIOT. . 

IlpHMep 14. llpu ICQICUX 3H0'1eHUHX m np.RMble mx + (m - 1 )y + 2 = 0 u 
3x + ( m - 1 )y + 1 = 0 nepece1ea10mca? 

Pemeeee. Ilo.llC'lHTaeM eblpa)l(eHJrn A=A1B2 -A2B1• HMeeM: 

A= m(m- 1) - 3(m- 1) = (m- 3)(m - 1). OTcio.ua Haxo.uuM, ttTo A~ 0, 
ecnu m ::F 1 H m ::F 3. HMeHHO npu TaKHx m npHMbie nepeceKaIOTCH. 

IlpHMep 1S. llpu 1ea1eux 3HaiteHuax m npHMble mx + 3y + I = 0 u 
(m + 2)x+ 3my+ 2 =0 coenaiJa10m? 

Pemeeee. B cnyqae coena.uettun npHMbIX A= 0. Cne,LJ.oeaTeJibHO, 

Heo6XO,llHMblM ycJIOBHeM coena.ue~HJI npHMbIX SIBJIHeTCH ypaeHeHHe 

s. r80M9Tplm 
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~=m · 3m-3(m+2)=0 
rum 2 ' . 

m -m-2=0. 

OrcIO)la Hax:O,llHM m I = -1, m2 = 2. 
IlpH m =-1 HMeeM .llBa ypaettettm1: -x+ 3y+ l = 0 H x- 3y+ 2 = 0. 

O'ieBH.llHO, 'ITO 3TH npSltd.bie. naparui~h}{bI, ttP l,{e coena.n.a10T. 
IlpH m.= 2 HMeeM: 2x+ 3y+ l =0 H 4x+ 6y+ 2 = 0, T.e. npHMble 

I , ' 

COBIIaJlaIOT. 

1. CTopOHbl -rpeyroJibHHKa ABC 33.llaHbI ypaBHeHHHMH 4x + 3y
- 5= 0, x- 3y+ lO = 0 H x-2 =0. HailTH KOOlJ.llHHaTbI ero oopIIIHH. 

OmBem: (2, -1); (-1, 3); (2, 4). 

2 . .UaHbI ypaenemrn .llByx cropott napannenorpaMMa 8x + 3y + l = 0, 
2x + y- l = 0 n ypasHeHHe O.llttoH: H3 ero .llHarottaneu 3x + 2y + 3 = 0. 
Onpe.llenHTb KOOP.llHHaTbl sepuin:tt 3Toro napaJIJienorpaMMa. 

OmBem: (l, -3); (-2, 5); (5, -9); (8, -17). 

3 . .Uatta rrpsiMaSI 2x + 3y + 4 = 0. CocTaBHTb ypaBttettHe rrpaMoH:, 
npOXO)lSIIIJ;eH: qepe3 TO'iKY p (2, l ): a) napaJIJieJibHO )laHHOH IlPSIMOH:; 
6) nepneH)lHKYJUlpHO )laHHOit npSIMOH. 

OmBem: a) 2x+ 3y- 7 = O; 6) 3x-2y-4 = 0. 

4. ,UattbI sepurnHhI TpeyronbHHKa ABC: A(2, l), B(-1, -1) H C(3, 2). 
CocTaBHTb ypastteHHR ero BbICOT. 

OmBem: 4x+ 3y- 11 = O; x+ y+ 2= O; 3x+ 2y- l3 =0. 

5. CocTaBH~b ypastteime npaMoH:, npoxo)lSlw;eit 'iepe3 TO'IKY P(3,5) 
Ha O.llHHaKOBbIX paccroHHHHX OT TO'ieK A(-7, 3) n B( 11,. -15). 

Omeem: x + y ~ 8 = O; llx-y- is= 0. 

6 . .UattbI ypasHettmi: cTopott l'peyronbHHKa 3x + 4y- I = O; x- 7y- -
I 7 = O; 7 x + y + 31 = o. Bbi'in:cnHTb yrnhl 'fPeYfOllbHHKa n: ;iJ,oKa3aiD, •.J:To 

OH paBHOOeJlPeHHbIH. 

Ome~m:n/4; 1t/4; 1t/2. 

7. CocTaBHTb ypasttemu1 cTopoH TpeyronhHHKa ABC, ecmt )laHbI 
O)lHa 113 ero Bepw1rn. A( l, 3) H ypaBHeHIDJ ,llByx Me.llHaH x - 2y + l = 0 
H y-1 =0. 

Om~em: x+ 2y- 7 =0; x-4y- l =0; x-y+ 2 :;::0. 
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8. JlaHbl eepwHHbl TpeyroJJhHHJ<a: .;.t(-10, -13). B(-2, 3) H C(2, 1). 
BhilJHCJJH'l'b nJIHHY nepnettAHKYJJJtpa, oJ1yiueHHoro HJ eepllIHHbI B Ha 
Me.IJ.HaHy, npoee.neHHy10 HJ eeplllHHbl C. 1 

Omeem: 4. 

9. CocTaBHTb ypaetteHHSI npSIMblX, napaJJ.lleJlhHbIX npHMOH 3x- 4y
- IO= 0 H OTCTOSllUHX OT Hee Ha pacCTOSJHHe d = 3. 

Omeem: 3x - 4y - 25 = O; 3x - 4y + 5 = 0. 

10. CocraeHTb ypaettemrn npHMhIX, KOTopble npoxo,w1T qepe3 Tot1-

KY P(2, -1) .H BMCCTe c npHMblMH ~x - y + 5 = 0 H 3x + 6y,... l = 0 06-:
pa3y10T paBH06eJJ,peHHble Tp€;YfOJlbHHKH. . 

Omeem: x-3y- 5 = O; 3x+ y- 5 = 0. 
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3a.n.a•rn Ha nocTpOeHHe - 3TO 3a.n,aqH, B KOTOpblX c flOMOIUbIO 

UHPKYJHI H JIHHeHKH Tpe6yeTCSI BblilOJIHHTb TO HJIH HHOe IlOCTpoe

Htte, HJo6pa3HB onpe.ueneHHYIO teoMeTpH'!eCKYIO qmrypy no ee 

3a.n,aHHbIM 3neMeHTaM. PemeHHSI TaKHX 3a.n,aq cocTOSIT H3 '!eTblpex 

qacrei:f. 
AHa.11113 33Jl.a'IH. B 3TOH qacTH, nonara.s1, 'ITO 3a.n,aqa pemetta, T.e. 

JPe6yeMaSI reoMeJPH'ICCKaH q>Hrypa flOCJPOeHa, pa3blCKHBaIOT TaKHe 

3aBHCHMOCTH Me)l(Jly ee 3JieMeHTaMH, KOTOpble fl03BOJIHJIH 6bl csec

TH .uaHHYIO 3Ma'ly K .ll.PYrHM, H3BeCTHblM paHee. 

IlOC'l'pOeUHe. 8b1nonHHeTcS1 cornacHo HaH.ueHHOMY nnaHy pemeHHSI. 

~oKa3&TeJJbCTBO. Ha ocHoBaHHH H3BCCTHblX reopeM npott3BO.ll.HTCH 

,ll,OKa3aTeJibCTBO Toro, l{TO IlOCTpOeHHaSI q>Hrypa y.noBJieTBOpSleT BCeM 

ycJIOBHSIM 3MalJH. 

HccneAOBaHHe. flpott3BO.ll.HTCH onpe.uenettHe ycJIOBHH, npu KOTO

pbIX 3Ma'la HMeeT pemeHHe, onpe.lleJIHeTCH 'IHCJIO cymecTBeHHO pa3-

JIHlJHbIX pemeHHH, HCCJie.ll.YIOTCH oco6bte CJiyqaH. 

0TMeTHM npocTeitmHe IlOCJPOeHHH, KOTOpble CJI}')l<:aT OCHOBOH 

JI)IH BblilOJIHeHHH .npymx, 6onee CJIOXHbIX. 

l. flocTpOHTb OTpe3oK, paBHblH JJ,aHHOMY. 

2. floCTpOHTb yroJI, paBHbIH .lJ,aHHOMJ'. 

3. PaJJleJIHTb .llaHHbIH OTpe30K nononaM. 

4. Pa3.lleJIHTb .llaHHbIM yron nononaM. 

5. qepe3 .llaHHYIO TOlJKY nposeCTH npHMYIO, napaJIJieJibHYIO ,ll,aH

HOH npHMOH. 

6. I-fa .llaHHOH TOlJKH, He npHHa}J)lexameit .llaHHOH npHMOH, ony

CTHTb Ha 3TY np.SIMYIO nepneH.ll.HKYJISlp. 

7. 113 D,aHHOH TOlJKH, Jiexameii Ha npHMOH, BOCCTaBHTb K 3TOH 

np.SIMOH nepneH,llHKyJUlp. 

8. flocTpOHTb TPeyroJibHHK no TpeM CTOpoHaM (T.e. IlOCJPOHTb JPe

yrOJibHHK, CTOpOHbl KOTOporo 6blJIH 6bl paBHbl TpeM 3MaHHbIM OT

pe3KaM). 

9. flOCJPOHTb TpeyrOJibHHK no .ll.BYM CTOpOHaM H JaKJIIOlJeHHOMY 

Me)l(,ll,y HHMH yrny (T.e. IlOCTpOHTb TpeyrOJibHHK, .llBe CTOpoHbl KOTO-
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poro H yroJI, 33KJIIO'leHHblH Me)(()ly HHMH, 6blJIH 6bl paBHbl .IJ.BYM 

33,llaHHblM 0Tpe3K8M H 3a.D.aHHOMY yrny COOTBeTCTBeHHO). 

10. fiOCTpOHTb -rpeyrOJibHHK no cropoHe H .llBYM npHJie)KalUHM K 

HeA yrJiaM (T.e. nQCTpOHTb TPCYfOJlbHHK, CTOpoHa KOTOporo H .1188 

npHJie:ite'llUHX K HeH: yma 6blJIH 6hl paBHbl 0Tpe3KY H .llBYM JaMHHblM 

ymaM COOTBeTCTBeHHO). 

KpoMe roro, HanOMHHM peweHIDl ell.le .llByx 38.ll8'l, TJ>C6yIOlllHX no

CTpoHTb Ol'pe30K, .llJIHHa KOTOporo x Y.llOBJleTBOpHJia 6bI ypaBHCHIDIM: 

ax= be, 

i2 =ah, 

r.lle a,b H c - JlJIHHbl Tpex 38.llaHHhlX oTJ)e3KOB. PemettHe nepsoro H3 

3THX ypaBHeHHit TI03BOJUICT pa3pewHTb nponOpUliIO 
a c be 

- = - •=* x = -; 
b x a 

PCl.lJCHHe BTOporo - H8HTH «Cpe;:(Hee reoMeTpH'ieCKOe» JlByx 3aJJ.8H

HblX OTJ>C3KOB 

x = /iib; 
PeUieHHe rrepsoH: 3a,natfH UOHSITHO H3 pHC. 92. Ha O.llHOA H3 CTO

poH rrpoHJBOnbHoro yrna or ero sepwHHbi A OTI<Jia.D.&IsaJOTCR nocne

.nosaTeJil>HO oTpe3IGf AB H BC, p~BHble 38.llaHHbIM OTJ'e3KaM c JlJIH

HaMH a H b. Ha .npyroA cTopoHe yrna OTI<Jia.llblaaeTCR orpe30K ·AD, 
paBHbIH TpeTbeMY 0Tpe3KY c .llJIHHOH c. 3areM npo-

80.llHTC.sI. rrp.siMa.si BD H qepe3 TO'IKY C - np.siMa.si 

CE II BD. ITonyqaIOll.lHitcsi: npH 3TOM OTpe30K DE 
6y.11eT HCKOMbIM, noCKOJibKY ero JlJIHHa x JlOJ})ICHa 

y.110BJieTBOpsm. nponopIJ.HH AB: BC= AD: DE HJIH A----.,.__,
a : b = c : x B cHJty li.3BeCTHOit reopeMbI <l>a.neca ( o6 
OTpe3KaX, OTCeKaeMblX napaJIJieJibHhlMH npHMblMH 

Ha CTOpoHax yrna). 

Pltc. 92 

3aMeTHM, 'ITO .Zl,JutHa x oTpe3Ka DE npHMO nponopUHOHaJibHa BJIH

HaM b H c H o6paTHO nponopu;HOHaJibHa Jl]IHHe a. fi03TOMY paCCMOT

peffHblH MeTO.ll peweHJUI Il03BOJUleT CTpOHTb 0Tpe3KH KaK nponop

U,HOHaJibHbie, T3K H o6paTHO nponopu;HOHaJibHbre .lJ,aHHhIM. HanpH

Mep, HMeeTCH ·MHO)((CCTBO 0Tpe3KOB ·c lVIHH8MH 

b1>.b2, b3, ... , bll 
H Tpe6yeTCSl nOCTpoHTh HM nponopu.HOHaJibHhie OTpe3KH c .llJIHH8MH 

Xi, Xz, X3, ••• , Xn TaKHe, qro 
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b1 /Ji bn -=-= ... -,-. 
X1 X2 Xn 

QqeBH.nHo, 'ITO B311B .usa npOH380JlbHbIX OTJ>e3ka c JJ)IHHaMH a 'H c, 
MOXHO IlOCTpOHTb MHO)l(eCTBO'HCKOMblX 0Tpe3KOB Y.Ka3aHHbIM MeTo

.UOM no Q>opMyne 

X; = b; · E., r.n.e i= 1, 2, 3, ... , n. 
a 

B c11yqae Heo6xo.11,HMOCTH nocTJ>OHTh MHoxecTBo OTJ>e3KOB, Jl,JIH

HbI y1, y2, y3, .•. , Yn KOTOphIX o6paTHO rtponopu,uoHaJibHbI J1.JIHHaM 

b1, b2, b3, ... , bn> Oil.RTb 3an,aeMCH .llBYMH npOH3BOJlhHbIMH OTpe3KaMH 
c Jl,JIHHaMH a H c H BblfiOJIH.SleM TPe6yeMoe noc1}X>ettue no <l>opMyne 

y1 =DE.' r.ue i= 1, 2, 3, ... , n. 
I 

PeweHHe BTopoit 3a.!la'IH o nocrpoeHHH qteAHero reoMeTpll'feeKo
ro .D.Byx OTJle3KOB HJIJIIOCTpHpyeTcJI pHc. 93. Ha np11Moit noc11e.n.0Ba

TeJibHO OTKJiaD.bIBaIOTC» .n.sa OTJ>e3Ka AB H BC TaKHe, 'ITO AB= a H 
BC= b. 3aTeM Ha 01"pe3Ke AC KaK na .l.{HaMerpe CTpOHTC» oxp)')KHOCTb 

pan.uyca (a+ b)/2 H H3 TO'IKH B BOCCTaHaBJIHBaCTC.Sl nepneHD.HKYJUIP 
K npJ1Moil AC .no ero nepece'leHH.Sl 8 TO'-IKe E 
c oKp)')KHOCTbJO. IlOCKOJibKY MEC - np»
Moyro11bttb1i1. (L AEC - onupaerc.a Ha .uua

MCTP AC) u BE - ero Bbicora, To no H3Bec.A--------.-c- THO:H reopeMe BE 2 =AB· BC, r.e. BE = ../ab. 
TaKuM, o6pa30M, oqesu.n.Ho, t1To cne.uyer 

PHc. 93 ' npHH.HTb x = BE. 
B .D,aJibHeiiweM 6y.n.eM ccbIJlaTbCH Ha 3TH npocreiiwue 3anaqu ,KaK 

Ha H3BeCTlible. 

PaccMOTpHM pmi, 38.Ua'l Ha nocrpoeHHe. 

, 3AAa"I& 1. llocmpoumb mpeylOllbHUK no nepuMempy 2p u iJeyM yz
llDM, Be.nuituHbl KomopblX pa6Hbl au ft 

Pemeuae. AHa11u3 3aiJa11u. Dyer& ABC - MCKOMhlM TJ>CYi'oJibHHK, B 

KoropoM AB+ BC+ CA = 2p H BAC =a, liCA = ~ · (puc. 94 ). 
Ecm1 Ha nponoJl:>KettuH octtosaHH.H AC 3a TO'IKY A OTJIO.>l<HTb orpe-

30K DA, TaKoH:, qro DA= AB, a 3a TO'IKY C - OTJ>C30K CE, ra1<oii, 

'ITO CE= CB, TO D.JIHHa scero orpe3Ka DE 6y.n.eT pasHa KaK pa3 ne- ' 

pHMeTpy2p. 
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Coe:lUiHHB'T0<£KH D" Ee sepwHHOit 'TpeyroJihHHKa B, noJiy'IHM 
JlBa p~6e~Hb!X Tpeyro~ng~A H EBC. B 3THX 'TpeyroJibHH
Kax ADB = ABD = a./2 n CBE = CEB = 13/2 , rrocKollhKY BHewHue 
YrJibl 1iAC M · liCA paBHbI CYMMe. JlBYX c HHMH HecMe)f(HbIX YrJIOB 
'cooTBeTcrayiomHx TJ)eyro11bHHKOB. TaI<HM o6paJoM, B TpeyroJibHHKa 
DBE H3BeCTHbt JlJ'lHHa ocH0Bamu1 DE= 2p H seJIH'IHHbI yrnoB rrpH 
OCHOBaHHH a/2 H 13/2. CJie)lOBaTeJibHO, !:!.DBE MO)l(HO IIOCTpoHTb H3-
seCTHb!M cnoco6oM. )laJiee npu sep-

lllHHe BuJsec'tHt.IM cn~oM MO)I(-~n. · 8 
· 13n. .. 

~ocTpOHTb yr;n;r DBA = a/2 H al2 · · · · · . wi 
CBE = IV2 . eropoHbl 3THX yrnoB a.. 13 
onpene.JIHT )lee JlPyrne seprnMHi.1 A DACE 
H C HCKOMoro TPeyronbHHKa ABC. PHc. 94 

llocmpoeHUe. fio )laHHblM B YCJIO-
BIHI 3RJlatlH 311eMeHTaM cTpo1rn !:!.DBE (DE= 2p, BDE = aj2, 
BED = 13/2 ). 3heM npH seplllHHe B cTpOHM yrnbt DBA == a/2 n 
EiC = ~/2 ; rioJiyqaeM TO'IKH AH C. TpeyrOJihHHK ABC - HCKOMhiit. 

,40Ka3ameJZbcmeo: .[leitcTsHTeJibtto, · · nepJtMeTP TpeyroJibHHKa ABC 
pasett 2jJ, nocKOJibKy 'TpeyroJibHHKH ABD H CBE - pasH06e.u.peHHi.1e 
no nocTpoemuo, T.e. B HHX AD= AB H CB= CE; cne,l(osareJihHO, 
AB+ BC+ CA =AD+ CE+ CA=DE=2p. 

Yro.ii BAC = ci KaK BHeWHHii yron K TpeYfOJibHHKY ABD; JiCA ~ 13 , 
KaK BH.ewHuu yron K TpeyronbHHKY. CBE. 

AHOAU3 3aoa11u. 3a.u.aqa ttMeeT pewem1e, ec;rn a+ 13 < 7t. O'leBlfJlHO 
TaIOKe, lfTO 3TO pellJeHtte e.u.HHCTBCHHOe c TO'IHOCTblO JlO IIOJIO)[(emu1 
-rpeyroJibHHKa ABC Ha IIJIOCKoCTH. · . . 

3a,Aa'la l. flocmpoumb mpeyzoJlbHUK no mpeM MeiJuaHaM (m.e. no
cmpoumb mpey2011bHUK, y Komopoeo MeouaHbl 6b1Jlu 6bl pa«Hbl mpeM 3a
iJaHHbtM Ompe31C<lM). 

Peme1U1e. AHaAu3 3aoa11u. fipeJlnOJIO)[(HM, <J.TO Ja.u.aqa pewetta H ttc
KOMl>IH TpeyrOJibHHK ABC nocTpoeH, AM, BN H CP - ero ·Me,llnanl.1, 

npH'leM AM:;= ma, BN = mb, CP= m" (pHc. 95). 
PaccMoTpHM !lBEC. TolfKa M - c.epeJJ,nHa ero ocHoBaHHH, a 60Ko

Bb1e cTopotthI BE H CE TaKOBbI, <J.TO BE== 2/3 · mb, CE= 2/J · me. Ecnn 
npollJIHTb Me.11,11.aHy AMJa TOlfKY Mtta OTpe30K MFCJlJIHHOH 1/3 ·ma, 
coeJlHHHTb TO<J.KY F c sepwJrna,.rn B H C, ro noJiyqHBUIHHCH 'leTbipe
xyroJJ bH HK BECF 6yJleT, o'leBHJlHO, napaJIJienorpaMMOM, 
nocKO.llhKY ero llHaromum, nepeceKa.sicb, .lleJIJITC}f nononaM (BM= MC, 
EM= MF= l/3 · m0 ). B TaKoM CJiyqae BF= EC= 2/3 · m". 
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nocne 3TOro aHaJIHJa CTaHOBHTCJI JICHO, qTO .B t::.BEF H3BCCTHbl 

JlJIHHbl ecex CTOPOFl - ~&JI H3 HHX paBHa 2/3 JI)IHHbl COOTBCT

CTBYIOIACH MCllHaHbl TpeyroJihHHKa ABC. 3ttaqHT, t::.BEF MOJKHo no

CTPOHTb H3BCCTHblM cnoco6oM. IlpoJlJIHB 3aTeM ero OCHOBaHHe EFJa 
TO\IKY E Ha paccTOHHHe EF, Mbl non}"l»M eepwHHy A, a npoJlJIHB ero 

.8 
MCllHaHy BM Ja TOtfKY M Ha paccToR

HHe BM - eepwHHY C MJJC, T.e. nocT

poHM HCKOMblii TpeyronbHHK. 

llocmpoeHue. IlOCl'pOHM TpeyroJlbHHK 

BEF no TpeM cTopottaM c .!lJIMHaMH 

2/3 · ma, 2/3 · mb, 2/3 · me. ,lln11 3TOro 

c CHa'laJia c IlOMOJAblO nponOpUHOHaJibHO

ro llCJICHHJI Pa3llCJIHM KWK.ll.blH HJ TPCX 
PHc.95 

38llaHHblx B yCJioBHH oTpe3KOB aa TPH 

paBHbIC no JI)IHHe qacTH H B03bMCM no D.BC qacTH KIDK.ll.OfO. 3aTeM Ha 

npOllOJDKCHHH OTpe3Ka EF 3a TO'IKY E OTJIOXHM OTpe30K EA 
(EA= 2/3 · ma), nocTpoHB teM caMblM TO'IKY A. Pa3llCJIHM OTJ>C30K EF 
nonoJiaM, npose.lleM np»MYJO BM 'lepe3 ero cepellHHY M H oWO>KHM Ha 

tteH: OTpe30K MC (MC= BM), nocl'pOHB TeM caMbIM TO'IKY B. Hrucotteu, 

COOllHHHB roqKH A, B H C OTpe3KaMH npHMblx, noJiyqHM TpeYfOJibHHK 

ABC 
,1Jo1'a30meJ1bCm60. MBC - HCKOMbIH. AM - Mell.Hatta, nocKOJJbKY 

BM= MC - no nocTPoeHHIO. ToqKa E - ueHTp THX<CCTH rpeyronb

HHKa ABC, nocKOJibKY EM= 1/3 · m0 , AE= 2/3 · m0 - no IlOCTPOCHHIO. 

CnellOBaTCJlbHO, OTJ>e3KH CP H BN 6y.nyr ll.BYMH JlPYrHMH MCllHaHaMH 

MBC. KPoMe roro, BECF - napaJJJ1enorpaMM no IlOCTPOCHHJO. CnellO

BaTCJJbHO, EC= BF= 2/3 · me H BE= 2/3 · mb - no nocTpoeffHlO. 3ro 
03HaqaeT, qro BN = mb H CP= me, 'ITO H TpeOOBaJJOCb JlOKa38Tb. 

HccAeOoBaHue. AHaJIH3 38Jla'IH H noctpoeHHe noKa3bIBaer, 'ITO 

OHa HMeeT peweHHe TOfJla H TOJlbKO TOf.lla, KOflla JI)IHHbl llaHHblX 

OTpC3KOB ma,mb H m, Il03BOJIRJOT nocTpOHTb no HHM TpeyrOJlbHHK, 

T.e. TOfJla, KOfJla BbIIlOJIHRIOTCR H3BCCTHbIC HepaBCHCTBa ma+ mb > 
> m" mb + m, > ma H m0 + m, > mb. B 3TOM cnyqae 38lla'la HMCCT e.D.HH

CTBCHHOe peweHue c TO\IHOCTbJO ll.O pacnoJIOX<CHHR Tp'eyrOJibHHKa 

Ha IlJIOCKOCTH. 

38,!J,a'la 3. Hocmpoumb mpeyzo11bHUK no mpeM BblCOma.M (m.e. no
cmpoumb mpeyWAbHUK, y 1eomopozo Bblcombl 6blllu ow paBHbt mpeM 3a
OaHHbtM ompe31'0M). 

PemeHHe. Antl.llu3 3aiJa11u. IlpeJlnOJJOX<HM, 'ITO 38Jla"la peweHa u HC

KOMblli rpeyroJibHHK ABC nocrpoeH, AM, BN K CP - ero BhICOTbI, 

npw1eM AM= h0 , BN = hb, CP = h, (pHc. 96). 
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06o3Ha'UJM'JJ./IHHbl CTOpOH TpeyrOJibHHKa a, b H c, COOTBeTCTBCHHO. 

O'ieBHJIHO, 'lTO ah0 = bhb =ch,= 2S, r.lle S - WIOI.Ua.Llb l'Pt'YfOJibHHKa. 

Orcio.ua CJICJJ.YeT, 'ITO JlllHHbl CTOpoH TPCYfOJibHHKa a, b Kc o6paTHO 

nponopuHOHa.llbHhl .llJIHWlM ero BhlCOT hahb H he: 

2S 2S 2S a . b. c- . . .. --,,;;·h;'h;' 

003TOMY MQ)l(J{O IlOCTpOHTb, XOTJI H He CJlHHCTBCHHblM CilOC060M, 

T})H OTpe3Ka, J.VIKHhl KOTOphlX a.' b. H c. 6Y.llYT o6paTHO nponopUHO

HaJlbHhl BblCOTaM HCKOMOfO -rpeyrOJibHHKa "· CJIC.llOBaTeJlbHO, npJIMO 

nponopu;HOHaJibHbl ero CTOpoHaM (KaK 3TO .neJiaeTCH, 6bVIO noKa3aHo 

BblWC). 3tta'iHT, TpeyroJihHHK co CTOpoHaMH a', b'H c'6y.neT nono6eH 

HCKOMOM)'. 

OycTb M · B • C' - tpeyroJibHHK co cTopottaMH a', b' w c' nocT

poeH. Tor.ua onpe.nemITC}I ero BhlCOTbl - h · 0 , h 'b H h 'c· OqeeH.llHO, 

'ITO K03cj;xpHUltCHT k no.no6M 3TOro T})CYfOJibHHKa HCKOMOMY onpe

,llCJUICTCJI OTHOWCHMMH 

Ilo3TOMY, HMeJI TpeyronbHHK A' B' c·, HeT})yJUio .aocT})OHTb ero .no 

HCKoMoro TPeyroJibHHKa ABC. 
llocmpoeHue. nocTPOKM cttaqana YKa3aHHhlM BhIWe cnoco6oM TPH 

0Tpe3Ka, ATIHHbl KOTOPblX a', b' H c' 6wrn 6b1 o6paTHO nponopu.Ho

HaJibHbl .ll,J1HHaM ha, hb H h,, COOTBeTCTBeHHO. 3aTeM IlOCT})OHM T})ey

fOJibHHK A' B' C' no 'fPCM cTopottaM c .llllHHaMH a', b · H c •. lfa O.ll.HOH 

H3 sepwHH T})CyroJibHMKa A· B' C', HanpHMep, H3 eepwHHbl B', onyc

THM Ha ero octtosattue A' C' BbICOTY B' N. Ha nOJiyqHBI.lleMCH nepneH

JlHJ<YJIHpe K ocHosamuo e roqKe N OTJIOXHM oTpe30K NB, TaKOH, 'I.To 

NB= hb. qepe3 nonyqeHHyIO TOllKY B npoBe.lleM npHMble, napaJlJleJib

Hhie 6oKOBbIM cropottaM l'peyrOJihHHKa A' B' C', a HMeHtto: BA II B' A' 

PHc. 96 
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H BC II B' C' no nepece'leHHff HX c ocHoeattHeM A' C' B TO'IKaX A H C. 
TpeyrOJibHHK ABC~ HCKOMbIH. 

JioKa3ameJibcmeo. Bo-nepBbIX, nctto, 'ITO nocTpoeHHblH Tpeyronh

HHK nono6eH HCKOMOMy. LleikTBHTeJlbHO, ero CTOPOHbl no nocTpoe

HHJO napanJieJibHhI cTopottaM TpeyroJILHHKa A' B' C', a cJienoeaTeJih

HO, OH no.no6eH 3TOMY TpeyroJibHHKY. B CBOIO O'lepe,ll,b noCJIC,llHHH 

nono6eH HCKOMOMY' noCKOJibKY ero CTOpOHbl nponopUHOHaJibHbl 

cTopottaM HCKOMoro TpeyroJibHHKa. TaKHM o6pa30M, nocTpoeHHhIH 

TpeyroJibHHK no11,06ett HCKOMOMy. Bo-BTOPbIX, K03$QlHUHeHT nono-

6m1 nocTpoeHHOfO H HCKOMOfO l'peyroJibHHKOB paBeH 1, nocKOJibKY 

BhtCOThI, onymeHHhie H3 eepllIHHhI BB 3THX tpeyrOJibHHKax, HMelOT 

paBHhie lJ.JJHHhI (TaIOKe no noCTpoeHHIO). CJienouareJibHO, 3TH Tpey

roJILHHKH paBHhl, " BhICOTbl nocTpoeHHOfO TpeyrOJibHHl<a HMeJOT 

3a]laHHbie ll,JJHHbl. 

HccJ1eJJ.OBauue. 3a,naqa MO)l(eT 6t.ITh pellletta B TOM cJiyqae, ec.ritt no 

TpeM OTpe3KaM, ll,JJHHhI KOTOphIX 06pan10 nponoputtoHaJibHhI 3aJlRH'" 

HblM OTpe3KaM ha, hb H he, MO)l(HO IlOCTpOJffb TpeyroJibHHK, npH'-ICM 

3a]lR'la HMeeT eJlHHCTBeHHOe pellleHHe. 

B nocJientteii Ja}laqe HCKOMbIH TpeyroJibHHK 6bIJI nocTpoeH c no

MOIUhJO npeo6pa30BaHHH IlO.ll06m1, npHMetteHHOfO K .npyroMy Tpey

fOJihHHKY, nono6HOMY HCKOMOMy. 3roT Mero.n MO)l(HO HCnOJib30BRTb H 

BO MHornx npyrnx 38Jla'lax li:a nOCTpOOHHe. PaccMoTpHM HeCKOJibKO 'la-

CTHbIX npHMCpoB. 

B 

Q 

38J1,a'la 4. B oaHHbtU mpeyZOAbHUK 
enucamb npaMoycoAbHUK 'c 3aoaHHblM 
omHoweHueM m: n cmopoH (npeono
Aazaemca, 11mo 06e eeplUUH~ maK020 
npaMoyWAbHUKa OOAJICH6t Ae:»eamb Ha 
OCHOBOHUU mpeyWAbHUKO, a KQJICOQJl 
U3 iJeyx opyzux- HO 60K060U cmopOHe 
oaHHow mpeyzoAbHUKa). 

c PeweuHe. AHOAU3 3aoa11u. IlyCTb 

PHc. 97 3a]la'la pellleHa H. ripHMOyrOJibHHK 

MNPQ, BnttcaHHhIH B naHHbIH TpeyroJihHHK ABC (pttc. 97), HMeeT 

Tpe6yeMoe OTHOIUeHHe cropoH MN:. MQ = m : n. 
Mo)lmo 3aMeTHTh, 'ITO npeo6pa3oBatttte nono6W1 c . ueHTpOM B 

BeplllttHe A TpeyroJihHHKa, npttMeHeHttoe K paccMatp1rnaeM0My npH

MoyroJihHHKy, OT06pa)l(aeT B~PllIHHbI M,N H Q Ha COOTBCTCTBYlOIUHe 

BepllIHHhI Mt>N1 H Q1 nono6ttoro eMy npnMoyroJibHHKa M1N1P1 Q" 
JIC)l(aIUHC Ha CTOpOHaX Toro )Ke TpeyroJibH.HKa, npH'leM, ecTecTBeH-
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HO, OTHOWCHHe CTO})OH np.SIMOyfOJlbHHKa coxpaH.SleTCff. E.zi:HHCTBeHHO, 

'ITO npu ~M Bepwntta P npJ1MoyroJ1bHHKa MNPO 0To6paxae-rc11 B 

BepwHHY P1 no.!lo6Horo np.SIMOYfOJlbHHKa M1N1P101 }')Ke He 11enJ..UYJO 

Ha cropolie 1'aJiHOro TpeYroJlbHHKa. 0.!lHaKO HMCHHO 3TO o6cT011TeJlb

CTBO OTKPW:BaeT CJIC.llytOllJ.YIO B03MO)l(}{OCTb peweHHJI JaII.a"lH: nocTpO

HTb eHyrpu yrna BAC npJ1MoyroJ1bHHK M1N1P1Qi. TpH sepwuttbl Ko

TOporo Jle)KaT Ha CTOpoHax 3Toro yrna, npH'leM M1 N1 : M1 01 = m : n, a 

JaTeM no.no6HblM npeo6pa30BaHHeM yseml'IHTb (HJIH yMCHbWHTb) ero 

JlO TaKHX pa3MepoB, npH KOTOPblX H 'ICTBepTaff sepWHHa p 0KaJaJ1aCb 

6bl Jie)Kameii Ha CTOpoHax -rpeyrOJibJ:IHKa ABC. )lrrSl 3'.l'oro .llOCTaTO"lHo 

npo,BeCTH np11My10 AP1 .n;o nepeceqemrn ee co cTopoHoil: BC Tpey

fO!lbHHKa ABC s TO'!Ke P. Ko3<t><l>HUHCHT k =AP: AP1 H onpe,1J.eJIHT 

HCKOMblit K03<l><l>HUHCHT noJJ;o6m1. 
Oocmpoenue. J13 npOH3BOJlbHOit TO'IKH M1 ocHoeaHHH AC Tpe

yrOJibHH.Ka ABC soccTaBHM nepneHllHKYJJ.SIP M1N1• IlocTpOHM oTpe-

30K M1Qi. MHHa KOToporo paetta m/n · M1N1 (Hcnonb3y.si .llJl.st ~il: 
UCJIH J)Ke YKa3aHHb1.R Bblllie npHeM, OCHOB3HHbIH Ha TeopeMe <J>aJie

ca), H .!lOCTpOHM <l>Hrypy .llO np.si:MoyroJibttHKa M1N1P1 Q1• 3areM qe

pe3 TO'!KH A H P1 npoee.n.eM npjj"MYIO ao nepece'leHHR B TO'lKe P co 

cTopoHoi\ BC TpeYfOJibHHKa. J.f3 TO'lKH P npose,1J.eM np.SlMhle PN II AC 
H PO II NM J.f3 TO'IKH N onycrnM nepneHD.HKYJUIP Ha ocHoBamre AC. 
<1>1uypa MNPO - HCKOMblil: np.S1MoyroJibHHl<. 

,4oKa3amt!llbcmeo. To, '.JTO <t>mypa MNPQ- np.s1MoyronbHHK, cne

.!lYeT H3 nocTpOeH1rn. J.f3 non;o6m1 TPeyroJibHHKOB AP1N1 H APN, a 
TaIOKe AP1 Q1 H APQ cJie.nyel- · 

PN . AP 
--=--; 
J'iN1 AJ'i 

0Tc10.na HaX0.11.HM: 

CJie.llOBaTeJibHO, OTHOWCHHe. CTOpOH IlOCTpOCHHoro npSIMOYfOJibHH
Ka paBHO m: n, 'lTO H JPe6oB3JIOCb 40KaJar1>. 

Hcc11eoo(1anue .. 3an,aqa HMeeT eJJ.HHCTBeHHoe pewem1e npu n1060M 
OTHOWemm '.JHCCJI m : n. 

3a.ztna 5. Bnympu yeAa BAC oana mo11K.a M. llocmpoumb 01<.pyJ1C
nocmb, K.aca10uzy10ca cmopoit iJa11uoe9 yz.ria u npoxoiJauzy10 11epe3 mo111<.y M 
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Pemeuae. AHOJ1U3 3QOa'IU. Ilpe.nnoJIO::lKHM, 'I.TO HCKOMRSI QKpy.>KHOCTb 

nocrpoeHa (pHC. 98). QqeBH.ZJ.HO, 'I.TO ee uemp 0 JIC::lKHT Ha 6HCCeicrpHce 

yrJia BAC. 
Ha 3TOH )f(e 6ncceKTPHce Jie)f(HT ueHTP H mo6oif .npyroit o,Cpyx

HOCTH, KacaJOl.l:(H'AC.11 CTOpOH ,naHHOfO yrna, o,n,HaKO TaKHe OKpy)f(

HOCTH, B006UJ,e roBop.11, He npoxo.nn qepe3 3a,naHHYJO TO'IKY M. Pac

CMOTpHM OJJ.HY H3 TaKJIX OKJ>YJl(HOCTeH c UCH'TpOM B TO'lKe 01 (pHC. 98). 
O'IeBHJlHO, 'I.To OHa Mo>KeT 6hITb nonyqeHa H3 OKP}')KHOCTH 0 npeo6-

pa3oBaHHeM no.u.o6nR c ueHTPoM B TO'lKe A; 
npwieM 3a.ll.aHHaff TO'IKa M OT06pa3HTCH B 

oJJ.HY H3 neyx TO'ICK M1 HJIH M2, nonyqa10-

W.HXCR B pe3yJibTare nepece'ICHHH nyqa c 

oKp)')KHOCTbJO 0 1. TaKHM o6pa3oM, He'IJ)yn

Ho IlOCl'pOHTb KOM61maUHJO qmryp, no.no6-

c HYJO HCKOMOit Ecmt 3aTeM yeeJIH'iHTb (HJIH 
Puc.98 

YMCHbWHTb) ee JIHHCHHbIC pa3MCPbl nyreM 

npeo6pa3oBaHJ.Ul TIOJJ.06H.ff c K03c}>qmuHeHTOM k==AM/AM1, TO nony

'{JfTCR HCKOMaR qmrypa. 

llocmpoeHue. IlocrpOHM cHa'lana 6HcceKrpHCY AD yma BAC, Ha 

Koropou .noJI)l{eH ne)J{8Th ueHTp ncKoMoii oKpy)KttocTH. IlpHH.ffB 1110-

6y10 TO'{KY 01 3TOi.f 6HCCCK'TpHCbl 3a UCHTP OKp}')J{HOCTH, no.no6HOH 

HCKOMOH, BTIHillCM 3Ty OKP)')KHOCTb B yroJI BAf:. 
Coe.nHHHM TO'iKH Mu A nyqoM AM, nony•rne TCM .caMblM Ha oK

py)KHOCTH 0 1 .n.ee ToqKu M1 11 M2, KOTOpb1e B pe3YJI1>TaTe npeo6pa30-

BaHHH no.n.o6HH MOryT OT06pa3HTbC.ff Ha 38.ll.aHHYJO TOlIKY M, T.e. CJIY

)J{HTb ee npoo6pa30M. Coe.n.HHHM TO'lKy M1 HJIH TO'lKy M2 c ueHrpoM 

01 BCflOMOraTeJibHOH 01'P}')J{HOCTH. 

EcnH TCnepb c noMOUJ.bJO npeo6pa30BaHHi-i no.n.o6HH yseJIH'lHTh (mm 

YMCHbllIHTb) JIHHCHHbie pa3MepbI TpeYfOJJbHHKa AM10 1(AM20 1) !'I AM/ 
AM1 (HJIH AM/ AM2) paJ, ro TO'lKa 0 1 OTo6pa3HTbC.ff Ha HeKoTopyio 

TO'lKy 0, KOTOpM H 6y.ueM UCHT}X>M HCKOMOH OKPY)J{HOCTH. H3BeCTHO, 

'ITO Ka)l{.lJ.RSI npRMaH B pe3yJibTare TaKOfO npeo6pa30BaHHH oro6pa)f(aeT

C$1 Ha napaJJJieJlbHYID en npHMyJO, Il03TOMY lOUJ nocrpoeHHSI TO'iKH 0 
.uocraTOlIHO nposecTH qepe3 TO'lKY M np.11Mylo, napanneJILRYIO Pi M1 

HRH (01M2>· nepeceqe1rne TaKoii npHMOH c 6HCCeKrpHCOi1 AD'.uaeT 
ueHrp 0 HCKOMOH O!<p}')l<HOCTH. . . . . 

,4oKa3amen&cm6o. IloKa)l(eM, qTo OKpy)f(HOCTb c 11,CHTpOM B.TO'lKe 0 
(mm 0.) H pa.n.HycoM OM (W:m O.M) xacaeTc.s:r cmpoH .naHHoro yrna. 

IlocKOJihI<Y 0 1 E1 == 0 1 M1 no nocrpoeHHJO, a ucxoMa.11 OKpy)J{HocTb no-
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nyqetta H3 oKp)')KHOCTH 0 1 npeo6p83oBaHHeM no.no6HH, ro OM= OE. 
3'ro HCHO H H3. nponopuHit 

OM OE 

TaK KaK 0 1£1 = 0 1Mi. To OE= OM. 
Hcc;1eiJ0BaHue. QqeBH.llHO, qTo ecmt ToqKa M Jie)f(HT cTporo BHyr

PH 38,llaHHoro yrna, TO 3aziaqa :HMeeT poBHO .nBa pell,leHHH, 

PaccMOTpHM ew.e HecK:oirbKO xapaKTepHbIX 38,llaq Ha IlOCTpOeHHe. 

31.Ilaqa 6. llocmpoumb oicpy:NCHOCmb, KOCOIOUzylOC~ OOHHOi:i oipy:NC
HOcmu u iJaHHou npRMou 6 3aiJaHHOU Ha :Jmoii npRMou moruce ( /JaH1tble 
oKpy:NCHocmb u npRMOR He nepeceKa10mcR). 

PemeHRe. AHaAU3 3aiJa11u. TiycTb 3a.naqa perneHa H HcKoMas o.Kp)')K:. 

HOCTb (ee ueHTp 0603Ha'IHM O,) fiOCTpOCHa (pHC. 99). 3'ra OKp)')K

HOCT!> KacaeTCH JlBHHOH OKpy)f(HOCTH ( c ueHTpOM B TQqKe 0) B TO'U<.e 

B, a ,llaHHOH npstMoH MN - B 38,llaHHOH Ha Heii ToqKe A. · ' · 
flpe)f(.lle BCero HCHO, qTO paCCTOHHHH 0 1A H 01B paBHbl, IlOCKOJibKY 

TOlJKa 0 1 .nom1rna 6bITb paBHoy.nanetta OT TOtJeK A H B. 0Tc10.na cJie,lly~ 

eT lJTO paCCTOHHHe 010 MC)f(,lly UCHTI)BMH OKp)')KHOCTCH 60JiblllC D:JIH

Hbl nepneHJlHKYJISlpa 0 1A K npHMOH MN Ha Benwmtty R pa:nHyca 

.llBHHOH OKp)')KHOCTH. 3ttalJHT' ecJIH OTJIO)f(HTb Ha npo.U.OJI)f(CHHH OT

pe3Ka 0 1A 3a TO'IKY A oTpe3oK A02, TaKOH, <ITO A02 = R, To paccTo

SIHHH o, 0 H 01 02, 6ynyr paBHbl Me)f(.lly co6oii. TaKHM o6pa30M, TOlJKa 

01 paBHOY.ll<lJlCHa OT TOlJeK 0 H 02 H HBJIHeTCH UCHTPOM OKpy)f(HOCTH, 

Kaca10w.eiicst npsi.Moii MN B 38,llaHHOH Ha Heii TO'iKe A. 
llocmpoeHue. Opoi:ie.neHHbIH atta

JIH3 IlOKa3blBaeT' lJTO ueHTP 01 HC

KOMOH .OKpy)KHOCTH MO)f(CT 6b1Tb 

nocTpoett KaK nepece'leHHe neyx 

reoMeTpw1ecKHX MeCT ToqeK (CM. 

§ 8): o.u.ttoro H3 ttiix ·.:.:.... MHO)f(ecTBa 

TO'ieK, paBHoy.naneHHblX OT JJ.BYX 

.naHHblX TOlJeK 0 H 02 ( cpe,!lHHHblH M 

nepneH,llHKYJIHP K OTpe3KY 002) H 

.npyroro - MHmKeCTBa ueHTpOB OK

P)')KHOCTCH, KacaIOlll.HXCH JJ.aHHoH 

N 

PHc. 99 

npHMott B 3BJJ.aHHOH Ha Hett TOtJKe A (nepnett.nHKYJIHp K npHMOH MN B 

TO'iKe A). Ka)f(.lloe H3 reoMeTpH'iCCKHX MecT cTpoHTCH H3BeCTHbIMH cno

cIDiMH. 
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· ,!!01Ca3anU!Abcmeo. 0 1A l. MN- no nocrpoeHHIO, cJie,noearenbHO, 

OKP)')KHOCTb c ueHTpOM B TOliKe o, H pa.anycoM 01A KacaeTCH < npJl

MOH MN. 0 1 0 2 = 0 1 0 - no nocrpoeHHIO, cne.llOBareJibHO, 0 1 B = 0 1 0-
- R = o, 02 - R = o,A. 3HaliHT' 3Ta OKP)')KHOCTb KacaeTCH )laHHOH OK

py.x<HOCTH. 

HcC11eiJoeaHue. QqeeH.nHO, qTo 3a,u.aqa scerJJ.a HMeeT peweHHe H 

npHTOM TOJibKO O.UHO. 

Haxm1<.nettne ,HCKOMOH ToqKH KaK peJyJibTaTa nepecelieHHH .ueyx 

reoMeTpHlieCKHX MeCT MO)l(eT 6bITb HCOOJJblOBaHo H B .npyrnx Ja,u.aqax 

Ha nocrpoeHHe. fipOHJIJIIOCTpHpyeM 3TO eme 0)1.HHM npHMepoM. 

38,11.a'la 7. llocmpoumb mpeyzoAbHUK no ocH0BaHu10, npomueo11exa-
1.t4eMy eMy yZAy npu eepwuHe u 6b1Come (m.e. nocmpoumb mpey2011bHUK, 
y Komopozo OCHoeaHue, eblcoma, ony1.t4eHHOJ1 Ha Hew U3 npomu(1011exa
U4eu eepwuHlJl, u y2011 npu 3mou eepwuHe 6blllu 6bl paeHbl oeyM 3aoaH
HblM ompe31CQM u iJaHHOMY yzny). 

Peweuue. AHMU3 3aoaitu. IlycTb HCKOMblH rpeyroJibHHK ABC no

crpoeH (pHc. lOOa). B HeM .ll11HHa ocHosaHHH AC paBHa a, BbICOTa 

pasHa h, yroJI AJiC = ex: · 

lb eepWHHhl B rpeyroJibHHKa orpe3oK AC BH.neH no.n ymoM ex, 

3HaliHT, TOqKa B JJ.OJI)l(Ha npHHa.zI,1le)i(aTb reoMerpn'leCKOMy Mecry 

TO'leK, 0 KOTOpOM yxe WJia pe'lb (CM. § 1, PHC. 7), T.e .. Jie)J:GlTb Ha 

E 

h 

h 

a F 6 

PHc. 100 
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OKP}')KHOCTH pa.n.Hyca R, onnpaIOIUHiic.sr Ha JJ.aHHbIH OTPe30K. Pan.Hye 

3TOH OKpyxHOCTH onpeJJ.eJlSieTC.sr TeopeMoii CHHYCOB: 

R=-a-._. 
2sina 

KpoMe Toro, nocKOJibKY BepumHa A YJJ.arieHa OT ocHoeaHH.sr Tpey
rOJibHHKa Ha paccTOHHHe h, TO OHa JJ.OJI)!<Ha npHHaJJ.Jie)KaTb COOTBeT

CTBYIOIUeMy reoMeTpH'leCKOMY Meczy TO'leK, COCTOHIUeMy H3 JJ.BYX 
np.srMbIX, napaJIJieJlbHbIX ocnoeaHHIO AC, H oTcTo.srmux OT nero ua 

paccTO.srHHe h. 3Ha'IHT, aepurntta B npHHaJJ.Jie)KHT nepece'leHHIO 3THX 
reoMeTpH'-leCKHX MeCT H MO)f(eT 6bITb nOCTPOeHa TaKHM cnoco6oM. 

IlocmpoeHue. MMeH B BHJJ.Y, 'ITO nocTPOHTb .uae np.sr:Mbie .M1N1 H 
M2N2, napaJIJieJibHbie AC H OTCTOHIUHe OT Hee Ha paCCTO.SIHH,e h, lte
TPYllHO, nOKa)l{eM TOJibKO, KaK CTPOHTCH reoMeTpH'lecKoe MecTo TO

'leK, H3 KOTOpbIX ,ZJ,aHHbIH . OTPe3oK AC BHJJ.eH noll .n.aHHbIM yrnoM a 
(H3B~CTHO, •no 3TO .use CHMMeTpH'IHbie JJ.YfH OKP}')KHOCTeH c pa.zmy
caMH R). 

M3 cepelll1HbI D OTPe3Ka AC a.occTaBHM K np.srMoi1: AC nepnett.aH

KYJIHp. Bo3bMeM Ha 3TOM nepneHJJ.HKYJI.S1Pe npoH3BOJibHYIO TO'IKY PH 

npoee.aeM qepe3 nee np.srMyIO PQ noll 3MaHttblM yrnoM a " K Boc
c~aBJieHHOMY nepneHJJ.HKYJrnpy. 

lJepe3 eepwHHY A TpeyroJibHHKa npoaeJJ.eM np.srMy10 AO, napari

JieJibHYIO. npRMOH PQ JlO nepece'IeHHSI ee B TO\lKe ·o c nepneHJJ.H:KY
JI.srpoM DP. 1;o'IKY 0 npHMeM 3a ueHTP nepaoi1 OKP)')KHOCTH, a CHM

MCTPHlfHYIO ei1 TO'-IKY 01 - 3a ueHTP BTOpOH OKPY)l{tt-OCTlf (pHC. 1006). 
<l>11rypa AECFA _;_ n'cKOMoe reoMeTpH'IecKoe MecTo. 

To'IKH B,B1,B2 H B3 nepeceqemrn llBYX nocTpoeHHhIX reoMeTpH
qeCKHX MeCT onpeneJIHIOT B03MO)l{Hoe noJIO:>KeHHe aepWHH HCKOMoro 

TPCYfOJihHHKa. 
)!0Ka3ame11bcm60. JI106oi1 H3 · nocTPOettHhIX TpeyroJibffl1KOB ABC, 

AB1 C, AB2C mm AB3C (a o.HH ece paBHbI) 6y.rteT HCKOMhIM. )leii

CTBHl'.eJibHO, OCHOBaHHe H BbICOTa Ka)l(Jloro H3 HHX HMelOT, no no
CTpoeHHIO, 33JlaHHbie Jl]iHHbJ a H h, COOTBeTC.TBeHHO .. 

floKa:>KCM, 'ITO yroJI nptt BepllIHHe Ka)l(Jloro TpeyrOJibHHKa, na

npHMep AABC, paBeH a. flocKOJibKY yron AoD paaen no nocrpoe

HHJO yrny 6PlJ H paeeH a, TO ueHTpa.iJ.bHbIM yron AOC paeeH 2a. 
flo:nm.ty JII060H BniiC.aHHbIH B OKpy:>KHOCTb yroJI, KaK,, HanpHMep, 

yrnb1 ABC, AB1 C, AB2C unu AB3C, onupaIOIUHHCH na XOPllY AC, 
' ' L \ ' 

paBeH nOJIOBHHe Ll,CHTPaJibHOfO yrna, T.e. a. 
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HcC.lleiJoBaHue. C>leeH,ZJ,HO, qTO c TOt{HOCTbJO .n.o paeeHCTBa Tpey

I"OJibHHKOB 33JUltta HMeeT C.ll,HHCTBeHHoe peweHHe. fipH 3TOM OHO cyme
CTByeT TOJlbKO B TOM CJiyqae, eCJIH MHHa h BblCOTbl -rpeyrOJibHHKa He 
6oJibWe MHHbl o-rpe3Ka DE (pHc. 100), T.e. y.noBJieTeop.SleT HepaeeH

CTBY h SR+ R cos a. HJIH h s R(l +cos a.). Orc10.na noJiyqaeM: 

h ~ a(l +cos a.)/2 sin ex. 

3ua...a 8. Docmpoumb mpeyzo11bHUK no .MeiJuaHe, 6uccetempuce u ebl
come, npoeeiJeHHbJM K cmopoHe U3 npomuBonoJ1o:HcHou eii BepwUHbl (m.e. 
nocmpoumb mpeyzO/lbHUK, B Komopo.M .MeiJuaHa, 6ucceKmpuca u eblco
ma, Bblny~eHHble U3 KQKOii-11u60 BepUIUHbl, 6bl.llU 6bl pa8Hbl mpe.M 30-
0QHHblM ompe3/Ca.M). 

PemeuHe. AHMU3 3aiJa11u. fiyCTb ABC - HCKOMblH l'peyroJJhHHK 
(pnc. 101) . .l{.nHHLI ero Me.nnaHl>l BD, 6HcceK1'pHCbl BE H e:blcoTbI BF 
o6o3HRt{HM 4epe3 m, I H h, cooTBeTCTBCHHO. 

YcTaHoBHM cttaqaJia HeMaJIOBIDKHhIH <l>aKT: eo BCJIKOM mpey2011b
nuKe 6ucce1empuca 11eJ1Cum .Me:»CiJy .Meouanou u 8blcomou, nposeiJeHHbl
MU U3 mou :»Ce 6eplUUHbl. L\JI.Sl .ll.OKR3RTCJlbCTBR OTIHWCM BOKpyr AA.BC 

H 
PHc. 101 

OKp}')l{HOCTb (ee UCHTP - toqKa 0), 
TaK q'fo yroJI ABC OKIDKeTCH enHcaH

HhIM, a OCHOBRHHC AC- xop.n.oii 3TOH 
OKp}')l{HOCTH. ilocKOJibKY 6HCCCK1'pH
ca BE .neJIHT yron ABC nononaM, TO 
ee npoJJ.OJDKCHHe EH .lle,JllKHO pa3JJ.C

JIHTb TIOTIOJiaM .llYfY AC, Ha KOTO

PYI<> onttpaercSI paccMaTpHeaeMbill yroJI 

( Aifl = CiiH ). fiocKQ.JlbKy .mmee D -
cepe.llHHa OCHOBRHHH AA.BC H, CJIC.llO

eareJibHO, cepeJlHHa xop.llbl AC oKp}')l{
HOCTH, TO cpe.ll,HHHbIH nepneH.UHKYJISlp 

K 01'pC3KY AC .llOJI)l(CH npajt.TH KRK qepe3 UCHTp 0 OKp}')l{HOCTH, TaK H 

qepe3 cepeJlHHY H .nyrn AC. TpeyronbHHK DHE- np.SIMOYI"OJibHbIH, 

np11qeM yron DEH - OCTpbIH. Ilo::noMy JlOTIOJIHJtTenbHl>lH M.Sl ttero 

yron [)EB - TYnoit CneJloeare11btto, 6.DEB - TYnoyronbHbrit OrcIO.a.a 
cne.uyeT, 'qro BhlCOTa BF, onyme~ttast H3 eepWJ1Hl>l B ocl'poro yrna 

TYilOYfOJibHOl"O TpeyroJibHHKa Ha OCHOBaHHe, norr3,llaer Ha npo,ll.OJI)l(e
HHe 3Toro ocHoBaHH.Sl, r.e. roqKa E nexnr MeJK.ll.y TO'lKaMH DH F, 'ITO 

H .n.oKR3blBaer ccf>opMynHpoeaHHoe yreepJK.ll.ettHe. 
llocmpoeuue. I-fa npOH3BOJlbHOJ1 TO'IKH Fnp.SIMOH BOCCTaBHM K HCH 

nepneHAHKYJI.SIP FB, TaKoit, qTO FB = h. I-fa TO'lKH B, npHH.SIB ee 3a 

eeplllHHY HCKOMoro TpeyroJibHHKa, pacreopaMH UHPKYJUI m HI onw-
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weM .ll.Ynt OKP}')l(HOCTeH .n;o nepece'leHIDI Hx B ro1ucax DH E c 1w6paH
HOH npsiMOH. fipHMeM, qro BD H BE - 3TO Me.n;HaHa H 6ucoeKTPHca 
HCKOMOfO TpeYfOJlbHHKa, COOTBCTCTBCH}fO. B TO'lKe D BOCCT8BHM nep

neH.ll,HI<)'JUlp K np11Moif .u.o nepeceqeHHSI ero B TO'lKe H c npSIMOA B.H, 
npo.aoJDKeHHeM 6HcceICTpHChI BE Ja Toqicy E. C o.n;ttoif CTOpoHhl, ueHTP 

omtcaHHOjf OKp}')KHOCTH .UOJDKeH Jie)KaTb Ha cpe.ll,HHHOM nepneHJ1HKY

m1pe K OTpe3KY AC, T.e. Ha nepneH,lJ,HKym1pe DH. C AJ)yroit ctopoHbl, 

oH paeHoy.aaneH OT roqeK B H H, cne.aoeaTeJibHo, OH 11e)f{HT Ha cpe

JlHHHOM nepneHJJ.HKYJISipe K OTpe3KY BH; fiepece'leHHe 3THX . .n.eyx 

nepnett.llHKyJIHpoB .n.aeT TO'IKY 0. Onucae H3 roqKH 0, KaK H3 ueHTpa, 

oKp}')KHOCTb pa,nttyca OB, nonyqHM TO'IKH AH C ee nepece'ieHHB c 

HCXO.llHOH npHMOH. fipHHHB 3TH TO'IKH 3a BepllIHHbl TpeyroJibHHKa, 

nOJiyqHM TpeYfOJibHHK ABC. 
,l(oKa3ame11bcmBo. TpeyronhHHK ABC - HCKOMbIH. B HeM BblCOTa 

BF HMeeT .ll)lHHY h no nocTpOeHHIO. BD - Me.n.HaHa, nocKOJibKY TO"l

Ka D - cepe.n;HHa OTpe3Ka AC, TaK)Ke no nocTpOeHHIO. Ee .llJIHHa 

paetta m. HaKoHeU, oTpe30K BE SIBJIHeTCR 6HcceigpHcoA, nocKOJihKY 

ero npo.n.omtcem1e nona.naeT B cepe.n.HHY 1lYfH AC H, cJie.llOBaTeJib

HO, yron · ABE paeett yrny CifE . KpoMe Toro, no nocTpoeHHIO .llJIH

tta 3TOro OTpe3Ka paBHa /. 

HccJie.llOBllHHe. 3a,naqa HMeeT e.llHHCTBeHHoe pellleHHe, Koropoe 

B03MO)f(HO rrpH ycnoBHH h ~ Is m. 
B 3aKJ110'lettHe 3TOro rraparpa<t>a paccMOTpHM ttecKOJibKO 38,llaq o 

nOC1J>OeHHH oTpe3KOB, .llJIHHbl KOTOphlx BblpIDKaJOTCSI TOH HJTH HHOH . 

anre6paH'leCKOH cPoPMYJJOtt. Cne.nyeT OTMeTMTb, 'ITO MHOrHe 3a,Il3'1H 

Ha IlOCTpOeHHe .nonycKaIOT npHeM peweHHSI, npH KOTOpoM HeKOTO

pbIH 3JieMeHT. reoMeTpH'ieCKOH <l>Hrypbl CHaqa.na paCC'iHTbIBaeTCR 

aHaJIHTH'IeCKH H HaxOJJ.HTCR <l>oPMYJia, BblpIDKaJOw;aSI ero BeJIH'iHHY 

qepe3 3a,naHHb1e .llJIHHbl H yrnhl. 3aTeM yKa3bIBaeTCSI cnoco6, KaK no

cTpOHTb 3TOT 3JieMeHT (no nonyqeHHOH .ll)lSI Hero <t>opMyJie) c noMo

UlbIO. UHPKYJISI H JIHHeHKH. 3a,natrn 0 noCTpOeHHH OTpe3KOB no <l>op

MYJUlM HBJISIIOTCSI OJJ.HHM H3 3TanoB yKa3aHHoro nYTH. 

3u.a'la 9. 3aoauw ompe3KU iJAuHou a,b,c u d. llocmpoumb ompe3oK, 
OAUHa Komopozo 8blpaxaemCR <J;opMyAou J abed . 

Pewea11e. KopeHb qeTBepToii cTeneHH H3 npoH3BCJJ.emu1 oTpe3KOB 

MO)l(eT 6b1Tb npe.n.CTaBJieH B CJieJWIOUleM BHD,e: 

fiOCKOJibI<)' H3BeCTHO, KaK nocTpOHTb Cpe,llHee reoMeTpHl!CCKoe ~ 

0Tpe3KOB, TO cHa'la.Jia MO)KHO UOCTpOHTb 0Tpe30K c .ll)lHHOH X1 = .Jab ' 
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3aTCM - OTJ)e30K c )l)lHHOH X2 = Jed ' HaKOHeu - HCKOMbIH 0Tpe30K 

C JJ.JIHHOH Jx1X2 . 

3a,n.a'la 10. 3adaHbl ompe3Ku dAUHOU a u b. Docmpoumb ompe30K, 

<Jnuna IComopow 6btpa:»caemca ¢opi.1y11ou J2a2 + 7b2 . ·. 

PewetlHe. IlocTpoHM'tHatiana oTpe3oK c .llllHHOH: x1 == J2a2 
, npe.n

CTaBHB ero KaK cpe.llHee reoMeTJ)HlleCKOe OTJ>e3KOB c .llJlHHaMH a H 2a, 

T.e • .Ja. 2a. 3aTCM IlOCTpoHM OTJ>e30K c JJ.JIHHOif X2 == J1b 2 
'npe.ncTa

BHB ero KaK cpe.llttee reoMe'fPHlleCKoe OTJ)e3KOB b H 7 b, T.e. X2 = .J b . 7 b . 
HaKOHeU, IlOCTpOHM HCKOMblii OTJ>e30K, npe.llCTaBHB ero B BH.IJ,e rH

nOTeHy3bl npSIMOyfOJJbHOfO -rpeyroJJbHHKa c KaTeTaMH X1 H X2, T.e. 

J2a 2 + 7b2 = Jx[ +xi. 
38,!Ul'la 11. 3adaHbl mpu ompe3Ka, <J11unw Komopwx a, bu c. Docmpo

umb ompe30K x, c dAUHOU, 6blpa:HCeHHOU <}JopMyAoii 

1 1 1 1 -::::-+-+-. 
x a b c 

Pemeuue. IlOC'fPOHM cttatiana OTJ>e30K y, JJ.JIHHa KOToporo Bb1par 

)l(aeTcst ct>opMyJJoii 

I I 1 
-=-+-. 
y a b .. 

)l1rn 3roro JanuweM nocJJe.IJ,HIOJO ct>opMYJJY B BHJJ,e (a+ b)/ a= b/y. Tor.lla 

CTaHOBHTCSI OllCBH.llHbIM, llTO y MO)l(HO HaiiTH KaK tieTBepToe npo

IlOP:UHOHaiibHOe .nm1 oTpe3KOB a+ b, a H b. Ha· O.llHOH H3 CTopoH 

IlpOH3BOJibHOfO yrna OT ero Bepwtt

Hbl IlOCJJe.llOBaTeJJbHO OTKJia.llbIBaeM 

0Tpe3KH a+ b H a; Ha .llPYfOH CTOpoHe 

- 0Tpe30K b. qepe3 KOH:Ubl 0Tpe3KOB 

npoBO.llHM napa1rneJJbHhle npst:Mbie 

A·-'------~::----__;::,,~ (pHc. 102). B pe3yJihTate noc'rpoeHHSI 

noJJyllaeM oTpe3oK DE c .Wmttoit y. 
Puc. to2. nocJJe roro Kai< OTpe3oK DE nocT-

poeH, HeTJ)y.llHO IlOC'fPOHTb HCKOMbIH OTJ>e30K. QqeBHJJ,HO, llTO 

1 1 1 
-=-+-, 
x y c 

Il03TOMY OTJ)e30K c .llJlHHOH x CTpoHTCSI aHaJIOffflIHO npe.llbl.llYllieMy. 
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1. noc-rpoHTb npHMOYfOJibHbIH TpeyroJibHHK: a) no rnnoTeHy:re H 

OTHOllleHHIO KaTeTOB; 6) no KaTeTy H OTHOllleHHIO JJ.pyroro KareTa K 

fHilOTeHy3e. 

2. IlOCTpOHTb 'fPeyrOJibHHK: a) no OCHOBaHHIO, BbICOTe H Me,lJ.Ha

He, npoBeJJ.eHHOH K 60KOBOH CTOpotte; 6) no JJ.BYM CTOpOHaM H yrny, 

npOTHBOJie.x<:all.(eMy OJJ.HOH H3 HHX. 

3. BnHcaTb B JJ.aHHbIH cerMeHT KBaJJ.paT. 

4. BnHcaTb B JJ.aHHbIH cerMeHT npHMoyroJibHHK c JaJJ.aHttblM OTHO

llleHHeM CTOpoH. 

5. noc-rpoHTb TIJCYfOJibHHK no cTOpoHe, nponrnone.x<:ameMy eil ymy 

H pa3HOCTH JJ.Byx JJ.PYfHX cropoH. 

6. ,llaHa npHMaJl .ff )J.Be TO'JKH no O.D.HY cropoHy OT Hee. IlocTpOHTb 

OKpy.x<:HOCTb, npOXOJJ.Hll.lYIO qepe3 JJ.aHlible TO'IKH a KaCaIOll.(yIOCH JJ.aH

Hoit: npHMOH. 

7. IlpoeeCTH qepe3 TO'IKY M, HaxOJJ.HIUYIOC.SI BHe Kpyra, npstMYIO, 

Ha KOTOpoii OKpy.x<:HOCTb BblCeKaeT OTIJC30K laJJ.aHHOH .lJ)IHHbl a. 
8. qepe3 JJ.aHHYIO TO'IKY, Jie.x<:aUJ.YIO BHYTPH JJ.aHHOro yrna, npoBe

CTH npHMYIO TaK, 4T06bl OHa OTCCI<ilJia OT yrna TPeYfOJlbHHK ttaH

MeHbllleit: JUIOIUaJJ.H. 

9. IlpoBeCTH 'lepe3 TOlfKY M BHy'fPH Kpyra XOpJJ.Y JaJJ.aHHOii ,lI)IHHbl a .. 
10. 3aJJ.aHbl 0Tpe3KH c ,lI)IHHaMH a, b, c H d. IlOC'fPOHTb OTpe3KH, 

,lI)IHHbl KOTOPblX BblpIDKaIOTCH CJle.LJ.yIOll.(HMH Q>opMyJlaMH: 

a) J3ab + 2cd, 6) J a2 t b2 - c2 - d 2 , 

e)Ja1/J + c3/d, r) Va3b, 

JJ.) (VO+ Vfj)4 e) (a4 + b4
) /(a1 + b1

). 
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1. ,llattbI nse KOHIJ,eHTpHtJeCKHe OKP}')l(.HOCTH. KacaTeJibHasr K MeH:b

rnei.f OKPY)f(ffOCTH neJIHT JlJIHHY JlYrH 60JibllleH OKp}')l(.HOCTH B OTHO

rneHHH 1 : 5. HaHTH 0Tttornett11e nJiomaneil Kpyros, orpaHH'leHHhIX 

3THMH OKpy)l{HOCTHMH. 

Omeem.4: 3. 

2. ,llatt poM6 c ocTpblM yrJioM ex. KaKyIO qaCTb nJioman11 poM6a 

COCTaBJISleT nJIOlllaJlb BmtcaHHOfO B Hero Kpyra? 

Omeem. 7t sin cx/4. 

3. B OKp}')l(.HOCTb snucatta Tpaneu11sr ABCD, npHtJeM ee octtosattHH 

AB:::. 1 11 DC:::. 2. 060JHatJHM TOttKY nepecetJeHHSI n11arottanett 3TOH 

TpaneUHH qepe3 F. HaHTH oTttornettne cyMMbI nJiomaneii Tpeyronb

HHKOB ABF H CDF K cyMMe nnomaneH TpeyroJibHHKOB AFD H BFC. 

Omeem. 5/4. 

4. B npsrMoyroJll>Hoii paetto6enpeHHblH TpeyrOJibHHK ABC c npsr

MbIM yrnoM npH seprnHtte B enucaH npsrMoyroJihHbIH TpeyroJibHHK 

MNC TaK, 'ITO MNC = 90°, TOl..fKa N Jie)l{HT Ha AC, a TOl..fKa M - Ha 

cTopoHe AB. B KaKOM OTHOllleHHH TO'lKa N JlOJI)l(Ha neJIHTb rnnoTeHy

JY AC, 'ITo6bI nJIOlll,a.D,h TpeyroJihHHKa MNC cocTaBJIHJia 3/8 OT n110-

lllanH TpeyroJibHHKa ABC? 

Omeem. 3/4. 

5. B TpeyrOJibHHKe ABC JlJIHHbl 6oKOBbIX CTOpott AB H BC pasttbl a, 
yron ABC= 120°. B TpeyrOJihHHK ABC BnHcatta oKp}')l(.HOCTh, Kaca10-

masrcsr cTopottbI AB B TOtJKe D. BTOpasr OKP}')KHOCTb HMeeT uettTpoM 

TOl..fKY B H npoxonHT qepeJ TOl..fKY D. HaiiTH n11omanh TOH qacTH snH

cattHoro Kpyra, KOTopasr HaXOJlHTCSI BHYTPH BTOporo Kpyra. 

Omeem. 02(7 - 4 ,/3 )(57t - 6 ,/3 )/24. 

6. Ha cTopoHe AC ocTpoyroJihHoro TpeyroJibHHKa ABCBJHTa TO'l

Ka D TaK, 'ITO AD:::. 1, DC= 2 H BD srBJISleTcn BbICoroii TpeyroJihHHKa 

ABC. 0Kp}')l(.HOCTb c pa.nttycoM 2, npoxonnmasr qepe3 TO'IKH A H D, 



KacaeTCH s TO'IKe D oKpyxHoCTH, om1cattttoif 0Ko110 TpeyroJibHHKa 
BDC. HaliTH llJIOUJ.8.llb lJ)eYfOJihHHKa ABC. 

0meem. 3../f5 . 
7. )laH KBanpaT ABCD, .u,mrna cTOpOHhI KoToporo pastta a, H nocT

poeHhl .nee OKPY:>KHOCTH. IlepBa.R oKp}'XHOCTb ue.n;HKOM pacno11m1<etta 
imyrpH KsanpaTa ABCD, KacaeTcH cTO.poHbI AB s TO'IKe E, a Ta~e 
KacaeTCH cropoHbI BC H .nHarotta.nH AC. BTOpa.R oKp}')KHOCTb HMeeT 
UCHTJ>OM TO':IKY A H npoxo.nHT qepe3 TO'IKY E. HaH:TH n11ow.a.nb o6w.eii 
qacTH .nsyx Kpyroe, orpaHH'ICHHblX 3THMH OKp}')KHOCTHMH. 

Omsem. ti( Ji\- 1)((2 Ji -1)1t-4]/8. 

8. B TpeYfOJihHHKe ABC 6HCCCKTJ>HCa AK nepneHJJ.HK)'JI.RpHa Me.nHaHe 
BM, a yro11 AJiC pasett 120°. HaH:nt · OTHOWettHe nnow.a.nH Tpeyro11b
HHKa ABCK nJIOIUaD.H onHcaHHoro OKOJio 3Toro TpeyroJibHHKa xpy
ra. 

Omsem. 3 Ji3 ( Ji3 - 1)/321t. 

9. B TpeyroJibHHKe ABC 6ucceKipuca AH .u;eJIHT Me.zmatty BE B OTHO
weHHH BK: KE;:: 2, a yron AcB pasett 30°. Haii:TH OTHowettHe IlJIO
w.a.nH TJ>eyroJibHHKa BCE K nnow.a.nH onHcattttoro OKOJIO 3Toro TpeY
roJibHHKa Kpyra; 

Om6em. 3/141t. 

10. B TPaneUHH ABCD .llHarottanH AC H DB B3aHMHO nepneH.u;HKY
m1pHhl, BAC = Cii!J . Tipo.nomKeHHH 6oKOBblX cropott AB H CD, ne
pecexa.Rcb B TO'IKe K, 06pa3y10T yron AKD , paBHhiii 30°. HaH:TH nno
lll.a.llh TpeyroJibHHKa AKD, ecnH IlJIOlll.aD.h TpaneuHH pastta S. 

Omsem. 3S/2. 

' 11. )latta pastto6o'rnaH TJ>aneum1, y KOTopoif eepxnee OCHOBaHHe 
B.U.BOC MCHbllIC' HMJKHero. Onpe.u.eJIHTb, B KaKOM OTHOllICHHH .U.CJIHT 
HH)l(HCe OCHOBaHHe TpaneUHH npHMa.R, KOTOPa.R napaJIJICJihHa .U.Ha
fOHaJIH, npoXO.llHT HH)l(C ee H OTCCKaeT TpeyroJibHHK IlJIOW.a.llblO, B 
4 pa3a MCHbUieii IlJIOW.a.nH TpaneUHH. 

Omeem. 4/ J6 - 1. 

12. )latta TJ>aneu1u1 ABCD, cmpotta AB KoTopou nepneHJJ.HKYJIHpHa 
ocHoBaHHHM BC H AD. Ha cTOpotte AB KaK Ha .nHaMeTpe nocTpoetta 
oxp~HOCTh pa.nHyca J6, xoropa.R KacaeTca cTopoHbI CD. )lpyraa ox
P}')KHOCTh pa.nHyca Ji xacaeTCH cTopoH AD H CD H nepeceKaeTCH c 
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nepeoif ot<p)')KHOCThIO, HMe.ff c HeA o6uzy10 xop.n.y .lllIHHbI ..f6 . UeHTpbI 

o6eux OKp)')KHOCTeti pacnOJIO:>K:eHbl no pa3HbIC CTOpoHbI OT o6w.eif xop

,Ubl. Haifrn nnow.a.n.& Tpanemm ABCD. 

Omeem. 12..fi./ if3( ../3 -1). 

13. B napaJ1J1e.n:orpaMMe ABCD co eTopoHaMH AD= 5 H AB= 4 npose ... 

.neH oTpe30K EF, coe.nHHRIOW.H·H TO'lKY E cTopoHbI BC c roqKOH F 
cTopoH&I CD. ToqKH E HP Bb16paHbl TaK, qTo BE: EC = l : 2. 
CF: EF= l: 5. M3BecTHo, qro ToqKa M nepeceqeHHR .nHarottanH AC 
c oTpe3KOM EF JteJIHT EF B oTHomeHHH MF: ME= l : 4. Haii.TH JlHa

roHaJIH napaJIJie11orpaMMa. 

OmBem. AC= .J45, BD= .Jfi. 

14. Tpane.IJ.HH ABCD HMeeT OCHOBa.HHR AD= 7, BC=4 H 6oKOBble 

CTOpoHhl AB= 5, CD= 4. 0Kpy.lKHOCTh pa.n.Hyca ..fi. c u.eHTpOM B TO'i

Ke B, 11e:>K:aw.aR B nJIOCKOCTH TpaneuHH, nepeceKaeTCH co BTopoH. 

oKpy)l(HOCTblO, ueHTp KOTopoH. Jie)f(HT BHYTJ>H Tpane1um ABCD H 

KoTopa.st npoxo.IJ,HT qepe3 TO'IKH A H D. J13secTHO, 'ITO KacareJI&Hhie, 

npose.lleHHhle qepe3 O.llHY H3 TO'!eK nepeceqeHH.ff m::py:>K:Hocreli, B3a

HMHO nepneH.IJ,HK}'JIHPHbl. Haitm P3.llHYC BTOpoH. OKP}?KHOCTH. 

OmBem. Jf§7 /4. 
15. 0Tpe3oK AB ecT& JlHaMeTp 1<pyra, a TO'!Ka C Jte)f(HT BHe 3Toro 

Kpyra. 0Tpe3KH AC HBC nepeceKaIOTCH c 01<p)')l<HocTb10 B ToqKax D 
H M, cOOTBeTCTBetttto. Hai-tTH yroJI CiiiJ, ec11u nJIOU(a.IJ.H TJ>CYfOJih

HHKOB DCM u ACB oTHOC.ffTCR KaK 1 : 4. 
OmBem. rc/6. 

16. B TpeyroJibHHKe ABC npoee)leH&I 6ucceKTpHca BD yrna ABC H 

0Tpe30K AM ToqKH D H M Jie)l(aT cooTBeTCTBCHHO Ha AC H BC, K -
TO'iKa nepeceqeHHR BD HAM. IlJ1ow.3JlH TpeyroJI&HHKOB AKD H AMC 
OTHOCRTCR KaK l : 6. HaHTH .lllIHHY cropOHhl AB, ecJIH AB+ BC= 3 11 

AB+MB=2. 

OmBem. l. 

17. Ha oTpe3Ke AB .lllIHHhI R KaK Ha JlHaMeTpe nocTpoeHa oKpy)K

HOCTh. BropM oKp~HOCTb raKoro )l(e pa.n.11yca, 'iTO H nepea11, HMeeT 

UCHTp B TO'iKe A. TpeTbH OKpy.lKHOCTb KacaeTCH nepBOH OKPY)((HQCTl1: 

BHYTpeHHHM o6pa30M, BTopou OKP}')KHOCTH -BHClllHHM o6pa30M, a 

TaK)l(e KacaeTCH oTpe3Ka AB. HailTH pamtyc TpeTi.eif oKpy.lKHOCTH. 

OmBem. RJ3/8. 
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18. ,UaH npaBWlbHbIH TpeyroJJbHJfK ABC,·cropoHa KOToporo HMeeT 
MHHY a. Ofp)')K.HOCTb npoxo.U.HT qepe3 ueHTp TpeyroJJbHHKa H Kaca
eTcJI CTopoHbl BC e ee cepe.ll.HHe M. flpJ1Ma$1, np.oee.u.eHH~R HJ 
eep111HHbI A, KacaeTcR oKpy)l(HOCTH B TO<IKe E, TaK <ITO lfAE < 30°. 
HaHTH nnoma.nL TpeyroJibHHKa AEM. 

Om6em. <(-./6 /40. 
19. B TpeyroJJbHHKe ABC H3BeCTHbI JlJIHHbI cropoH AB= 6, BC= 4, 

AC= 8. EncceKTpuca yrna C nepeceKaeT cTopoHy ABB TO'iKe D. qepe3 
TO'IKH A,D, C npoee.u.etta OKPY)l(HOCTb, nepeceKaJOlll,aR cropoHy BC B 
TOl.J:Ke E. HaiiTH nnoma.nb TpeyroJibHHKa ADE. 

Om6em. 3 /f5 /2. 

20. B TpeYfOJibHHKe ABC KOCHHyc yrna ACB paeett 2/3, AC=3, 
BC= 9. ToqKa D Jie)l(HT Ha cTopotte BC, TaK, <ITO CD= 3. Haitm oT
Ho111eHHe nnoma.nu Kpyra, onucaHHoro OKOJIO Tp<(yroJibHttKa ACD, 
K nnoma.nu Kpyra, enucannoro B TpeyronhHHK ABD. 

Om6em. 9(11. + 4 .J6 )/50. 

21 ~ B npSIMoyronbHOM TpeyronbHHKe ABC MHHhI KaTeroe paBHhl 3 
H 4. 113 eep111HHbl C np$1MOro yrna npoee.n,eMa BbICoTa CD. HauTH 
paCCT0$1HHe Me)l(.ll.y ueHTpaMH OKPY)l(HOCTeii; BTIHCaHHblX B Tpeyrom.
HHKH ACD H BCD. 

Om6em. J2. 
22. ,Uatt npHMoyronhHbIH TpeyroJJbHHK ABC c np»MhIM yrnoM npM 

eepUIHHe C. Yron 00 paeett a. EttcceKTpHCa yma ABC nepeceKaeT 
KaTeT AC B TO<IKe K. Ha cropoHe BC KaK Ha .nMaMerpe nocTpoeHa 
OKP~HOCTb, KoTopaSI nepeceKaeT mnoTeHy3y AB B TO<IKe M. HaiiTH 
yroJI AMK. 

Om6em .. arctg (I/cos ex). 

23. ,UaH napaJJJie110rpaMM ABCD co cTopoHaMM AB= 2 H BC= 3. 
HaiiTH nnolll,a.Llb 3Toro napru1Jie11orpaMMa, ecJIH H3BeCTHo, <ITO .nHa
roHaJib AC nepneH.nttKYJI.HpHa oTpe3KY BE, coe.nHHRIOlll,eMY iJepum
HY B c cepe.ll,ttHoii E cTopOHbI AD. 

Om6em. J35. 
24. 0KOJ10 OKp)l)K.HOCTH c Pa.LlMYCOM r OTIHCaHa paBH060<IHaSI Tpa

neuH.H ABCD. EH K - TO<IKH KacaHttSI 3Tou oKp~liocTH c 6oKOBbI
MH CTOpOHaMH Tparreutttt. YroJI Me)l(.ll.y OCHOBaHHCM AB H 6oKOBOH 
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CTopoHoit AD TPaneuHH paseH 60~. ,lloKaJaTb, qro EK napaJI.JienbHa AB 
H HaitTH WIOJ..Ua.zib TPaneuHH ABEX. 

Omtlem. 9 J3 ? /4. 

25. B oKp}')KHOCTb c pan.HycoM R enHcaH paeHo6e.npeHHhln TPeY
roJibHHK ABC c yrnoM npH BepIUHHe C, paeHblM 120°. D- cepe.nHHa 
MeH&IUen HJ .nyr, coe.nHHHJOI.UHX A H C, E - cepe.llHHa MeH&IUeit 
.nyrn HJ coe.nHHHJOI.UHX CH B. ,lloKaJaTb, 'ITO DE napaJIJieJI&Ha AB, u 
HaiiTH nnow;an.h T1>3neUHH ABED. 

Omsem. R2/2. 

26. B TPeYfOJI&HHKe ABC yron A paeeH 45°, a yron C - OCTPblH. Jfa 
cepe.nHHbl cropoHbl BC onyiueH nepneHJlHKYJIHP NM Ha cTopoHy AC. 
Ilnoma.n.H ~yro.rr&HHKoe NMC H ABC OTHOCHTCH cooTBeTCTBeHHo 
KaK l : 8. HanTH yrnbl TPeyron&HHKa ABC. 

Omsem. 45°, 45°, 90°. 

27. B TPaneuHH ABCD yrnhl A H D npH ocHoeaHHH AD paeHbl 
cooTeeTCTBeHHO 60° H 90°. To'IKa N ne:>KHT Ha OCHoeaHHH BC, npH
qeM BN: BC= 2 : 3. To'IKa M nexHT tta ocuoeaHHH AD, npHMaH MN 
napaJIJieJI&tta 6oKoeoit cropoHe AB H JleJIHT WIOII(a.zI& TpaneUHH rro
nonaM. Haitm OTHoweHHe AB: BC. 

Omsem. 4: 3. 

28. TpH OKPY:>KffOCTH pacrronoxeHbl Ha 11JIOCKOCTH TaK, \ITO Ka:>K

JlaH H3 HHX KacaeTCH JlBYX .npyrnx BHCWHHM o6pa30M. .Use H3 HHX 
HMetoT pan.Hye 3, a TpeTbH - Pa.llHYC 1. HaitTH 11JIOJ..Ua.zib TPeyroJibHH
Ka ABC, r.ne A, B H C - COOTBeTCTBeHHO TO'IKH KacaHHH Tpex OK
pyxrnocreit. 

Omsem. 9J7 /16. 

29. ,llaHbl yrnbl ABC H 1f<5i TPeYfOJI&HHKa (ABC~ 1i0i ). HaliTH 
KOTaHreHC OCTpofO yrna, KOTOpblii o6pa3yeT Me.llHaHa, BblX0JlHll.1;3H 
HJ eepwHHbl A, co cropottoit BC. 

Omsem. I ctg ABC - ctg BcA I /2. 
30. B TPeYfOJibHHK ABC c JaJJ.aHHblMH ymaMH AH B H3 sepwHHbl A 

onyw;eHa BbICOTa AD. To\IKa P .nenHT CTopoHy AB rronoJiaM. llepe3 
TO'IKY P npose.netta OKPY:>KffOCTb, Kaca10w;aacH cropoHbl BC e roqKe D. 
Onpe.nemtT& pan.Hye oKp}')KHocm, ecnH JlJIHHa cropoHbl BC paeHa a. 

Omsem. a/4sin2 B[ctg B-ctg (A+ .8)). 
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31. B napa.n.nenorpaMMe co CTopoHaMH 2 H 4 npoee.neua .nHaroHanb 
,llnHHOit 3. B 1'WK.llbli1: H3 DOJIY'IHBWHXCSI TpeyrOJibHHKOB BDHCaHO no 
oKp)')KHOC'l'H. HaATH paccT011HHe Me)K,ZJ,y UCHTpaMH OKP)')J{HOCTeit 

Om6em. J5f /3. 
32. )laHbl .nea 0.llHH3KOBbIX nepeceKaIOW,HXCSI Kpyra. 0THOWeHHe 

paCCTOJIHHi1: MC)KJJ.y HX u;eHTpaMH K paJJ.Hycy paBHO 2m. TpeTHH Kpyr 
KacaeTCSI, BHCWHHM o6pa30M nepsbIX .n.ayx H HX o6w,eii KaCaTe.11'.bHOH, 
Onpe.nenHTh OTHOWeHHe WIOW.aJI.H 06.w.eii qaCTH nepBblX .n.syx KpyroB 
K nnouwm TpeTbero Kpyra. 

Om6em. 32(arccos m - m ~I - m2 )/rt m4. 

33. B s&1nyKnOM 'leTb1pexyroJ1hHHKe ABCD JaKnIO'leHbl .nee oK
PY.>KHOCTH pasttoro paiu1yca r, 1<aca10w,HeCR .n.pyr .npyra BHeWHHM 
o6paJoM. Ue»Tp nepeoi1: oKpy.>KHOCTH ttaxo.nHTcsr Ha oTpeJKe, co
e.n.HHRJOW.eM eepwHHY A c cepen.uHoii F cropoHbl CD, a u.eHTp BTo
poA OKPY.>KHOCTH Haxo.nHTCR Ha oTpe3Ke, coe.nnHsr10w,eM eepwHHY C 
c cepe.nHHOH E CTOpOHbl AB. nepBaR OKPY.>KHOCTb KacaeTCSI CTOpoH 
AB, AD H CD; BTOpaR oKpy.>KHOCTb Kacaercsr cropoa AB, BC H CD. 
Haimt AC. 

OmBem. 2./5. 
34. ToqKa E cropoHbI BC H ro'IKa F cTopoHbI AD BbmyKnoro t.Ie

TblpexyronhHHKa ABCD pacnono.>KeHbI raK, 'ITO BE= 2 · EC H 
AF= 2 ·FD. Ha OTpe3Ke AEttaxo.nHTCR.UeHTp OKPY.>KHOCTH pa.n.nyca r, 
Kaca10w,ei1:csr cropoH AB, BC H CD. Ha oTpe3Ke BF HaXO.llHTCH ueHTp 
OKPY.>KHOCTH roro Jl<e pa.n.Hyca r, Kaca10w.eAcsr cropoH AB, AD H CD. 
HaATH nnow,a.nh t.IeTbipexyroJibHHKa ABCD, 3Hasr, 1:1To yKa3aHHbie 
OKPY.>KHOC'l'H BHCWHHM o6pa30M KacaJOTCR .n.pyr .npyra. 

Om6em. 8r2. 

35. B TpeyronbHHKe ABC cropoHa BC CJIY.>KHT ocHoBaHHeM nony
Kl?l!:_a, nnow,a.nh KOToporo paetta nnow.a.n~eyron~Ka ABC. Yron 
BA C paBeH a.. Haii:TH eenwmHbI yrnos ABC H BCA , C'rnTaJI, 'ITO 
AiiC ;;:: BCA . Hccne.noeaTb, npn KaKHX ex. 38,ZJ,a'la HMeeT peweHHe. 

OmBem. ABC = (1t - c:x.)/2 + 1/2 · arccos (1t/2 · sin a. - cos a); 

BCA = (1t - a)/2 - 1/2 · arccos (1t/2 · sin a - cos a); 

0 < ex.::;; 2 arcsin (1/ )1t2/4+1). 

36. tteTb1pexyronbHHK ABCD BDHCaH B OKPY.>KHOCTb pa.nHyca R H 
ODHCaH BOKpyr .npyro.it OKPY.>KH.OCTH, KOTOpasr KacaeTCR CTOpoH 'le-
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mpexyroJI1>HHKa B TO'IKax K, L, M H N. HaitTH nnow;aah. qet1>1pexy
roJ11>HHKa ABCD, ecmt H3BeCTHo, 'ITO otta B TpH pa:ia 6oJI1>we nno
w;aau 'leT1>1pexyroJI1>HHKa KLMN, a yron Me)l(Jly JJ.HaroHaJISIMH AC H 
BD paaeH 'Y· 

Om8e~. 4R 2sin y/3. 

37. B qen,1pexyro111>HHK ABCD MO)l(HO enwcaTh H eoKpyr Hero MO)l(}{O 
onHcatb OKPY>K.HOCTb . .Uwarmtanb AC JlenHT nnow;an.1> 'leTblpexyro111>
HHKa nonoJiaM. HaiiTH JXJIHHY JJ.HaroHanH BD, ecJrn pan.Hye enHcaH
HOit OJ$:PY)f{HOCTH paBeH r, a nepHMeTp 'leTblpexyrOJibHHKa paBeH 'lp. 

OmBem. 2rp/ J p2 
- 2rp . 

38. QeHTPhI Tpex OKPY>KHOCTeH pa31IH'IHhIX pan.Mycoe pacnoJio)f{e
Hbl Ha'O,lJ.HOit npflMOil, a ueHTp <teTBepTOH HaxOJU-lTCSI Ha paccn>JIHHH d 
OT 3TOH np.stMOH. HaitTH pan.Hye qereeproit OKPy)l(HOCTH,'eCJIH H3Be
CTHO, 'ITO Ka)KJJ.a.st H3 3TMX OKpy)l(HOCTeH KacaeTCR Tpex JlPYrHX. 

'dmBem. d/2. 

39. B npaNtoyronbHOM TpeyroJibHHKe ABC .MHtta mnoTeHYJbI AB 
pastta c, a yron npH sepurnHe A pasett a. Ha npo.uon)l(ettHH rwnore
Hy3bI AB qepe3 TO'-IKY B BJSITa TO'IKa M, a Ha npoJJ.oJDKemm KaT,era 
AC qepe3 TO'IKY C BJSITa TO'-IKa N TaKHM o6pa3oM, qro BM= CM. Haiiru 
)lJIHHY oow:eii XOPJJ.bl .ueyx OKpYJl(HOCTeii; omrcaHHblX OKOJIO rpey
fOJibHHKOB ABC" AMN. 

OmBem. c sin a/2: 

40. B OKPY)f(HOCTb enucatta TpaneUHR ABCD, npH'leM AD II BC H 
AD> BC. Ha JJ.yre AD , He co.uep.xraw;eH: BepwuH B H C, .BJ.SJ.Ta ro~Ka $. 
To'IKH P, Q, M H · N RBJIJIIOTCSI ocHoBaHHSIMH nepneHAHKYJIRpoe, 
onyw;ettH&Ix HJ S cooTBeTcTBeHHO Ha cTopoH&I AD, BC, AB H CD 
HJIH Ha npo.non)f{eHHH 3THX cropoH. lheecTHO, 'ITO SP= a, SQ= b, 
SN= c. HanTH otttouieHue nnow;anH Tpeyron&HHKa MQS K nnow;an.H 
TpeyronbmtKa NQS. 

OmBem. ab/Cl. 
41. B TpeyroJihHHKe ABC HJBeCTHO, tITO AB= 20, AC= 24. H3ee

CTHO TaK)f{e, lJTO eepwHtta C, ueHTP BOHCaHHoro B TpeyrOJibHHK 
ABC Kpyra H TO'IKa nepece'-IeHH$1 6m:ceKtpuc1>1 yrna 1iAC co cTo
pottoii BC Jie:ll<:aT tta oKpy)l(HOCTH, ueHTP KOTopoii npHHanJie)l<HT 
oTpe3KY AC. HaATH paJJ.HYC OKPY)l(HOCTH, onwcaHHOH OKono rpe
yron&HHKa ABC. 

Om8em. 12,5. 
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42. B npsiM~bHOM ceKTOpe AOB H3 TO'lKH B KaK H3 ueHi'pa nB°

se.neHa .nyra OC ( C ...;... 1'0'lKa nepeceqeHH» :noH .nyrH. c · .nyroi% • AB) 
u u 

pa.n;Hyca BO. OKp~ocT& S1 KacaeTCJt .zlyrn AB , .nym OC H np»MOH 
. u 

OA, a OKpy)l(HOCT.b S2 ·KacaeTcst .nyru AB, np»MOH OA H OKP}')f(-
HOCTH S1• HaiiTH OTttomettHe pa.nuyca OKPY)l(HOCTH Si K pa.nuycy 

OKPYJKHOCTH Si. 

Omeem. 4(2 + .J3 )/3. 

43. B TpeyroJI&HHKe ABC yroJI npH sepumtte B paseH 7t/4, a yroJI 
npH seplIIHHe C - 7t/3. Ha Me.nHattax BM H CN, KaK tta .nJtaMCTpID<, 
nocTpoeHbI OKP~HOCTH, nepeceKaJOIUHCCJI B TO'lKIDC pH Q. Xop.na 
PQ nepeceKaCT cpe.nHJOJO JIHHUJO MN B TO'l.Ke F. HaHTH OTHOWCHHe 
.ll)IHH&I OTpe3Ka NF K .lJ)IHHe oTpeJKa FM. 

Omeem . .J3. 
44. B TpaneUHH ABCD TO'IKl'J K H M .JiBJIJIJOTCJI cooTBeTCTBeHHO 

cepe.n;HHaMH ocHOBaHHH AB H CD, npH'leM AB= 5, CD= 3. HaiiT»: 
n11oma.n& Tpaneunn, ecJIH TpeyroJI&HHK AMB - np»MoyroJI&HbIH, a 
DK - B&Ico'ia TpaneuHH. 

Omeem.8. 

45. B np»MoyroJI&HOM TpeyfOJibHHKe ABC H3 seplIIHHbI npJIMoro 
yrna BCA npose.neH&I 6ncceKTpHca CL H Me.nHaHa CM. Haiil:TH IlJio
ma.n& TpeyroJibHHKa ABC, ecJIH LM = a H CM= b. 

Omeem. b2(b2-.a2)/(b2 + a2). 

46. B oKp~HOCTb c uettTpoM 0 snHcaHa TpaneuHJI ABCD, B KOTo
pou BC II AD. B 3Tou )l(e oKp~Hocrn npose.nett&I .nHaMeTp CE H xop.na 
BE, nepeceKaioma11 AD B TO'lKe F. To'IKa H - ocHoBaHHe nepneHJlH
KYJI»pa, onymeHHoro HJ TO<i:KH F Ha CE, S - cepe.nnHa oTpe3Ka EO, 
M - cepe.nutta OTpe3Ka DD. 11JBeCTHO, 'ITO pa.n;Hyc OKP~HOCTH 
paBeH R, a CH= 9 R/8. HaHTH Jl,JIHHY oTpe3Ka SM. 

Omeem. 3 Ji R/4. 

47. 0Kpy)l(HOCTh pa.nnyca 1 anHcatta B TpeyrOJihHHK ABC, B KOTO
poM KOCHHyc yrna ABC paBeH 0,8. 3Ta OKp~HOCTh KacaeTCJi cpe.n
Heiil: JIHHHH TpeyroJihHHKa ABC, napaJIJieJihHOH cTopotte AC. Haii'I'H 
Jl,JIHHy CTOpOHbl AC. 

Omeem.3. 
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.48. ,llsa paeH&Ix npaeHJI&HblX TpeYroJibHHICa ABC H CDE co cTOpo
HOH 1 pacnoJimKeHbl Ha MOCKOCTH TaK, lfTO HMeIOT TOJibKO 0.ll.HY 
06uzy10 TO'IKY C, H yron liCl> MeH&we, 'leM tt/3. To'IKa K - cepe.nH
H~ AC, TO'IKa L - cepe.zuma CE, TO'IKa M -cepe.LlHHa OTJ>e3Ka BD, 
m10W.a.zlb TpeYfO,TibHHKa KLM paeHa .fj /5. HatiTH .ll)lHHy 0Tpe3Ka BD. 

OmBem. ( 2- .fi)/./5. 

49. )lea paBHbIX paeHo6e.npeHHblX TJ)eyron&HHKa ABC H DBE 
(AB= BC =BD = BE) HMeIOT 06w.y10 eepwHHY B H Jie)l(aT B O.llHOH 
ltllOCKOCTH TilK, qro TOtJKH A H C H8X.OJJ.RTCR no pa3HI.le cropoHbl OT 

npffMOH BD, a OTpe3KH AC H DE nepeceKaIOTC.11 e TO'IKe K. lfaeecT
HO, 'ITO ABC = DBE =a < x/2, AKI> = p < a. B KaKOM OTHoweHHH 
npffMWI BK .nenHT yron ABC ? . 

OmBem. (a-P)/(a+ p). 
50.' B TJ)eyron&HHKe ABC H3BecTHo, qto AB=AC H yron 1iAC 

'I)'ItOH. IlycTb TO'IKa D - 3TO TO'IKa nepece'IeHH.11 6HcCeKTJ>HCbl yrna 
AiiC co cropoHOit AC, M~ OCHOBaHHe nepneH,IJ,HKYJI.llpa, ,onyw.eHHO
ro HJ eepwHHbI A Ha cTopoHy BC, E - ocHoBaHHe nepneHJJ.HKYm1pa, 
onyw.eHttoro HJ D Ha cTopotty BC. lfope3 TO'IKY D npoee.nett TaIOKe 
nepneH.llHKynsp K BD .no nepeceqeHHff co cTopoHoil BC B TO'IKe F 
1-bsecTHO, 'ITO ME= FC = a. HaitTH MOW.3.llb TpeyroJibtfHKa ABC. 

OmBem. 25 .J7 dl/12. 
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§ 1. OCHOBHblE TEOPEMbl H Cl»OPMYJibl CTEPEOMETPHH 

TaK )l(C, KaK H B nepBOM pa3,lleJIC 3TOro noco6ID1, HanoMHHM' CHa

qa.n:a HaH6onee YfiOTJ>C6HTCJibHble reopeMhl H <l><>PMYJlbl, HCTIOJlblye

Mbie npH peweHHH crepeOMeTpH'iCCKHX 3an;aq. 

TeopeMW o nap&11.11e.JDdlOCTll 
nptlMlilX B llJIOCl(OCTei: 

a) ecnH npHMrut AB (pHc. 103) napa.n:neJibHa KaKOif-HH6y.ll& npHMOH 

CD, pacnoJio)l(eHHoi:t B nnocKOCTH P, TO oHa napaJ1J1eJ1&Ha caMOH nnoc

KOCTH; 

6) ecJIH nnocKocT& R (pHc. 103) npoxo.llHT qepe3 npHMYJO AB, 
napaJ1J1eJI&HyJO ,llpyro.H JJJIOCKOCTH P, H nepeceKaeT 3TY nnocKOCT&, TO 

JlHHHH nepece'leHH.SI CD napaJ1J1eJI&Ha nepuoii npHMOH. AB; 
B) CCJIH .ixse napa.n:JICJibHhle TIJlOCKOCTH p ' 

H Q (PHC. 'l04) 'nepeceKaJOTC.SI TPCTbCM ITJIOC

KOCTblO R, TO JIHHKH nepece'leHHH AB H CD 
napaJ1J1eJI&Hhl; 

r) eCJIH .llBC rrepeceKaJOWHeCH npBMhle AB 
H DC (pHC. 105) O,llHOH ItJIOCKOCTH COOTBCT

CTBCHHO rrapaJIJlCJibHhl .llBYM np.SIMbIM A,B, H 

D1 C1 ,Z1,pyroit·1IJiocKOCTH, TO 3TH ItJIOCKOC'rH 

flapaJJJieJibHbl. . 

Puc. 104 · 

PHc.103 

PHC. 105 
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TeopeMW o nepnellJlllKYJIJIPHOCTH DPJIMWX H WIOCKOCTei: 

a) wrn Toro 'IT06b1 np.si:Ma.si: AB (pHc. 106) 6Lma nepneHJlHKYJHiptta 

rmocKOCTH P, Heo6xo.nuMo u .nocTaTO'IHO, 'ITo6bl oHa 6bma nepneHJJ.H
icynjq}Ha llBYM npoH3BOJJbHLIM HenapaJOJeJt:bttblM np.si:MbIM CD H EF, 
Jie)l(all.{HM B 3TOH llJIOCKOCTH; 

6) . .UJl.sI Toro, 'IT06bl np.si:Ma.si: DE (pHc. 107) npose.nettHa.si: Ha 
llJIOc;KocrH P'Iepe3 octtosattue .HaKJIOHHOH AC6blJla eii nepnettµ.HKY
;rnptta, Heo6XOJlHMO H .llOCTaTOlJHO, lJT06bI 3Ta np.si:Ma.si: 6bIJia nep

neH.n.H~y;rn.pHa K npoeKUHH BC, HaKJJoHHo.ti Ha IlJIOCKOCTb P. (lloc

TaTO'l.Hoe ycnosue 31.0H TeOpeMbl Ha3bIBaeTc.si: « TeopeMoii o mpex nep-
neHOuKy.!Ulpax»: AC, BC, DE,) . . . 

B) ecmt .nse npHMbie AB H CD (pnc. 108) nepneHJJ.HKy;rnpHbI Oll
HOH MOCKOCTH P, TO OHH napaJIJieJibHbI Me)l(Jly co6oif; 

A 

PHC. 106 PHc. l07 

r) ecJIH JJ.Be IlJIOCKOCTH PH Q(pwc. 109) nepneHllHKYJI.RpHbI OJJ.HOH 

np.s:JMofl AB, TO OHH napaJIJieJibHbI .npyr .npyry. 

TeopeMw o nepnellJlllKYJIJIPHOCTH DJIOCKOCTeii: 

a) eCJIH OJIOCKOCTb p npOXO.llHT 'Iepe3 nepneH,IlHKYJUlp K .npyroH: 

nJIOCKOCTH Q, TO nJIOCKOCTb p nepneHllHKYJIHpHa IlJIOCKOCTH Q 
(puc. 110); 

A c 

p 

A 
B 

p 

PHc. 108 PHC. 109 
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6) ecJIH .use nJIOCKOCTH p H Q (puc. l 10) B3aHMHO nepneH.UHKy
JI.RpHhl, TO npHMa.R, npose.neHHa.R B O.UHOH nJIOCKOCTH nepneH.llHKy
JI.RpHO JIHHHH nepeceqeHHH IlJIOCKOCTeH, nepneH.UHK)'JI.RpHa .upyroH. 
nJIOCKOCTH. 

TeopeMw o Ckpe1llHBa10UlllXCR npJQtWX: 

a) yroJI a Me)l(Jly cKpemusat0IUHMHC.R np.RMbIMH AB H CD (puc. 111) 
onpe.ueirneTCSI KaK yroJI Me)l(Jly O.UHOH H3 3THi npSIMblX (HanpHMep, 
CD) u Jit06on np.RMOH A1Bt> npoxo.uHmeiif 'lepe3 ee npoHJBOJibHYIO 
TO'IKY E napaJIJieJibHO .upyrofl np.RMoH.; 

6) paccTO.RHHe h Me)l(Jly CKpeIUHBaIOIUHMHCH rrpHMhIMH AB H CD 
(pHC. 111) onpe.uemi:eTC.R KaK KpaT'laihnee pacCTO.RHHe Me)l(Jly TO'l
KaMH 3THX npSIMblX " MOX<eT 6bITb HaH..ueHo KaK paccTO.RHHe OT o.n
HOH HJ 3THX np.RMhIX (HanpuMep, AB) 110 nnocKoCTH P, npoxo)l.R
meu 'lepe3 .upyrytO np.RMYIO CD napanneJihHO nepeoii. 

)(ayrpallllble yrJ1w 

OnpeoeJJeHUJl. nepece'leHHe .usyx nonynpocrpaHCTB, rpaHHUaMH 
KOTOpblX CJIYX<aT HenapanneJlbHbie IlJlOCKOCTH p" Q (pHC. 112) Ha-
3bIBaeTC.R .nsyrpaHHbIM yrnOM. 

OrpattH'IHBaiomHe .usyrpattHhlH yro11 nnocKOCTH P " Q tta3bIBa
IOTC.R ero rpaHHMH, a np.RMa.R AB, HBJJ.RJOIUa.RcH o6meif rpaHHUeii 
3THX TIJlOCKOCTeH - pe6pOM .usyrpaHHOfO yrna . 

. Ilepece'leHHe Jl,ByrpaHHOfO yrna H TIJIOCKOCTH s, nepneH)lHKym1p
HOH K ero pe6py, Ha3bIBaeTCH JIHHeHHblM yrJIOM .usyrpaHHOfO yrna 
(puc. 113). Bemt'IHHOH cp nsyrpattttoro yrna ttaJhrnaeTCH eeJIH'IHHa 
ero JIHHeiittoro yrna, r.e. eeJIH'IHHa yrna Me)l(Jly np.RMhIMH CD H CE, 
nepneHllHKym1ptthIMH pe6py AB Jl.ByrpaHttoro yrna. 

BeJIH'IHHY Mettbrnero 113 .usyrpaHHhIX yrnoe, onpe.uenHeMbIX Jl.BYMH 
nepeceKaIOIUHMHCH OJIOCKOCTHMH, Ha3bIBalOT YfJIOM Me)l(lly 3THMH nJIOC-

p 

P1iC. I to PHc. 111 
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Ocuonuble reoMe'fPll'lecKHe MeC'fa TO'leK 
B npocTpaHCTBe 

a) reoMeTpuqecKHM MecTOM TOqeK, Y.llaJieHHbIX Ha paccTOHHHe R 
OT ,llattttoi1 TOqKH 0, HBJrneTCH c<t>epa PMHyca R c uettTpoM B 3TOi1 

TOqKe; 

6) reoMeTpHqeCKHM MeCTOM TOqeK, paBHOY.llaJieHHbIX OT .llBYX ,llaH

HbIX ToqeK npocTpattcTBa A 11 B ,(pttc. 115), HBnHeTcH nnocKoCTb P, 
nepneH,llHKYJIHpHaH K 0Tpe3KY npnMOH, COeJl,HHHIOlUeMy 3TH TOqKH, 

H npoxo.llHlll,aH qepe3 ero cepe,llHHy; 

B) reoMeTpmrecKHM MeCTOM TOqeK, paBHOYD.aJieHHbIX OT Tpex .n.aH

HbIX TOqeK A, B H C (pHc. 116) npocTpattcTBa, He Jie)Kalll,HX Ha OD.HOH 

npHMoi1, HBJIHeTcH npHMaH MN, nepneH.llHKym1.pttasi: IlJIOCKOCTH P, B 

KOTopoi1 Jie)l(aT 3TH TOqKlf, u npoxo.ll.Hlll,He qepe3 ueHTp oKp)')Kttoc

TH, npoBe,lleHHOH qepe3 3TH TOqKH; 

M 

N 

Puc. I 15 PHc. 116 

r) reoMeTpH'l.leCKHM MeCTOM TOlfeK, paBHoy.u.aneHHbIX OT rpaHeM .llBY

rpaHHOfO yrna, HBJHieTC,sJ TaK Ha3bIBaeMaH «6ucceKmop1taR n.tlOCICOCmb» 
P (pttc. 117), npoxo,llH11.1,aH qepe3 pe6po AB .llByrpaHHoro yrna H nepece

Ka1011.1,aH n1060M: JIHHeliHhIH yron .u.syrpalittoro yrna CAD no 611cceKT

pMce l. 

A 

Puc. 117 

BeKTOpbl · 

BeKTOPhI B TpexMepHoM npocTpattcrne BBO

ll.HTCH attanorwrno TOMY, KaK 3TO 6hIJIO caena

HO )])IH nnocKOCTH (CM. I,§ I). OcTaIOTCH cnpa

Be)])IHBbIMH H ll(;e CBOMCTBa BeKTOpOB, a TaK)l(e 

npaBHJia .u.eMCTBHH c HHMH. 

EcJIH [ , J , k - nonapHo nepneH.U.HKYJIHp

Hbie e,llHHHqHbie BeKTOpbI, TaK H33bIBaeMbIM op
mo1topMUp06QHHblU 6a3UC, TO JII060H BeKTOp Q 
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npocTPaHCTBa MO)!(eT 6b1Tb e.n.1rncTBeHHbIM o6pa30M pa3.1IO)!(eH no 3TMM 

BeKTopaM, T.e. npe,ll,CTaBJieH B BM,ll,e 

a= aif +a2J +aic. 
q11cJia { a1 .a2, a3} Ha3bIBaJOTC51 .neKapTOBhIMM KOOP.UMHaTaMH aeKTO

pa ii B 6a3MCe l ' J ' k . ,lleKapTOBbI KOOp,ll,HHaTbI BeKTOpa 51BJI5IIOTC51 

npoeKU.MS:lMH 3TOfO BeKTOpa Ha COOTBeTCTBeHHble OCM CHCTeMbl Koop-

a1 = npxii; a2 = npyii; a3 = npzii. 

EcJIM ace qlfcJia a1.a2,a3 oTJIIfqHbI OT 

HYJI51, TO ii MO)((HO H306pa3MTb c fIOMOmhlO 

.u11aroHaJIM npHMOYfOJibHoro rraprumenemme

.ua, y KOToporo MHHhI pe6ep paBHbl I a1 I, x 

z 

I a21 u I a31(p11c.118). PHc. 118 

la~I 

y 

EcJIM BeKTOp ii OTJIO)((eH OT ToqKH Ac Koop.mrnaTaMM (x1' Y1> z1) M 

KoHqaeTC51 a ToqKe B c Koop.uuHaTaMH (x2, y2, z2), ro Koop.uuHaTbI BeK

Topa onpeJJ.emuoTCH qepe3 KOOp.ll,HHaThI HaqaJia H KOHI.\a seKTOpa ITO 

c}JopMyJiaM: 

AB{x2-x1; Y2-Y1; z2-z1}. 

ECJIH ii {a1, a2, a3} u ii {b1, b2, b3} -.usa rrpott3BOJihHbIX seKTopa, ro: 

a) KOOp.ll,HHaTbl cyMMbl BeKTOPOB paBHbI CYMMe COOTBeTCTBYIO

mttx KOOP.UHHaT CJiaraeMbIX 

ii + ii = {a1 + b1; a2 + b2; a3 + b3}; 

6) KOOPJl.HHaTbl pa3HOCTM BeKTOpOB paBHbl pa3HOCTM COOTBeT-: 

,CTBYIDmHX KOOp.UHHaT 3THX BeKTopeB 

ii-b ={a1-b1; a2-b2; a3-b3}; 

a) Koop.unHaThl npoH3Be.ll,eHmI aeKTopa Ha qHcJio A. paBHbI rrpo

. 3BeJJ.eHmo COOTBeTCTBYIDmMX KOOpJ],MHaT BeKTOpa Ha .uaHHOe q11CJIO 

A.ii = p .. a1; l..a2; A.a3}; 

, r) JIMHe'HttoH: KOM6HHaUHH c =A. ii + µ.ii BeKTopoa ii H ii , r4e A. 

' µ - rrpOH3BOJibHbie qifcJia, COOTBeTCTBYIOT KOOPJl.MH:aTbl 
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Crai.11.Rpnoe npou36eoenue 6eKmopo6 orrpeJJ;eJIJleTcH KaK 

BeJIWIHHa CKa.IDIPHOfO npoH3Be,UeHHH onpe.neJIHeTCH qepe3 KOOpJJ;H

HaTI>I BeKTOpOB no <t>opMyJie 

(ii·b)=o1b1 +o21Ji +o3b3 • 

.[(JIHHa BeKTopa ii c KOOpJJ;HHaTaMH {01, 02, 03} .uaeTCH <l>OPMYJIOH 

- I 2 2 2 a = ..;a1 + o2 + o3 . 

YroJI Me)l(,lly BeKTopaMH a H fj orrpe,ueJIJleTCH H3 paBeHCTBa 

BcHKoe JIHHeH:Hoe ypaBHeHHe 

Ax+By+ Cz +D=O, 

CBH3bIBaIOu.r;ee KOOP.lJ.HH3Tbl x, y, z, orrpe}J.e.IDieT MHO)l(CCTBO roqeK rrpo

CTpaHCTBa, Jie)l(alll;HX Ha IIJIOCKOCTH, H, Hao6opoT, KIDKJlYIO IIJIOCKOCTb 

MO)l(HO 3aJJ;aTb JIHHeHHblM ypaBHeHHeM c TpeMH rrepeMeHHbIMH, HMeIO

lll;HM no KpaH:HeH: Mepe OJJ;HH HeHyJieBOH K03<l><l>m.u1eHT npn rrepeMeH

HhIX. 

BeKTop ii c KoopJJ;HHaTaMH {A, B, C} rrepneH.llHKYJIHPeH ruIOCKO

CTH Ax+ By+ Cz + D=O . 
.D; o Ka 3 a Te JI h c TB o . .D;eiicTBHTeJibHo, ecnn M0(.xo, y0, z 0) Ka

Klul-nn6o ToqKa IIJIOCKOCTH, TO Axo + by0 + Cz0 + D= 0. Orcro.!la cne

.nyeT, 'ITO ypaBHeHHe JJ;aHHOH IlJIOCKOCTH MO)l(HO nepenucaTb B BH,Ue 

A(x-x0) + B(y- y0) + C(z - z0) = 0, 

H.1IH KaK CKaJIHpHoe npOH3Be.D;eHHe 

(ii· MM0 ) = 0 

BeKTopoB ii ={A, B, C} H MMo = {x- x0 , y- y0 , z - z 0}, r}J.e 

M(x, y, z) - npOH3BOJibH'.aH TO'IKa JJ;aHMoH: ruIOCKOCTH. IlocKOJibKY 

ii '* o , TO pa:aeHCTBo HYJIIO ckaJIHpHoro npoH3BeJJ;eHHH 03HaqaeT 

nepneHJJ;HKYJIHPHOCTb nepeMHO)l(aeMbIX BeKTOpoB, T.e. ii .L MMo. C 



§ I. 0cH08Nfile meope.Mbl u </JopMy.!lbl cmepeoMempuu 165 

.u;pyroM: cropOHbI, H3BectHo, l!TO eCJIH rrpHMrul neprreH.u;HI<)'JIHpHa XOTR 

6bI JJ;BYM rrepeceKaIOW:HMCJI npHMbIM IIJIOCKOCTH, TO OHa rrepnewm

KyJIHpHa caMOH IIJIOCKOCTH. 

TaKHM o6pa3oM, IC03</></JUu,uenmbt A, B, C npu nepeMeHHblX x, y, z 6 
ypa6HeHUU 11./lOCICOCmu MO:JICHO paccMampu6amb ICQIC ICOOpOUHOmbl 6e1C
mopa, nepneHOUKyllRpHoeo oaHHou 11./lOcJCocmu. 

Yron <p Me)l(Jl;y JlBYMJI nnocKOCTHMH A1x + B1y + C1z + D1=0 H 

A2x + B'J)J + C2z + Dj = 0 Haxo.z1:JITCH KaK yron Me:xozy rrepneH.u;HKyJIJip

HbIMH HM BeKTopaMH ii1 = {A1, BI> C1} H ii2 "' {A2, B2, C2}, T.e. no <lx>P
Myne 

PaccTOHHHe h OT TO'lKH M0(,XQ, y0 , z0) .u;o IIJIOCKOCTH Ax+ By+ Cz + 
+ D = 0 }laeTcsi: $opMynoi1. 

hJAx0 +By0 +Cz0 +DI 
.JA2+B2+c2 . 

IlJioma.zu, OpTOI'OHa.llbHOH npoeKQHH MHOroyroJibHHKa 

IlnOW:aJlb Snp OPTQfOHaJibHOif IIpOOKI.(HH 

MHoroyroJibHHK;a Ha IlJIOCKOCTb paBHa IIJIO

W:a.u:H Seti rrpoeKT11pyeMoro MHoroyronbHH

Ka, YMHO)[(eHHOH Ha KOCHHYC yrna cp Me:xozy 

TinOCKOCTHMH MHOroyrOJibHHKa H ero npo

eKUHH (pHC. 119): 

Snp = Seti • cos cp. 

MuororpaHHHKH 

Puc. 119 

MH0202paHHu1CoM H'13bIBaeTCH o6'be.n;HHeHHe 3aMKHYTOH MHOrorpaH

. HOH IIOBepXHOCTH M ee BHyrpeHHeH o6nacTH. 

llpU3MOU H83bIBaeTCJI MHOrorpaHHHK, }lBe rpaHH KOToporo n -
yroJibHHKH, Jie)[(aw:He B rrapaJIJieJibHbIX IlJIOCKOCTJIX, a OCTaJibHbie n 

'rpaHeif - napannenorpaMMbI (pHc. 120). · 
flJIOW:a.zlb S6oK 60KOBOJ:i IIOBepXHOCTH npH3MbI paBita IlpOH3Be.n.e

.. HHIO nepHMeTpa neprreHJiHKYJIHpHoro ceqeHWI Ha 6oKosoe pe6po 

'(pHC. 120): 



166 fJIABA II. CTEPEOMETPJ411-

rn:e Pl. - nepHMeTP MHoroyroJihHHKa A21Ji~Di£ii, a b ~ MHHa 6oKo
Boro pe6pa. 

06neM npHJMhI paBeH npoHJBe.u.eHHIO n.11owa1U1 octtoBaHHSI S0 cH 

Ha BhicoTY H npHJMhI: 

V=SOCH. H. 

)],Jrn npRMOU npU3Mbl (T.e. npH3Mbl, y KOTOPOH 60KOB1>1e pe6pa nep
neHJJ.HKYmipHhl IlJIOCKOCTSIM OCHOBaHHH), WIOUJ.3,llb~6oKOBOH nosepx
HO~TH H o6'heM .u.aIOTCH <t>opMyJiaMH 

V=SocH. H, 

B KOTophIX POCH• SocH H H - nepHMeTp, nnorn;a,n:h octtoBaHHSI H BhICO
Ta. npH3Mbl, COOTBeTCTBeHHO. 

llapaJlJle11enuneaoM HaJbrnaeTcH npHJMa, octtoBaHl·leM KOTopo:U 
CJI)l)KHT napannenorpaMM (pHc. 121). CepeJJ.HHa JJ.HarottaneH: napanne
nenHne.u.a HBJIHeTCH ero ueHTpOM CHMMeTPHH. 

IlpHMOH napannenenHne.u., OCHOBaHJieM KOTOporo CJI)l)KHT npn:
MoyrOJibHHK, HaJbIBaeTCH npflMoyco11bHblM napa1111e11enuneaoM 
(pHC. 121). 

Kmui.paT JJ.JIHHhI .n;HaroHane:U npSIMoyronhttoro napannenemme.u.a 
paBeH cyMMe KB3,llpaTOB TPCX ero lil3MepeHHH, T.e. 

d2=c?+!l-+C2. 

PHC, 120 PHC. 121 
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s 

E B B 

A 

PHC. 122 PHC. 123 

llupaMUOOU Ha3bIBaeTCH MHororpaHHHK, 0)1.Ha H3 rpaHeH KOTOporo 
- npoH3BOJibHbIH MHoroyroJibHHK, a OCTaJibHhie rpaHH - Tpe

yrOJibHHKH, HMelOUJ;He o6myio Bepnmay (pHC. 122). 
06neM nHpaM}fJ1.bl )1.aeTCH <l>oPMYJIOH 

v = l/3SOCH. H, 

r)].e SOCH - nJIOUJ;Mb ocHosaHHH nHpaMH.llhI, H - BhICoTa.' 
06'beM yce'teHHOU nupaMUObl (T.e. MHOrorpaHHMKa, sepnmHaMH 

KOToporo cJI}')l{aT sepumHbI octtosaHHH nHpaMH.llbI ABCDE H sep

IUHHhI ee celJeHH.SI A1B1 c,D1E1 IlJIOCKOCTbIO, 
napanJieJibHOH OCHOBaHHIO) (pHC. 123), )1.a

eTC.SI <l>opMyJIOH 

V = ~(S1 + S2 + ~S1 · S2 )- H, 

B KOTopoH: S1 S2 - nJIOlllMH ocHoBaHHH, H - ----::::i--
BbICOTa ycelJeHHOH nHpaM}fJ1.bl. Pl1:c. 124 

06'beM npoHJBOJibHoro MHororpaHHHKa, B KOTOpbIH MO)l(HO BnM

caTh urap PMHyca R (pnc. 124), CB.SI3aH c nJIOllla)].bIO S0 ero noBepx

HOCTH <l>opM}'JIOH 

V= l/3S0 ·R. 

KpyrJIM.e TeJ1a 

Kpyvible meJ1a - 3TO rena, orpaHH'leHHbie nosepXHOCTHMH l;lpamettHH. 

. aUJlUHOpOM np.SIMbIM, Kp)'roBbIM Ha3bIBaeTC.SI <i>Hrypa, IlOJiylJeHHaH 
; npH Bparn;ettHH np.SIMoyroJibHHKa ABCD soKpyr ocH, co)].ep)l(ameH: 
·. ero cropotty AB (pHc. 125).· 
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IlJioma.nh S00K 6oKoBoii rroBepXHOCTH UHJIHH,ZJ,pa H S11 - ero rronHo:H 
IIOBepXHOCTH AaIOTCH COOTBeTCTBeHHO <P<>PMYJiaMH: 

.5fuK = 2rcRH; 

~ = SfuK + 2SocH = 21tRH + 21tR 2, 

B KOTOphlx R ..-- Pa.AHYC ocHOBaHJrn UHJIHHAPa, H - ero BhICOTa, 
SOCH - n.rroma.nh OCHOBaHIDI. 06DeM Vu UHJI1-rn.n;pa paBeH Vu =7tR2 H 

KoHycoM (npHMbIM, KpyroBbIM) Ha3hl:BaeTCH qmrypa, rronyqeH
HBH 'rrpH BpameHHH np»MoyroJibHoro TPeyronhHliKa ABC BOKpyr ocH, 
co.nep::>Kame:H ero KaTeT AB (pHc. 126). · 

Ilnoma,nh s60K 60KOBOH rrosepxHOCTH KOHyca H SKOH - ero IIOJIHOH 
IIOBepXHOCTH AaIOTCH COOTaeTCTBeHHO cPOPMYJIBMH 

5fuK=1tRL, 
. • . 2 

~ = Sooc + SOCH = ~RL + 1tR ' 

B KOTOpbIX R - pa.n;Hyc ocHOBBHHH KOHyca, L __:_ AJIHHa ero o6pa3yro
rn;eH:, SocH - IIJIOill;a.nh OCHOBaHHH. 

Ofi'beM VKOH. KOHyca paBeH 

VKOH = 1/3SOCH . H, 

r.n:e H - BbJ:COTa KOHyca., . 
llnorn;a,nh Sy, 60K 6oKosoH: rrosepxHOCTH .H o6'beM ~" 6oK yceqeHHO

ro KOHYCB (pHC. 127) onpe.n:emnoTCH cPOpMyJiaMH: 

Sy, 6oK = rc(R1 + R2)L; 

Vy,6oK =1/3(S1 +S2 +..}S1S2 )·H, 

B C 

' ,/ ... ____ r __ ... B 

I 

I H 

-- D 
c 

PHc. 125 PRC. 126 · 
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!! B KOTOphrx R1 H R2 - paJQfYChl OCHOBamt:H yceqeHHoro KOHYca; S1 = nR?. 
! S2 = nRl - IlJIOlll.3.ll)f ero ocHoB:iHHH, L - JI)IHHa o6pa3yiolll.e:H, H -

BbICOTil. 
mapoM Ha3brnaeTC.s:· qm:cypa, rronyqeHHrui npw BpameHHH noJiy

Kpyra BOKpyr OCH, COJJ.ep.xrame:H ero ,lJ;HaMe'l'p AD (pHC. 128}. 
C¢epa - 3TO. rroBepxHOCTh mapa, reoMe'l'pH'lecKoe Mecro TO'leK, 

y.naneHHbIX OT HeKoropo:H TO'IKH npOC'l'paHCTBa (~eH'l'pa mapa) Ha 
3a,n:aHHoe paccTOHHHe R (R - pa,n:Hyc c«}>epbI, mapa). 

Kacame.nbnou MOC1COCmb10 IC c¢epe (mapy) Ha3bIBaeTCH ITJIOCKOCTh, 
' HMCIOlll.aH co c<t>epo:H e,lJ;HHCTBeHHYIO 06my10 TOlIKy (pHC. 128). Pa,n:H

yc, npoBe.lleHHbIH B TO'IKy KacaHHH, neptteH,llHKyJIHpeH KacarenhHOH 
IlJIOCKOCTH. 

Kacame.nbHOU npRMOU IC c¢epe (mapy) Ha3bIBaeTCH npHMruI, HMe
IOlll.aH co c<t>epoit e,lJ;HHCTBeHHYIO 061Il.YIO TO'IKy (pHC. 128). 

EcJIH H3 TO'IKH M, ne:xcitmej.j:. BHe c$epbI, npoBe,lJ;eHbl K c<t>epe ~Be 
KacaTeJihHbie (pHc. 128), TO o'l'pe3KH. MB H MC 3THX. KacareJihHhIX, 
3aKJIIO'leHHhie Me)f{)J,y TO'IKOH M H TO'IKaMH KaCaHHH B ~ C, H~~IOT 
OAHHaKoByio JI)IHHY (MB= MC). 

· Il.Jioma,n:h S rroBepXHOCTH inapa H ero 061.eM 'v ~mpe,ll;eJIHIOTCH <l><;>P-· 
MyJiaMH: 

r,lle 'R - pa,n:Hyc mapa. 
CeZMenmnou n0Bepx11ocmb10 (plt:c.129) Ha3MBaeTc.s: qaCTh mapo

BOH noBepxHOCTH, oTCeKaeMa.s: OT Hee KaKo:H-HH6YAh ITJIOCKOCThIO P. 
0TPe3oK MK pa,n:Hyca, rreprreH.llHKyn.s:pHoro ITJIOCKOCTH ce'leHHH, 
Ha3bIBaeTCH BbICOTOH cerMeHTHOH IlOBepXHOCTH. 

filap08blM CeZMeHmOM (pHC. 129) Ha3bIBaeTCH 'laCTb mapa, OTCe
KaeMruI OT Hero Kal<'oi{-HH6y,ll;h ITJIOCKOCThIO P. 

Ilnoma,n:h Seer cerMeHTHOH rroBepxHOCTH H o6'heM Ycer mapoBoro 
cerMeHTa onpen;eJ1H10fc.s: $opMy1IaMH: 

D 

PHc. 127 PKc. 128 
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Seer = 2rcRH; Veer= rcH2(R - ! · ll), 
3 

r.ue R - pa.n;Hyc wapa, H = MK....;..· BhICOTa cerMeH1-a. 
lllap08blM nOJlCOM (pHC. 129). Ha3bIBaeTCH qaCTh rnapoBOH. nOBepx

HOCTH, 33KJUoqeHHaH Me)K)J,y .UBYMH napan:JieJihHhIMH CeKyIIJ;HMH IIJIOC
KOCTHMH PH Q. PaccTOHHHe H Me)K)J,y 3THMH nJIOCKOCTRMH tta3hIBa
eTcH BhICOTOH rnaposoro IlOHCa. 

lJ!apo«bLM c.noeM (pHc. 129) tta3hIBaeTCH qacTh rnapa, 3aKmoqeH
HaH Me)K)J,y .UBYMH naprumeJihHbIMH CeKyIQHMH IlJIOCKOCTHMH p H Q. 

IlJiorn;a.n;h noBepxttocTH Sw.n. ruapoBoro ·nmcca onpe.n;eJIHeTCH cpop-

Sw.n. = 2rcRH, 

B KOTOpoH: H - BhICOTa rnapOBOfO IlOHCa (pHC. 130). 
· · 061:.eM rnaposoro' CJIOH ll~o.umcH · KaK pa3HOCTh o6»eMOB .n;Byx 

rnapOBhIX cerMeHTOB. 
1ilapo6Wt celCmopOM (pHC. 130) Ha3bWleTCH cpHrypa, IlOJiyqeHHaH 

npH sparn;ettHH KpyroBoro ceKTopa COD BOKpyr .n;HaMeTpa AB, He 
nepece1<aiorn;ero orpattwrnsa10rn;y10 ero .n;yry. 

06'beM Vw.ceK. rnapOBOfO CeKTOpa onpe.n;eJIHeTCH cpopMyJIOH 

r.ue H - BhICOTa cooTBeTCTByiorn;ero rnapoooro noHca. 

A 

PHC. 129 PHc. 130 
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I. )laHa npmtrul, flapa.1IJieJlbHrul lliIOCKOCTH. Ilapa.JIJie.JibHaJIH 3'ra Ilpmtrul 
mo6oif rrpHMOH, Jie)l(ameif B. IIJIOcKocrn:? Mo:>KeT Jil1 :na rrpHMM rrepe
ceqh xorn 6bI O.UHY 113 Tar<;HX IIp51.MbIX? 

OmBem: HeT. HeT. 

2. HaifT11 yroJI MeX<JJ;y .UBYMH cKpem11Ba10m11M11c51. rrp51.MhIMl1, o,n:Ha 
113 KOTOphIX co.uepxrnT .u11aroHaJih KY6a, a .upyrM - .u11aroHaJih 6oKo
BOH rpaH11. 

OmBem: 90° .. 

3. HaifTH yroJI MeX<JJ;y .UBYMH cKpell(HBaIOil.(11MHC51. rrpHMhIMli, co
.uep)l(all.(11MH .uHaroHaJIH rpaHeif KY6a. 

OmBem: 60°. 

4. ,UoKa3aTh, qTO ecJIH yroJI AOB crrpoeKT11poBaTb opToroHaJihHO 
Ha IIJIOCKOCTb, rrapaJIJieJihHYlO ero 611cceKTpHCe oc, TO 6HCC,eKTpHca 
rrpoeKUHH yrna AOB 6y.ueT rrapaJIJieJibHa OC. 

5. ,UoKa3aTh, 'ITO 6HcceKTopHhI~ IIJIOCKOCTH Tpex BHYTpeHH11x .UBY
rpaHHhIX yrnos TpexrpaHHOfO yrna rrpOXO.U51.T qepe3 O.UHY rrp51.MYIO. 

6. Ha .UByx cKpetUHBaIOil.(HXCH rrpHMhIX I H /1 Jie)l(:aT oTpe3KH AB H 
CD.· ,UoKa3aTh, qro o61>eM TeTpa3.upa ABCD He MeHHeTCH, ecJI11 oT
pe3KH AB H CD rrpoH3BOJihHO rrepeMemaTb no .uaHHhIM rrpHMhIM. 

OmBem: 06'beM yKa3aHHoto TeTpa3.upa paneH 1/6 · abh sin a., r.ue 
a= AB, b = CD, a. - BeJI11q11Ha yrna MeX<JJ;y cKpem11Ba10m11M11c51. npH
MhIMl1, a h - KpaNaifwee paCCT051.Hl1e MeX<JJ;y HHMH; OTCIO.Ua CJie,uy-
eT c<t>opMyJIHpoBaHHoe YTBepX<JJ;eHHe. S 

7. TeopeMa. ECJ1u pe6po SA npou360AbHOu 
mpeyzoAbHOU nupaMUObl SABC (S - Bepwu
Ha) U3MeHumb 6 kpa3, pe6po SB- 6 m pa3, 
pe6po SC - 6 n pa3, m.e. nepeumu " nupa
MuiJe SA1B1 C1 maKou, l(,mo 

SAi = k · SA; SB1 = m · SB ; SC1 = n · SC, 

mo o6oeM nupOMuiJbl U3MeHumCR 6 kmn p03, 
m.e. 

A 
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lfuc.na k, m, n MOcym 6btmbMeHbWe UJlU 60/lbWe eOUHUU,bl (pHC. 131) . 
.u 0 K a 3 a T e JI b c TB 0. IlpeJJ:CTaBHM 061.eM KIDI<IJ,OH H3 IlHpaMHJJ: no 

<PoPMYJiaM: 

r.11:e h1 H h - AJIHHbl BblCOT KIDK,UOH H3 nHpaMHJJ:, onyw.eHHblX Ha 
6oKOBhie rpaHH H3 BepllIHH A1 HA, cooTBeTCTBeHHO (pHc. 131). Co

CTaBJIHH OTHOIIIeHHe o6'beMOB nMpaMHJJ:, HaxOJJ:HM 

VsA1B1C1 - S SB1C1 h1 
VSABC - Ssnc . 11· 

QqeB:HJlHO, qTO OTHOIIIeHHe IlJIOW.a.n:eH: TpeyroJibHHKOB SB1 C1 H 

SBCpaBHO 

S sn1c1 = 1/2 · SB1 · SC1 ·sin ex = SBi. · SC1 = mn 
Ssnc 1/2 ·SB· SC· sin ex SB· SC ' 

IlOCKOJibKY 3TH TpeyroJibHHKH HMeIOT 06W.HH yroJI ex npH BepllIHHe s. 
OTHollleHHe BhICOT h1 : h paBHO k. 3TO cne.n:yeT H3 paccMo'rpeHHH 

no.n:o6HhIX l'peyronhHHKOB A1D1 SH ADS. 
T1;tKHM o6pa30M, 

H yrnep)l(.UeHHe JJ:OKa3aHO. 

CJJ:e~cTBHe. EcnH k = m = n::::: ko, TO nHpaMHJJ:a SA1B1 C1 no.n:o6tta 

. nHpaMHJJ:e SABC H. o6oeMbl 3T~ nHpaMHJJ: OTHOCHTCH KaK KY6 K03<l>

<l>Hu,J{eHTa uo.n:o6HH, T.e. 

8. Ha rrpo.n:oJPKeHHH pe6pa SA rrHpaMHJJ:hl SABC OTJIO)l{eHa TOqKa M 
TaKaH, qro AM= 5 · SA, a Ha pe6pax SB H SC -TOqKH NH Q TaKHe, 

qTO SN= 1/3 · SB H SC::::: QC. HaiiTH o6oeM rrnpaMHJJ:bI $MNQ, eCJIH 

o6oeM rrHpaMHJJ:bI SABC paBeH V. 
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1'· OmBem: 4 V (cM. perneHHe rrpeJJ.bIJJ.yrn;eii 
3an;aqH). A1 

9 . .[(oKa3aTb, qTQ o6DeMhl UHJIHHJJ.pa, KO
ttyca, yceqeHHoro Kottyca, rnapoBoro cerMeH
Ta H rnapOBOfO CJIOH MO)l(HO BbiqHCJIHTb no 

cPoPMYJie 

B KOTopoii H - B1>1c0Ta TeJia, S1 H S2 -
ITJIOII.J;an;H ero QCHOBaHHH (JUUi KOHyca H 

rnapOBOfO cerMelfTa 0)1.Ha H3 3THX ITJIOII.J;a

JJ.eii paBHa HYJIIO), a S0 - ITJiorn;an;1:. ceqe

HHH TeJia IlJIOCKOCTbIO, rrapaJIJieJibHOH oc

HOBaHHHM H rrpOXOJ].HII.J;eH qepe3 cepeJJ.HHY 

BhlCOTbl. 

10. 33,Aa'la. Haumu flJlOU{aab ~rjJepu11ecKozo 
mpeyzollbHUKa, YZllbl Komopozo pa6Hbl a, ~ u . 
y, Komopblu pacnoAoJK:eH Ha cef>epe paauyca R 
(pHC. 132). 

0 

A 

Pemeuue. Onpeae/leHue. Opep11qecKHM PHc. 132 

TpeyrOJibHHKOM Ha3bIBaeTCH qaCTb ccl>ephl, 

orpaHHqeHHaH JJ.yraMH Tpex ee 60JI1:.rn11x KpyroB. YrnoM ABC cct>ep11-

qecKoro TpeyroJibHHKa HaJbIBaeTCH JIHHeHHhlH yroJI J].ByrpaHHOfO yrna, 

06pa3yeMoro ITJIOCKOC_THMH 60JibllIHX KpyroB cct>ephl, BbICeKaIOII.J;HMH 

Ha Heii JJ.aHHhlH yroJI cct>ep11qecKoro TpeyroJibHHKa (p11c. 132). 
3aMeTHM CHaqaJia, qTo ITJIOII.J;a)J.b qacTH ccl>epbl, BbICeKaeMOH 

H3 Hee rpaHHMH JJ.ByrpaHHOfO yrna BeJIHqHHOH a, pe6poM KOTO

poro HBJIHeTCH JJ.HaMeTp cct>epbI, paBHa aS/2rr., r)J.e s - ITJIOII.J;an;b 

IlOBepxHOCTH ccl>ephl. 

TiycTb Terrepb ABC - npoHJBOJihHbIH cct>ep11qecKHii TpeyrOJibHHK. 

TaK KaK ero cTopoHhI -'-- JJ.yr11 6oJihllIHX KpyroB, To, rrpoBOJJ.H, Ha

rrp11Mep, qepe3 cTopoHy AB rrJIOCKOCTb, JaKJI10qaeM, qTo oHa rrpoii

JJ.eT qepe3 ueHTP cct>epb1, a cct>epHqecKHH TpeyroJibHHK ABC oKa)l(eT

CH pacrroJIO)l(eHHbIM Ha 0)1.HOH H3 rroJiyccl>ep, Ha KOTOpbie J].aHHaH 
u 

cct>eea paJJJ.eJIHTCH rrpoBeJJ.eHHoii rrJiocKocTbIO (pHc. 132) . .[lyraMH AC 

H BC , rrpOJJ.OJI)l(eHHbIMH 3a TOqKy C, rroJiyccl>epa paJJJ.eJIHTCH Ha 

4 qacTH, ITJIOII.J;an;H KOTOpbIX o603HaqHM qepe3 X, y, z H u (x - HC

KOMaH rrJiorn;an;b). Mo:xmo HarrHcaTb cJieJJ.yIOrn;He ypaBHeHHH: 
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KpoMe roro, 

fJIABA 11. CTEP.EOMBTP1151 

a . 
x + y = -S = 2aR 2; 

27t 

x+z = !..s = 2AR 2
· 

27t I-' ' 

x + y + z + u = 27tR2. 

PeurnH cocTaBJiettHyto c11cTeMy ypaBHeHHH, Haxo.n.11M 

X=(<X+~+y-7t) · K. 
0Tc10.n.a cne.n.yeT, '!To 

a+J3+y=7t+ ~. 
. R2 

T.e. cyMMa yrnoa· c<l>epHqecKoro TpeyroJibHHKa 60Jib11Ie 7t (180°) Ha 
BeJIH'IHHy, paBHYIO OTHOIIIeHHIO ruIOJ.Ua.D,11 3T0f0 TpeyrOJibHHKa K KBa.ll.
paTy pa.n.eyca c<Pepbl, Ha KOTOpOH pacnoJIO)l(eH 3tOT TPeyronbHHK. 



'
. 

. . 
~I 

§ 2. PEillEHHE IIJ.>ABHJibHblX TPEYrOJibHbIX 
H qETbIPEXYrOJibHbIX IIHPAMH,IJ; 

TaK )!(e, KaK 11 B nepBoM pa3.u.ene rroco6m1, paccM:oTpHM cttaqana 

reoMeTp11qecK11e qmryphI qacmoro BH)J.a - npaBHJihHhie n11paMH)J.hI 

11 B rrepayIO oqepe.u.h rrpaBHJihHhie TpeyroJihHbie 11 qeTb1pexyroJibHbie 

m1paMH)J.hI. 

Il11paMH,1J.a Ha3bIBaeTCH npaBUllbHOii, eCJIH ee OCHOBaHHeM HBJIHeT

CH npaBHJlbHbIH MHoroyrOJibHHK, a Bepurntta rrpoe~HpyeTCH B u;eHTp 

OCHOBaHHH. 

IlpaBHJibHM nHpaMH)J.a MO)!(eT 6bITb 3a)J.aHa .IJ.BYMH napaMeTpaMH. 

B KaqecTBe TaKHX napaMeTpOB MO)!(HO B3HTb CTOpOHY OCHOBaHHH H 

Bbl COTY mt paMH)J.bI; CTOpoHy OCHOBaHHH H )J.JIHHY 6oKOBOro pe6pa 

QHpaMH)J.hI; HJIH )J.JIHHY 60KOBOfO pe6pa rrHpaMH)J.bl H BeJIHqHHY IIJIOC

KOro yrna npH ee BepnrnHe H T . .IJ.. 

Ilo.u. «pemeHueM npaBUJlbHbtx nupaMuo» 6y.u.eM noHHMaTh pacqeT o.u.

HHX, HeH3BeCTHbIX, 3JieMeHTOB n11paMH)J.a qepe3 .u.pyrHe, H3BeCTHbie. 

PaccMOTpHM cttaqana npaeHJlbuyro Tpeyrom.uyro DHp~ (p11c. 133). 
Ilo onpe.u.eJieHHIO - 3TO TaKaH IlHpaMH)J.a, B OCHOBaHHH KOTOpOH 

Jie)!(HT npaBHJihHhIH TpeyroJibHHK ABC, a aepumtta S rrpoeKTHpyeTCH 

B ero u;ettTp, TOqKy 0. 
Ha p11c. · 133 rroKa3aHbI octtoBtthle 

3JieMeHTbl npaBHJlbHOH TpeyrQJil>HOH ' . s 
rn1paMH)J.bl: 

a - )1.JlHHa CTOpOHbl OCHOBaHlrn 

n11paMH)J.hI (a=AB= BC= CA); 
b - )J.JIHHa 60KQBOrO pe6pa IIHpa

MH)J.bl ( b =AS= BS;_ CS); 
H - BbICOTa n11paMH)J.h1; h - ano

<l>eMa 60KOBOH rpaHH nHpaMH)J.bl (Ha

npHMep, h =SE); 
a. - BeJIHqHHa yrna Me)!()J.y 60KO- A 41.!:lt:---1-...;;.i~-~~-10 

BblM pe6poM IIHpaMH)J.bl H IIJIOCKOCTbIO 

ee OCHOBaHHH, orrpe.u.eJIHeMOfO KaK 

yroJI Me)l()J.y 60KOBbIM pe6pOM H ero 

i npoeKu;HeH Ha IlJIOCKOCTb OCHOBaHHH c 
1 <o <a.< 1t/2); P11c. 133 

l 
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~ - BeJIHqHHa yrna Me)l(ll.y IIJIOCKOCTl>IO 6oKOBOH rpaHM: H IIJIOC
KOCTblO octtosaHHH. IlocKOJILKY SE ..L BC If AE ..L BC (E - cepe.n;HHa 
BC), ro yron AES eCTh mmeH:HhlH yron .nsyrpattttoro yrna Me)l(,lly 
paccMaTpHBaeMhIMH IIJIOCKOCTHMH (0 < ~ < rc/2); 
. y - BeJIHqHHa yrna Me)l(Jly 60KOBblMH pe6poM IlHpaMU.U:hI H ee 

BhlCOTOH (0 < "( < rt/2); 
0 - BeJIHqHHa 11JIOCKoro yrna rrpH eepUIHHe rrnpaMH,l:Q>I (0 < 0 < 2rc/3). 
)lJIHHa OTpe3Ka AO ttaxo.n;HTCH KaK 2/3 BhlCOThl octtoBaHHH rrpa

BHJihHOH rrHpaMU.U:hI, a OE - KaK 1/3 3TOH BhlCOThl, T.e. 
' I 

KpoMe roro, crrpase.u;nHBhI cne.nytow;He COOTHOIIIeHHH Me)l(Jly OCHOB
HhlMH 3JieMeHTaMH IlHpaMU.U:bI: 

·a/3 · · . e 
H = hsin~; -3~ = hcos~; a= 2bsm 2. 

)layrpaHHbIH yron cp Me)l(Jly 60KOBbIMH rpaHHMH IlHpaMU.U:hI Haxo
.U:HTCH .cne.nyiow;HM o6pa30M. 113 .nsyx sepIIIHH OCJ{OBaHHH IIHpaMu.n;bI 
(HarrpHMep, B H C) orrycKaIOTCH rrepne»nHKYJIHPbI BF u: CF Ha 6oKo
soe pe6po AS. B cHJiy paseHcTBa TpeyroJILHHKOB ABSH ACS3TH rrep-

s nennHKYJIHPhl, ecTecTBeHHo, nona
.natoT B O.U:HY. H TY )l{e TOlJKY F, ne
)l{aw;yio Ha pe6pe AS nHpaMH.U:bl, 
no3TOMY nonyqHBIIIHHC.ll yron BFC 
eCTb JIHHeHHhIA yron .n;ByrpaHHoro 
yrna Me)l{,I(y 6oKOBblMH rpaHHMH 111{
paMu.n;bI (pHC. 134). 

A B lb paBHo6enpeHHOrt> TpeyrOJib-

PHc.134 

HHKa BFC no reopeMe KOCHHycoB 

HaxO.U:HM: 

· J = 2 · CF2- 2 · Cf2cos cp 



§ 2. PeweHue npasuJ11it11tOC mpeyao111>llw: u w:mblpexy2011bHblX nupOMuiJ 1n 

· '. 2CF 2 -a2 
cos <p = ---..,,--::--

2CF 2 

3TOT )[(e yroJI MO)[(HO HaHTH H no-upyroMy. lfa npHMOYfOJibHOfO 
TPeyron1>HHKa CE F •cJienyeT, qTO 

• <p a/'2 
sin-=-. 

2 .cF· 

Bb1c0Ta CF6oKOBoii: rpaHH ACSHaXOJJ.HTCH 113 ypa1n~eHIDI .b ·CF= ah. 
CJieuoeaTeJibHO: 

CF= ah sin~= _Q_ 
b ' 2 2h . 

Iln:ocKOCTH ASE 11 BSD, npoxoJUim;He qepe3 BbICOTY n11paMHJJ.bI 
H, CJie,ll.OBaTeJibHO, nepneH,ll.HK)'JIHpHble IlJIOCKOCTH. OCHOBaHHH, Hr
paJOT 8a)[(HYJO pOJib npH peIIIeHHH MHOrnX'3auaq, CBH3aHHbIX c npa
BHJibHOH TpeyroJibHOH n11paMH,ll.OH. ~aH H3 3THX IlJIOCKOCTeH ue
JIIIT COO'l'BeTCTBYJOilJ;HH ,ll.ByrpaHHbIH yron Me)[(JJ.y 60KOBblMH rpaHH
MH IlHpaMH,ll.bl nononaM, T.e. CJIY)[(HT 6HcceKTOpHOH IlJIOCKOCTbJO TIU<OfO 
yr JI a. 

IloJie3HO OTMeTIITb, qTo B npaBHJibHOH TPeyroJibHOH nHpaMHJJ.e 
cKpem;HBa10m;uec» pe6pa B3aHMHO nepneHJJ.HKYJIHpHbI AS 1- BC, 
BS 1- AC, CS 1- AB (3TO cJieuyeT H3 reopeM1>1 o TPeX nepneHJJ.HKYJIH
pax), a llJIHHa oTpe3Ka EF uaeT KpaTqaifrnee paccTOmme Me)[(JJ.y 3TH
MH pe6paMH (pH:c.134): 

EF a.J3 . =-
2
-smcx. 

BoKpyr BCHKOH TPeyroJibHOH nHpaMHJJ.bl MO)[(HO on11caTb c<J>epy. B 
npaBHJibHOH nupaMHJJ.e u:eHTP K 3TOH c<J>epbI Jie)[(HT Ha Bb1core nu
paMHJJ.bI HJIH Ha ee npO,ll.OJI)[(eHHH 3a TQqK)' 0, Be,ll.b npHMaH so, co
uepxam;aH BbICOTY nHpaMHJJ.bl, ecTb reoMeTPuqecKoe MecTO ToqeK, 
paBHOYJJ.aJieHHbIX OT BepIIIHH OCHOBaHHH nupaMH,nbl. 

PauHYc R onHcaHHOH c<J>epbI yuo6Ho HRXOJJ.HTb H3 paBHo6eupeH
Horo TPeyron1>HHKa AKS (p11c. 133): 

b b 
R cosy= - -HJIH R = -- (SK= R· AS=b) 

2 2cosy' ' 

a) Ecnu R < H, T.e. ex> n/4, u:eHTp onucaHHOH c<J>epbI Jie)[(HT 
BHYTPH IlHpaMH,ll.bI; 
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6) ecm1 R = H, T.e. a.= 1t/4, u;eHTp om1caHHOM ccl>epbI Jie)l(HT Ha 
OCHOBaHMM n:upaMM.LJ,hI, B ero u;eHTpe; 

B) ecn:u R > H, T.e. a.< 1t/4, u;eHTp on:ucaHHOH cct>epbI Haxo.u:uTCSI 
8HC n:upaMMJ::i:bl. 

Bo ecSIKYIO TpeyronbHYIO n:upaM:u.uy MO)l(HO en:ucaTb map. B npa
BMJihHOH m1paM11.ue ueHTP K1 Bn11caHHoro mapa Haxo.u11TcS1 Ha BhI
core n11paMH.UhI B ToqKe ee nepeceqeH11S1 c 611cceKTp11co:H: yrna AES 
(p:uc. 133) . .Ue:H:CTB:UTeJibHO, UCHTp BnHcaHHOro mapa )1,0JI)l(eH 6h1Tb 
paBHOy)J.aJieH OT ecex rpaHe:H: n11.paMM.LJ,hI, T.e. )1.0JI)l(eH np11Ha)J.Jle)l(aTh 
nepeceiieHHIO 6:ucceKTOpHhIX nnocKocre:H: scex BHYTPeHHMX .uayrpaH
HhIX yrnoB n11paMM.LJ,hI. 

PM:uyc r en11.caHHoro mapa YA06Ho HaXo)J,HTh 113 npS1MoyroJihHO
ro TpeyroJihHMKa EK10: 

(
. H af3) sm ~ = h, cos~ = 

6
h . 

PaccMoTpHM Teneph HeCKOJihKO TMnOBhIX 3a)J.aq Ha pemeH:ue npa-
811JihHhIX TpeyrOJibHbIX n:upaMM.LJ,. 

33,ll.a11a 1. llpaBUAbHOR mpeyzo11bHaR nupaMuoa SABC (p11c. 133) 3a
oaHa 06Y.MJl 3.fleMeHmOMU." O/IUHOU a cmopOH OCH060HUJl u O/IUHOU H ee 
Bbfcombl. BwtuCJJumb ece ocmatzbHble 3.fleMeHmbl nupaMuobl: a., ~' y, 0,. 
cp, b, R, r :u V. 

PemeHHe, Bb1q11cnS1eM: 1) yron a. HaKJioHa 6oKOBhIX pe6ep n:upaMH
)1.hI K nnocKOCTM ee ocHOBaHM51 :u MHHY b 6oKoeoro pe6pa M3 MOS: 

HJ3 
a. = arctg --; 

a 

b=-.iA0 2 +S0 2 =~a2/3+H 2 ; 
2) yroJI ~ HaKJIOHa 60KOBbIX rpaHe:H: n:upaMH:,Jl,bl K IlJIOCKOCTH ee 

OCHOBaHMSI H )1,JIMHY h anoct>eMbl 60KOBOH rpaHH - H3 /:J.EOS: 

2HJ3 
~=arctg--; 

a 

h = -.f E0 2 +S02 = ~a 2/12 +H 2
; 

3) yron 0 npH eepm:uHe S n:upaMM.Ll,hI - 113 !:lBCS: · 
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c? = 21J- 21Jcos e, 

6H 2 -a2 
cose = 2 2

, 
6H +2a 

4) yroJI q> Me)K)],y 60KOBblMH rpaHHMH - HJ !!.CEF' (pHC. 134): 

• q> CE a 
sm-=-=--

2 CF 2CF' 

TaK KaK b ·CF= ah, TO CF= a~H 2 +a2/12/ ~H2 +a2/3,0TKYJJ.a 

• q> 3H 2 +a2 
sm-= ; 

2 12H 2 +a2 

5) 06'beM v 11HpaMHl1,bl 110 <t>opMyJie 

y = !. a2J3 ·H = a2HJ3. 
3 4 12 ' 

6) pauli:yc R OITHCaHHOfO BOKpyr ITHpaMHl1,bl rnapa - HJ !!.DKS: 

b b 
Rcosy=- R=--

2' 2cosy 

IlocKOJihKY cosy= OS/AS= H/b, ro R= IJ/2H~ cJieuoeaTeJihHo: 

3H 2 + a 2 

R=----
6H 

7) PaJJ.HYC r BITHCaHHOro B ITHpaMHJJ.Y rnapa - HJ !!.EK1 0: 

r · p a./3 p 
OE=tg2, r=6·tg2, 

rue p = arctg (2H J3 /a). PauHyc r MO)l(HO Haiirn TaIOKe no o6neMy V 
rmpaMHJJ.bI H IlJIOIIJ;aJJ.H ee rroJIHOH rroeepxHOCTH Sno <l>OPMYJie r= 3 V/S. 

3aAa'la 2. B npa6UJlbHoii mpeyWllbHOii nupaMuiJe U36ecmHbt: b - iJ!lu
Ha 6oK06020 pe6pa u q> - 06Y2POHHbtU YWll MeJICOY ee 6oK06blMU zpaHJl
MU. BwmCJZumb cmopoHy ocH06aHUJl a u 6btcomy H nupOMUObl. 
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Pemeuue. 113BeCTHO, qTo IlJIOCKHe yrnhI 0i. 02 H 03 npH BeplllHHe 
npoH3BOJihHOro TPexrpaHHoro yrna onpe.u.emnoT .U.ByrpaHHbie yrJihI 3TOro 
)Ke TPexrpaHHoro yrna no $opMyJiaM 

B KOTOpoii <p - .ll,ByrpaHHbIM yron Me)l(,ll,y rpamIMH c yrnaMH 02 H 03 
(cM. rn. 2, § 1). B .u.aHHOM cnyqae 01=02 = 03 = 0, no3TOMY 

cos cp = cos 0 - cos 
2 

0 = cos 0(1 - cos 0) 

sin 2 0 I - cos 2 0 

HJIH 

Orcio.u.a HaxO.ll,HM: 

cos0 
COS<p = . 

I+ cos0 

COS<p 
cos0=----. 

1- COS<p 

IlOCKOJibKY .ll,JIH npaBHJibHOM TpeyrOJil>HOM IlHpaMH.ll,bl rc/3 < <p < re, 
TO I cos cp/(1- cos cp) I< 1, H noJiyqeHHaH <PopMyJia Bcer.u.a no3BOJIHeT 
Onpe.ll,eJIHTb YfOJI 0 ITpH BepIIIHHe TIHpaMH.ll,bl. 

3HaH cos 0, HeTpy.ll,HO BbNHCJIHTb HCKOMhie BeJIHqHHbl a H H: 

1) a/2 = b sin 0/2, a = 2b sin 0/2 = b~2(1- cos 0); 

2) H=~b2 -a2/3, H=b~l-2/3(1-cos0).· 
38.)J;a'la 3. ff3oecmHbt o/luHa a cmopoHbt ocHoeaHUJI npaBWlbHou mpe

yzo!lbHOu nupaMuobl u paouyc r onucaHH020 e Hee wapa. BwwCJ1umb 
ebtcomy H nupaMuobt. 

PemeHHe. Ilpe)l(,ll,e Bcero, H3 !J.EK1 0 (pHC. 133) BblqHCJIHM yroJI 13 
HaKJIOHa 60KOBOM rpaHH n11paMH.ll,bl K TIJIOCKOCTH ee OCHOBaHHH 

2rJ3 

Iloc11e 3Toro Bb1q11cnHeM H H3 !J.ESO: 

aJ3 
H =OE· tgj3 = -tgj3 

6 
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H=a.J3. 2tgp/2 = 2a2r 
6 1-tg2p/2 a 2 -12r 2 . 

Ecnn B npaBHJihHOU rpeyroJibHOH nnpa:tvnme wurna 6oKoBoro pe6pa 
'paBHa MHHe CTOpOHbl OCHOBaHHH (a= b)' TO npaBID.IbHaH nHpaMHJJ.a 
npe.n;cTaBAAeT co6o:U npaBU11b1tblu mempa3iJp. 

Ha pHc. 135 H3o6pIDKeH npaBHJihHhIH Te'Tpa3.n;p. 3Ta qmrypa 0611a
JlaeT BCeMH CBOUCTBaMH npaBHJihHOH 'TpeyroJibHOU nnpaMHJlhI. Kpo
Me Toro, IlOJie3HO 3HaTb H JlOTIOJIHHTeJihHbie ee CBOHCTBa: 

1) npaBHJlbHbIH Te'Tpa3JlP HMeeT s 
u;eHTp, ToqKy K. B 3TOM u;ettl'pe ne-
peceKaIOTCH Bee BbICOTbI TeTpa3}lpa, 
O'Tpe3KH, coe.n;HHHIOUJ;He cepe.n;HHbI 
CKpew;irnaIOUJ;HXCH pe6ep (6HMe.n;Ha
HbI Te'Tpa3.upa), a Ta.K)l(e B HeM Haxo
llHTCH u;eHTpbl BilHCaHHOU H OTIH
caHHOH BOKpyr nHpaMHllbl c$ep 
(mapoB); 

2) u;eHTp K npaBID.IbHoro Te'Tpa-
3.n;pa .n:emn KIDK.Il.YIO BbICOTY Te'Tpa3.n;
pa B OTHOIIIeHHH 3 : 1, cqHTaH OT Bep-
IIIHHbl SK: KO= 3 : 1; PH:c. 135 

B 

c 

3) pa.n;Hyc OilHCaHHOfO rnapa COCTaBJrneT 3/4 BbICOTbl TeTpa3.n;pa, 
a pa,ir,Hyc BTIHCaHHOfO niapa - 1/4 ero BbICOTbI: 

R= ~H, 
4 

r= !H; 
4 

4) ceqeHHH npaBHJibHOro Te'Tpa3.n;pa, napanneIIhHbie cKpem;HBa
IOUJ;llMca pe6paM, npe.n;CTaBJIHIOT co6o:U npaMoyrOJibHHKH, a TO H3 
HHX, KOTOpoe npOXOllH:T qepe3 cepemrny pe6pa, - KBa.n;paT (DE' D' E). 

3a,n.a'la 4. llycmb cmopo1ta npa6U11b1tozo mempa::>iJpa pae1ta a. llpoee-
pumb cnpaeeiJJ1ueocmb cJ1eiJy10w,ux popMyfl: 

Bbtcoma H mempa3iJpa: H = ~J2/3 ; 
yzofl a MeJ1CiJy pe6poM u 11floc1Cocmb10 oc1toea1tUH: a = arcsin J2/3 ; 

YZflbl f3 = <p Me:HCiJy 6oKOBblMu zpamw.u: p = arcsin 
2J2 ; 

3 . 1 . 
paiJuyc r onucqHHozo wapa: r = 4 · aJ2/3 ; 
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paauyc R onucmmozo wapa: R = l · aJ273 . 
PemeHHe. BbrcoTa H TeTpa3.upa HaxomncH H3 MOS (pHc. 135): 

H = ~AS2 -A0 2 )' -(aJ3 )
2 

=a ~ . . 3 . '13 
Orc10.u,a ttaxo.u,HTCH r H R : 

r=!H;R=~H. 
4 4 

Yrnb1 a H ~ = <p BbI'IHCJHIIOTCH cooTBeTCTBeHHO H3 TpeyroJihHHKOB 

AOSH EOS. 
IlpaBHJiblUUI 'leTblpexyroJI&HaH napaMHAll. Ha pHc. 136 1no6pruKeHa 

npaBHJlbHaH tieTbipexyrOJibHaH nu.paMHJJ,a SABCD. B ocHoBaHHH Ta-

s 

PHC. 136 

KOH rrnpaMHJJ,bI Jie:lKHT KBa.upaT, a sep

lllHHa nHpaMH.lI,bl rrpoeKTHpyeTCH B ero 

u;eHTp. 

OcHOBHbre 3JieMeHTbI nHpaMHAhr: 

a - .lI,JIHHa CTOpOHbl OCHOBaHHH; 

b - .lI,JIHHa 6oKOBOro pe6pa TIHpa

MH.lI,bl; 

h - .lI,JIHHa ano<t>eMbl 60KOBOH 

c rpaHH; 

H - Bbrcora nHpaMHAhr; 

a - BeJIH'IHHa yrna Me)K.lI,y 60KO

BblM pe6poM nHpaMH.lI,bl H IlJIOCKOCTblO 

OCHOBaHHH IlHpaMH.lI,bI, 0 < a < rt/2; 
~ - BeJIH'IHHa yrna Me)K.lI,y nnoc-

KOCTbIO 60KOBOH rpaHH H IlJIOCKOCTblO OCHOBaHHH nHpaMHJJ,bl, 

0 < ~ < rt/2; 
e - BeJIH'IHHa yrna npu seplllutte nupaMHAhI, 0 < e < 7t,/2; 
<p - BeJIH'IHHa yrna Me)K.lI,y 6oKOBbIMH rpaHSIMH rrHpaMHil:bI, 

n/2 < <p < n; 
r - pa.uHyc BimcaHHoro lllapa; 

R - pa.uuyc onHcaHHoro lllapa. 

Haxo)K.lI,eHHe 60JlblllHHCTBa 3JieMeHTOB npaBHJibHOH qen,1pexyroJib

HOH nHpaMHAbI attanorH'IHO Haxo)K.lI,eHHIO Tex :lKe 3JieMeHTOB npa

BHJibHOH TpeyrOJibHOif IlHpaMH.lI,bI. IlpH Bbl'IHCJieHHH 3THX 3JleMeHTOB 
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HOBHYJO pOJib HrpaIOT.TpeyroJihHHKM, pacnonoJt<:eHHbie B TIJIOCKOCT5IX 

HMMeTpHH ASC, BSD, ESM nHpaMHJJ.hI, npoxo.uHrn;He qepe3 ee BhICO

' so H, cne.noBaTeJihHO, nepneH,D,HKyJI5IpHbie TIJIOCKOCTH OCHOBaHHH. 

PaccMoTpHM cne.uyiorn;HH: npHMep. 

r: 3a,ZJ.a11a 5. B npa6U'/lbHOU ttembtpexy2011bHOU nupaMuoe SABCD 
f.(pHc. 136) U36ecmnbl: a - 011una cmopoHbt ocHo6aHUJl nupaMUObt u 
r H - O/IUHO ee OblCOrftbl. Haiimu ocmO/lbHbte 3/leMeHmbt nupaMUObl, m.e. I , . 
,a., ~' e, <p, b, r u R. . 
··· PemeHHe. BhI'!HCAAeM: 

1) yron ex H~KJIOHa oOKOBhIX pe6ep nHpaMHJJ.hI K nnocKOCTH ee 

: OCHOBaHHH H .ll/IHHY b 6oKOBhIX pe6ep H3 MOS: 

H.fi. 
ex = arctg --; 

a 

2) yron ~ HaKJIOHa 6oKOBbIX rpaHeH nHpaMHJJ.bl. K TIJIOCKOCTH ee 

OCHOBaHH51 H ,D,JIHHY h an0<peMbI 60KOBOH rpaHH H3 !J.EOS: .. 

tg ~ = SOO = lH , ~ = arctg lH; h = .J £02 + S02 = .J a 2 I 4 + H 2 ; 
E a a · · · 

3) yron 0 npH BepumHe TIHpaMHJlbI H3 !J.DSC: 

a2 = 2b2-2b2 . cos 0, 
OTK)',D,a 

2H 2 2H 2 
cos e = 2 2 , e = arccos 2 2 ; 2H +a a +2H 

4) yron <p MeJt<:.LJ:y 6oKOBhIMH rpaIDIMH nHpaMHJJ.hI H3 MCF (AF 1- SB, 
CF _i_ SB): 

r.ue b ·AF= ah, T.e. AF= a~H 2 +a2/4 / ~H 2 +a2/2, 

sin .P. = 2H 2 + a 2 

2 4H 2 + a 2 ' 
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5) pa.D,H)'C r BilHCaHHoro B IlHpaMH.D.Y mapa H3 ll.EK1 0 (EKr 
6HcceicrpHca yma OES): 

r ~ a ~ 
OE= tg2, r = 2·tg2, 

r,n;e ~ = arctg (2H/a). Pa,uHyc rMO)KHO HaHTH TaIOKe no o6neMy V1mpa-
Mff.nhr H IIJioJ..Ua.uH See noJIHOH rroaepxHOCTH: r = 3 V/ S; . 

6) pa.uHyc R OllHCaHHOro BOKpyr rrHpaMH,ll;bI mapa H3 ll.KLS (KL -
BhlCOTa paBHo6e,n;peHHoro TpeyroJibHHKa AKS): 

b b 
Rcosy = -, R = --. 

2 2cosy 

TiocKOJibKY cosy= OS/AS= H/b, TOR= b2/2H H 

a 2 +2H 2 
R=----

4H 

38.ZJ;aqa 6. B npaeUJibHOii ~emblpexyzollbHOii nupWrtuiJe SABCD oaHbl 
011u11a a cmopo1tbl oc11oea111JR · u yzo11 <p Mexoy 601coeblMu epaflflMu. Bbt
~uC/lumb eblcomy nupWrtUObl H. 

Pemeuae. lfa rrpHMoyroJihHoro TpeyroJibHHKa AFO (p11c. 136) Ha
xo,n;HM ero KaTeT FO: 

. <p a../2 <p 
FO = AO·ctg-=-· ctg-. 

2 2 2 

TiocKOJihKY IIJIOCKOCTh TpeyroJihHHKa ACFneprreH,ll;HKYAAPHa pe6py 
BS, 1'o OTpe3oK FO TaIOKe rreprreH,ll;HKYJIHpeH 3TOMY pe6py H HBJIHeT
CH Bbrcoroii TpeyroJibHHKa BOS. lfa rrpSIMOyroJihHoro TpeyroJibHHKa 
BOFHaxo,n;HM: 

r,n;e a - yroJI Me)l(,ll;y OOKOBbIM pe6poM rrnpaMH,ll;bl H llJIOCKOCTbIO ee 
ocHoBaHHH. Ilocne noro H3 npHMoyroJihHoro TpeyroJibHHKa BOS 
HaKO,ll;HM H: 

H =BO· tga = a../2 · ctg<p/ 2 

2 ~1-ctg2 cp/2 
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1. Be;mq1rna yrna Me)l(,l(y 60KOBblM pe6poM H WIOCKOCTbIO OCHOBa-

1lHIDI npaBIDibHOH TPeyroJihHOH nHpaMH.ll.bl paBHa cx. HaifTH OTHorneHHe 

!pa,uu:ycoB BITHCaHHOfO B IlHpaMH.ll.Y H OITHCaHHOro OKOJIO Hee rnapoB. 

i: Omeem: 1/2 ·cos ex ( ~l + 4tg2cx -1 ). 
t / 2. B~HCJIHTb paccTO.SIHHe Me)J{,ll;y ueffTPaMH BITHCaHHoro B npaBHJib-

I; HYIO TPeYrOJlbHYIO IlHpaMH)J,y mapa H rnapa, OITHCaHHOfO OKOJIO Hee, 

ecJIH H3BeCTHO, qTO JVIHHa CTOpOHbl OCHOBaHH.SI ITHpaMH)J,bI paBHa 

i 3 Jj CM, a JVIHHa ee BbICOTbl - 9 CM. 

Omeem: (17 - J37 )/4 CM. 

3. )1.oKa3aTb, qTO eCJIH ueHTPbI BilHCaHHOfO H OilHCaHHOro OKOJIO 

npaBHJibHOH TpeyrOJibHOi1: nHpaMH)J,a rnapoB COBna,uaIOT, TO 3Ta IlH

FpaMH)J,a - npaBHJibHbiii: TeTPa3AP· 

4. )1.JIHHa CTOpOHbl OCHOBaHHH npaBHJibHOH TPeyrOJibHOH IlHpaMH

Abl paBHa a, a BeJIHqHHa IDIOCKoro yrna npH ee sepurnHe - e. HaifTH 

paCCTOHHHe Me)J{,ll;y 6oKOBbIM pe6pOM IlHpaMH)J,bI H CKpe111HBaIOI11eH

CH C HMM CTOpOHOH OCHOBaHHH. 

Omeem: a.Ji + 2 cos e /2 . 

5. B map pa,uHyca R Bnu:caHo MHO)KecTBo npaBIDihHbIX TPeyroJib

HbIX nHpaMHA. y KaKOH IlHpaMHAbI MO)KeT 6b1Tb HaH60JibllIMH o6'beM 

H qeMy paBHa MaKCHMaJihHaH BeJIHqHHa 06'beMa? 

Omeem: e = 1t/3; HaH60JihlllHH 06'beM - 8J3R3 /27 . 

6. IlJIOCKHH yroJI npH BepIIIHHe npaBHJihHOH qeTbipexyrOJihHOH 

nu:paMH.ll.bl paBeH e, a JVIHHa BbICOThI - H. Haii:TH o6'beM nupaMH)J,bI. 

Omeem: 2/3 · H 3(1- cos 0)/cos e. 
~ 7. 06beM npaBHJibHQH 'IeTbipexyrOJihHOH IlHpaMH)J,hI paBeH v, a 

;JVIHHa CTOpOHhl OCHOBaHHH - a. Haii:TH pa,uHyc BilHCaHHOfO B nHpa-
i 

~ MH.lJ.Y rnapa. 

~. Omeem: 1/12 · ( J36V 2 + a6 - a3) · a/V . 

. 8. )1.oKa3aTb, qTo 60KOBOe pe6po npaBHJihHOH qeTbipexyrOJibHOH 
' ,nHpaMH)J,bl nepneHAHKYJIHpHO CKpeI11HBa10111eii:CH c HHM AHaroHaJIH 

'.()CHOBaHHH. 
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9. Hai1TH nnocKHH yron npH Bepunme npaBHJibttoH. qeTh1pexyronb
ttoH. n11paMH.ll.hI, ecnH Benwmtta .n.Byrpattttoro yrna Me)l(.ll.y ero 6oKo
BhIMH rpaHffMH paBHa cp. 

Omnem: arccos ctg (cp/2), 1t/2 < cp < 1t. 

10. B rnap pam1yca R BTIHCbIBaIOTCff npaBHJihHhie qeTb1pexyronh
Hb1e nupaMH.ll.bI. IlpH KaKOM 3Hat.J:eHHH yrna npw BeplllHHe n11paMH.ll.bI 
ee o6'heM 6y.n.eT Ha1160JihlllHM? YKa3aTb BeJIHt.J:HHY 3TOro 061,eMa. 

pmnem: e = arccos 2/3; Ha1160JihlllHH o6oeM paBeH 32R 3/81. 



§ 3. PACqET 3JIEMEHTOB IlHPAMH,ll; METO;ZJ;OM 
COCTABJIEHHH YPABHEHHA 

3a,n:aqH, paCCMOTpeHJU,,Ie B llPe.LlhI.ll.YI.UeM rraparpact>e, II03BOIDIJOT 

CTaHJl.apTHhIM MeTO.ll:OM paccqHTbIBaTb pa3JIHqHbie 3JleMeHTbl npaBHJlb

HblX mrpaMH.U. qepeJ 3a,n:aHHhie. ITp11 3TOM TaKMe rrapbI 3JieMeHTOB, 

KaK, Hanp11Mep, CTOPOHa OCHOBamrn If 60KOBOe pe6po; 60KOBOe pe6po 

If yroJI npH BepurnHe n11paMH.D:hI; CTOpOHa OCHOBaHml H BbICOTa If 

T . .n:., MO)l(HO Ha3BaTb «yao6HblMU napaMempaMU», IlOTOMY qTQ qepe3 

HHX oco6eHHO npOCTO paccqHTbIBaJOTCH MHOrHe .n.pyrne 3JleMeHTbl 

m1 paMH.ll:hI. B TO )Ke BpeMH B pH.n.e 3a,n:aq Tpe6yeTc~ paccqHTaTb TOT 

HJlH HHOH 3JleMeHT ITHpaMH.ll:bl npH 6onee CJlQ)l(HOM BH.D:e HCXO.D:HbIX 

ycnoBHH. Hanp11Mep, Tpe6yeTCH Hai1TH o6aeM npaBUJlbHou mpey2011b
Hou nupaMuobl, e Komopou evtcoma nupaMuabt pa8Ha H, a nllOU{aab no-
8epxHocmu onucaHHOW 0Ko110 Hee wapa 8 4 pa:Ja 6011bme MOU{aau ce'le
HUR 3m020 mapa nllOCKOCmblO, coaepJK:aU{eU OCH080HUe nupaMuabl. 

B 3TOH 3a,n:aqe H3BeCTeH TOJihKO omrn H3 «y.n.o6HhIX» 3JieMeHTOB 

n11paMH.U.hI - MHHa Hee BbICOThI. ,llpyroe )Ke ycnoBtte cpa3y ttcnonb-

30BaTh B CTafi.a:apTHhIX pacqernx 3aTpy.n;HHTeJibHO. Ilo~TOMY rroczyrra

IOT cne.n:yJOIUHM o6pa30M. BBoM't B KaqecTBe HeH3BecTHoro eme O.ll.HH 

«y.n:o6HhIH» 3JleMeHT, HarrpHMep, .wurny x CTOpOHbl OCHOBaHHH IIH

paMH,LJ.bl. Jorna HCKOMhIH o6'beM v ITHpaMH,LJ.bl Bblpa)l(aeTCH npOCTOH 

cPOPMYJIOH . 

V =_!_· x2J3 ·H. 
3 4 

TaKHM o6pa30M, 3a.n:aqa cBO.D:HTCH K OTbICKaHHJO BeJIH'IHHhI x. KaK 

)Ke otta orrpe.n;e;rneTca? 

,ll,JI.H HaxmI<.ll,eHHH BeJiwrn:HbI x CJl~HT yCJIOBHe 3a.D:a'IH, fOBOpH

t mee, 'ITO MOU{aab noeepxHocmu onu.caHH020 OKOAO nupaMuabl wapa e 
r 4 pa3a 6011bme ce'leHUR :Jmow wapa n11ocKocmb10, coiJepJK:aU{eu .ocHo.Ba

Hue nupaMUObl. 3ammreM 3TO ycJIOBHe B BH,LJ.e ypaBHeHHJI. IlocKOJibKY 

. ·[xJ3 )
2 

SW= 47t.R2; see'! = 1t -3- ' 
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TO ypaBHeHHe HMeeT BHJJ.: 

OTKY.lla HaXO.llHM R = x/.J3. 

41tR 2 
---=4 
1tX2 /3 ' 

Pa.n;Hyc R 01mcaHHoro rnapa BbipIDKaeTCH qepe3 MHHY b 6oKoso-
ro pe6pa · nHpaMHJJ.hI H ee BbICOTY 9 no <t>opMynaM · . . 

· b2 9 2 +x2 /3 392 +x2 

R=- HJIH R= .. =----
29 . . 2H 69 

0Tc10na nonyqaeM KBa.n;parnoe ypasHeHHe .llJ1H onpeneneHHH x: 

3H 2 +x2 x 
69 = .J3' 

e.IJ.HHCTBeHHblM perneHJ-IeM KOTOporo jlBJIH~TCH x, paBHOe H .J3 . IloCJie 
3TOro HaxO,lUIM o6oeM IlHpaMHJJ.bI: v = 9 3 • .J3/4. 

MeTo.n. pacqeTa, octtoBaHHbIH .. tta sse.n.eHHH HeH3BeCTHblX H co-
CTaBJieHHH .llJ1H HHX .. COOTBeTCTByIO
m;ero qHCJia ypaBHeHHH, npHMeHHM 
BO MHorHX .iwyrnx 3a,naqax. PaccMoT

. puM KOHKpeTHble npHMepbl. 

33.IOl'ta. B npa6UJZbHOU mpeyZO/lbHOU 
nupa.MuiJe paccmoRHUJl om l{eHmpa 
OCH06QHUJI. 0011./lOCICOCmu 60IC060U epa

B HU u 00 601COBOW pe6pa paBHbl coom-
6emcm6eHHO p u q. 9aumu o6oeM nu
JXZMuObl. 

PemeHHe. B 3Toi1: 3a,naqe o6e 3a
naHHb1e BeJIHqHHbl p H q CJie.n.yeT OT
HeCTH K Pa3PMY «HeyJJ:ti6ttblX». Ilo-

3TOMY BBe.lleM .n;Ba 6onee «yno6HhIX» napaMeTpa x = a H y = 9 ~ MHHY 
CTOPOHbl OCHOBaHJUI H ,llJIHHY BbICOTbl (pHC. 137). Tor.n;a oqeBHJJ.Hbl 
cJleAYIOUJ;He COOTHOllleHHH: 

c 
P«c. 137 

1) H3 MOS:AS=~A02 +0S2 =Jx2 /3+y2 • IlocKOJibKyAO· OS= 
=AS. q, TO HMeeM nepBOe ypaBHeHHe: 



§ 3. Pac11em 3JleMeNm'OB nlipa.MUO MemoiJoM cocmaBAeHUJI ypaBHeHUU 189 

2) H3 ADOS: DS = ~ D02 + OS2 = ~x2 /12 + y 2 .• ITocKOJibKY DO· OS= 

= DS · p, To HMeeM Bropoe ypas111eHHe: 

x./3 g;-;2 
2 -y=p -+y. 

6 . 12 . 

. Ta1<nM o6pa30M, AJUI onpe.ll,eJieHHH .ll,BYJ', HeH3BeCTHbIX HMeeM CHC

TeMY JJ.Byx ypaBHeHHH. 

ITocne Bo3se.n.eHHH B KB3,!J,paT o6eHx qacreH: KIDK,ZI.oro ypaBHeHHH 

nonyqaeM: 

{

x2y2 = (x2 + 3y2)q2, 

x2y2=(x2+ 12y2)p2. 

ITo.ueJIHB KIDK,ZI.Oe ypaBH:eHHe Ha x2y2' npe.ll,CTaBHM 3Ty CHCTe'My B 

BHJJ.e JJ.Byx JIHHCHHhIX ypaBHeHHH OTHOCHTeJibHO .ll,Byx HeHJBeCTHblX 
1/x2 Ii 1/Y: . 

{
:2 + :2 = :2' 
12 1 1 
-+-=-. 
x2 y2 P2 

0TCIO,lla HaXO,llHM: 

ITocne 3roro BbJqHCJIHeM o6oeM rrHpaMH,llbI: 

3a.zut'la. 06T>eM wapa, 6nucaHHoeo 6 npa6WlbHy10 1Jemb1pexy2011bHy10 nu
paMUOy, omHocumcR JC o6oeMy Bceu nupaMuabl 1ea1e n : 8. Haumu n;zoc-
1euu yeo.11 npu BepwuHe nupaMuiJbl. 
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Pemeeae. fipe)K)].e Bcero JaMeTHM, qTo no .uaHHbIM 3a.uaq11 n11paM11-

.ua He orrpe.uem1eTcH O.UH03Ha'IHO. JJ106aH m1paM11.ua, rro.uo6HaH TOH, 

KOTopaH y.uoBJiernopHeT ycnoBHIO 3a.uaq11, TaIOKe y.uoBJieTBopHeT 3TOMY 

yCJIOBMIO. Il03TOMY HCHO, 'ITO HM O.UHH pa3MepHbIM 3JieMeHT paccMaT

pMBaeMOM m1paMHJJ:bI He MO)l(eT 6bITb 9npen.e.11eH O.UH03HalJH.O; B TO )l(e 

BpeMH yrJIOBbie (H JII06hle 6e3pa3Mepttble) 3JieMeHTbI IIMpaMHJJ:bI orrpe

.ueAAIOTCH O.UH03Ha'IHO. Bee 3TO noJBOJrneT ripwllilTh KaKo:H-Htt6y.ub JIM

HeitHbIH 3JieMeHT rrttpaMHJJ:bI, HanpMMep, MHHY a CTOpOHbl ee OCHOBa-

mrn, Ja 1. , 
. 0603HaqHM yroJI HaKJIOHa 60KOBOM rpaHH nHpaMH.Ubl K ITJIOCKO

CTH ee OCHOBaHHH qepe3 ·13 H ITOCTapaeMCH COCTaBMTb ypaBHemte MH 

ero onpe.ueneHHH. Cq11T~ f3 Ja.uaHHhIM H nonaraH a~· 1, HaXO.llHM: 

. 1 f3 4 3 7t 3f3 
1) r = 2tg 2, Vw = 31tr = 6tg 2; 

1 'I 1 1 
2) H=2tgf3, vnHp =3·l·2tgf3~6tgf3. 

IlpHpaBHHB OTliQllleH}1e 06beMOB mapa H n11paMHJJ:bl Ja.uaHHOMY 

'IHCJIY, nonyqHM ypa.nHeHJie .uAA onpe.ueneHHH f3. 

7t/6·tg3f3/2 7t 
1/6·tgf3 =-g--

B paJBepHyroM BHJJ:e 3TO ypaBHeHHe HMeeT BH.U 

tg2f3/2 . (l - tg2 f3/2) = 1/4. 

3.uecb HCITOJib30BaHa <t>opMyJJa MH TaHfeHca .llBOHHOf() apryMeHra, 

lfa IlOJiyqeHHOfO ypaBHeHHH HaXO.UHM e.UHHCTBeHHOe pellleHHe 

tg2 f3/2 = 1/2 
M 3aTeM 

fiOCJie TOfO KaK yfOJI f3 Haff.ueH, B HaLUeM pacnopmKeHHH HMeeTCH 

~e .uBa «y.uo6HhIX» 3JieMeHTa: cropotta octtoaamrn 1 H yroJI f3. Ilo3TO

MY MO)l(HO CTaH.uapTHhIM npHeMOM (CM. fJI. 2, § 2) Bbl'IHCJIHTh BeJm'IH

Hy HCKOMOfO YfJ1a npM BeplllHHe 1111paMHJJ:bl. HMeeM (p~c. 136): 

H = ~tgf3 =Ji. h = ~OS2 
+OE

2 = J1+'i'= ~' 
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~· 

'ITO H 1'pe6oBa.JIOCh HattTH. 

JA,[(AqH 

I. ,[LrrHHa CTOpoHbfOCHOBaHIDI rrpaBHJibHOH TpeyroJibHOH rr:HpaMH,llbl 
paBHa a, a BblCOTa, orryw.eHHa.H H3 KaKOH-HH6y,nh BepllIHHbl OCHOBa

HH.H tta rrponrnorronox<Hyro eif 6oKoByro rpatth, paBHa h. Onpe.n,enttTh 
o6oeM rrttpaMH,llhI. · · 

Omeem: 1/12a3 h / ~3a 2 -4h2 • 

2. I-fa OCHOBaHH.H BblCOTbl npaBHJJbHOH TpeyroJJbA:OH nHpaMH,llbl ony

meH nepneH,ll.HKYAAP Ha 6oKoBoe pe6po. Ero MHHa pasHa p. HatiTH o6wM 
nHpaMH,llbl, eCJJH BeJJHlJHHa .nByrpaHHOfO yrna Me)[Ql,y nJIOCKOCTblO 60-
KOBOH rpaHM M Il.IIOCKOCTblO OCHOBaHHR nHpaMH.D,bI paBHa p. 

Omeem: 1/24 p3 tg ~. (12ctg2 j3 + 3)1•5, O < .j3 < 7t/2. 

3. 06beM 'npaBMbHOH TpeYfOJibHOH IIHpaMlUI,bl paseH 1/6 KY6a JJ)IMffbl 
6oKosoro pe6pa. HaiITH sen1111HHY nnocKoro yrna rrpH Bepunme nwpa
MH.D,bI. 

Omeem: 7t/2. 

4. ,[Lrr11Ha BbICOTbl npaBMJibHOH 11eTb1pexyroJibHOH mtpaMH.ll,bl paB
Ha H, a nJIOCKMe yrnhl npH BepumHe paBHbl e. Onpe.nenMTb otTheM 

ITHpaMM,l(bl. 

Omoem: 4/3 H 3 
• sin2(0/2)/cos 0. 

5. B npaBHJibHOH 11eTL1pexyroJibHOH nttpaMH,lle T011Ka P ne)[(HT Ha 
BbICOTe H .nemn ee B OTHOIIIeHHH I ; 3, ClJHTa.SI OT OCHOBaHM.SI. Pac

CTOHHHe OT p .ll,O 60KOBOro pe6pa paBHO p, a .no 60KOBOH rpaHH - q. 
Orrpe.nenHTh nnoma.nh nosepxHOCTM n11paM11.nL1. 

6. Bhlc.orn npaBHnhHOH TpeyronLHoH n11paMH.ll.hI pastta H. To11Ka 
rrepecelfeHirn BbICOT Ka)[(,l(OH H3 60KOBhIX rpaHeH H BepumHa ITM

paMMAbl ne)[(aT Ha nosepxttoCTM IIIapa pa.nttyca R. Hai1TH o6oeM 

rr11paMM,ll,bI. 

Omoem: 1/2H2 J3 (H-2R), H> 2R. 
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7. ,D,atta npaBHJILHM qeTL1pexyroJILHru1 nHpaMH.ZJ;a SABCD ( S - Bep

IIIHHa) c MHHOH CTOpOHbl OCHOBaHml a H MHHOH 60KOBOfO pe6pa a. 
C<pepa c u;eHTpOM B roqKe 0 npOXO.U.HT qepe3 TOqKY A H KacaeTCH pe6ep 

SB H SD B HX cepe.u.HHIDL HaiiTH o6DeM nHpaMH.ULI · OSCJ). 

Omeem: 5a3 Ji /96. 

8. B npaBHJILHOH urecTHyrOJILHOH IlMpaMH.Ue MHHa BblCOTLI paBHa 6, 
Pa.u.HYC onHcaHHoro IIIapa paseH 19. HaifTH P8M'IYC BnHcauHoro urapa. 

Omeem: 12.J5-24. 

9. CropOHbI OCHOBaHHH npaBHJibHOii llieCTHyrOJibHOH yceqeHHOH IlH

paMH,Ubl HMeIOT MHHLI a H 3a. PaccTOHHHe Me)IGly .U.BYMH napan

JieJILHLIMH pe6paMH, Jie)l(aII..l;HMH B IlJIOCKOCTHX pa3JIHqHblX OCHOBa

HHH H B pa3Jl11qHhlX 6oKOBLIX rpaHHX, paBHO h. B~HCJIHTL IlJloiu;a.u.L 

ceqeHHH IlHpaMH.UW WIOCKOCTbIO, npOXO.lJ,HI.11,eH qepe3 yKaJaHHble 

naparu1enhHh1e pe6pa. 

Omeem: 6ah. 

10. B npaBHJihHOH qeTLipexyroJihHOH n11paMH.ZJ;e .u;iHHa BbICOTbl pae

Ha 1, a OTHOIIIeHHe KBa.u.paTa MHHbl 60KOBOfO pe6pa K KBa.u.pazy 

Jllll;IHbl CTOPOHbl OC.HOBaHHH paBHO x. f{aHTH JaBHCHM,OCTp o6'beMa 

IlHpaMH.lJ,bl OT X. 
. . -I Omeem. V::::: 1/3(x- 0,5) , x > 0,5. 



§ 4. CE:qEHHE IlHPAMH}J;LI IlJIOCKOCTLIO 

PemeHHe 6onbllIHHCTBa crepeoMeTJ>H'-lecKHX 33.lla'-l ceo)J.HTCB e Ko

He'lHOM cqere K perneHHIO psma ruiaHHMeTJ)H'-leCKHX 3a,ll,a1.J., TI pH 3TOM 

«pac'{JleHeHHe» KIDKJJ.OH npocrpaHCTBeHHOH 33,ll,a'-lH Ha nocne.n.oeaTeJib

HOCTh IlJIOCKHX 33,ll,a'I qame ecero CBJI3aJIO c nocrpoeHHeM pa311H'-lHOfO 

BH.D.a Ce'leHHH paccMaTJ)HBaeMOH npocTJ)aHCTBeHHOH <llHJYPbl, 8 'laCT

HOCTH IlHpaMH)l.bl, IlJIOCKOCTblO. 

TiocTJ>OHTb ce'-leHHe - 31'0 3Ha'IHT YKa3aTh JIHHHH nepeceqeHHB 

ceicymeH: IlJIOCKOCTH c fPaJIRMH paccMaTJ)HBaeMoro MHOI'OfPaHHH

Ka,, B TOM qu.cne TO'{KH ee nepeceqeHHJI C pe6paMH MHOfOrpaHHHKa. 

Jln» noc1J)oeHHB ce'-leHHH HCilOJib3YJOTCR CJie.lJ.YK)mHe npuua: 
a) qepe3 TPH TOqKH «l>Hrypbl, He ne:xcaiuHe Ha OJI.HOH npRMOH, 

MO:>KHO npoeecm eJlHHCTBeHHOe ceqeHHe; 

6) ecJIH .n.ee KaKHe-JIHOO TOqKH npHHatUie)IQlT ceqeHHIO, TO npH

Ha,ll,Jle:>KHT ce'leHHIO H npRMaJI, npoxo.D.Bma» qepe3 3TH TOqKH. B TOM 

cnyqae, Kor.n.a roqKH nexaT Ha o.n.Ho:H H3 rpa11eH: MttororpaHHHKa, 

3Ta npBMaJI RBIDieTCR JIHHHe:H nepeceqeHHR rpaHH c ce11ettHeM; 

e) napaJIJieJibHble rpaJIH MHororpaHHHKa (HJIH eoo6me napan

JieJihHhle nJIOCKOCTH) nepeceKaIOTCR ce'-leHHeM no napaJIJieJibHhIM 

IlpHMbIM. 

TipH IlOCTJ)oeHHH ceqeHHH MHOrorpaHHHKOB, 8 TOM 'IHCJie H IlH-

paMH.D., KaK npaBHJIO, BhIIlOJIHRIOT .D.OilOJIHHTeJibHble IlOCTJ)OeHHJI. 

; BecbMa 'lacTO 3TH nocTJ)oeHHJI CBB3aHhl c npo.n.oJI)KeHHeM JIHHHH 

t nepeCe'leHHR CeKYl.IJ,eH IlJIOCKOCTH C rpaHRMH MHOfOrpaHHHKa 3a 

~npeJJ.enhI 3TOH rpattH. PexoMeHJJ.YeTCB coxpaHSITb 3TH nocTpoeHHR, 

:IlOCKOJibKY OHR HCilOJib3YJOTCR .lJ.JVI OOOCHOBaHHR qepTexa, H .lJ)UI 

· ·:nocneey10mux pacqeTOe. 

PaccMOTpHM He<;;KOJibKO THnoehIX 33,ll,a'-l Ha IlOCT}>oeHHe ce'-leHH:H nu

:paMH.D.hl IlJIOCKOCTblO. 

, 3a.n;a11a 1. llocmpoumb ce11enue npoU3BOllbHOfi mpey2011bnou nupOMu
tJbl SABC (S .:._ Bepwuna) 11.11ocKocmb10, npoxoi:JRU(eu 'lepe3 mpu mo'IKU 
W, N, P, B3Rmble na ee pe6pax SA, SB u SC UJIU na ux npodo11J1Cenuxx, 
. C/lU dafto, 'Imo , 

SM =k SN SP 
SA . ' SB = m, SC = n . 

. FSOMl!TpMA 



194 fJIABA II. CTEPEOMETPl1Sl 

Haumu, 8 /CO/COM omHOIUeHUU 3ma 11./lOC/COCmb oe11um o6'beM nupa
MUObl. 

Pemeuee. 1) IlycTh cttaqan:a Bee TpH 'IHCJia k, m, n MeHbIIIe 1. Tor.n.a 

ME SA, n E SB, PE SC (p11c. 138). Cne.n. OT ceqemrn nHpaMH.ll.hI nnoc

KOCThIO, npoXO,WillJ;HH qepe3 TpH TO'IKH, CTpOHTCSI npOCTblM coe.n.HHe

HHeM TO'leK M, N 11 p OTpe3K8MH lip.RMblX, Jie)l(:allJ;HX B COOTBeTcTByIO

llJ;HX 6oKOBbIX rpaIDIX IlHpaMH.ll.hl, TaK, 'ITO !iMNP npe.n.cTaBJISleT HCKO

MOe ce'!eHHe. 

OrttoHieHHe o6wMa mt:paMHJl.hI SMNP, rro.JJylfaeMoii 113 nHpaMH.ll.bI 

SABC H3MetteHHeM · .ll.JIHH .ee pe6ep B k, m H n pa3, K o6beMY BceH: 

nHpaMH.ll.bI SABC, KaK H3Becrno (cM. 33.lla'ly 5 nocne §I rn. II), pastto 

VsMNP= kmn · V SABC' 

II03TOMY OTHOllleHHe 06beMOB qacreH:, Ha KOTOpbie .n.enHT mt:paMH.ll.Y 

CeKYllJ;aSI IlJIOCKOCTblO, paBHO kmn: (1-kmn). 
2) IlycTb reneph O.ll.HO H3 '!Hcen k, m, n, Harrp11Mep, n, 6onhrne 1 

(T.e. 0 < k '5. l, 0 < m '5. 1, n > 1). 3TO 03HaqaeT, 'ITO TO'lKa p Jie)KHT Ha 

npo}.{OJI)KeHJm pe6pa SC Ja TO'IJ<Y C (pHc. 139). 
B 3TOM cnyqae ceqeHHe rrpeJJ,cmsm1eT co6oH: '!eTblpexyronhHHK 

A{NRQ. ,[(JHI ero nocrpoettusi:: B nnocKocTH rpatt11 SAC npoBO.ll.HTCH 

rrpsi::Masi: MP, npH'leM oTpe3oK MQ JJ,aeT rrepBy10 113 cTopoH 11cK0Moro 

'leTu1pexyronhHHKa; B nnocKOCTH rpaHH SBC npoBOJJ.HTcsi: rrpsi::Masi: NP, 
npH11eM OTpe30K NR )laeT .n.pyry10 cropotty '!eTbipexyro.JihHHKa; Ha

Kotteu, TO'IKH M H N coe.ll.HHHIOTCH oTpe3KOM MN B TIJTOCKOCTH rpa

HH ASB, a Q H R - OTpe3KOM QR B IlJIOCKOCTH rpaHH ABC. TaKHM 

o6pa30M, ceqeHHe 3aMhIKaeTCH. 

Oco6o OTMeTHM, 'ITO nHpaMWI.a CPQR ( C - BeprnHHa), rrony

'leHHaSI B pe3yJihTare .n.ono.JIHHTCJihHhlX IIOCTpoeHHH, O'leHh Ba)l(Ha 

.ll.JIH nocneJJ.yIOm;Hx pacqeroB. s 

s 

c 
PH:c. 138 

B 

A 

p 

Piie. 139 
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BbiqM.cJIHM oTHoIIIeHHe o6beMOB, Ha KOTOpb1e .uenHTCH mipaMH.ZJ;a 

BC. LVrn 3TOro 3aMeTl!lM, 'ITO o6beM qacTH m1paMH.ZJ;bI, pacnoJio

. eHHbIH BbIIIIe IIJIOCKOCTH ceqeHHH, npe.UCTaBJIHeT pa3HOCTb 06be

' OB n11:paMH.ZJ: SMNP (S - BepIIIHHa) 11: CPQR ( C - BepIIIHHa). 

n11:paMH.ZJ:Y SMNP - MO)l(HO paccMaTpHBaTb KaK IlHpaMH.ZJ;y, noJiy-

qaK>ll!YIOCH H3 mi:paMH.ZJ;bl SA.BC H3MeHeHlfeM JUIHH ee pe6ep, HCXO.USI

.aII.HX 11:3 BepIIIHHbI S, B k, m 11: n pa3, no3TOMY 

VsMNP = kmn VsABC · 
I 

i Il11paMH.ZJ:Y CPQRTaK)Ke MO)l(HO paccMaTp1rnaTb KaK n11paMH.ZJ;y, no-

!Jty'iaIOIIIYIOCH H3 HCXO.UHOH (o6o3Hal:IHM ee Tenepb CABS, C- BepIIIH

hrn) H3MeHeHHeM JUIHH ee pe6ep B CP/CS, CQ/CA 11 CR/CB pa3, 
1. 
Wll03TOMY 
~ 
l 
1 

CP CQ CR 
VcPQR =-·-·-·VsABC· 

CS CA CB 

. 0.uHo 113 3THX OTHOIIIeHHH, a 11MeHHO CP/ CS, H3BecTHO, OHO paBHO 

[Xn - 1 ); )I.Ba Jl.PYrHX Tpe6yeTCH HaHTH. KaK 3TO )l.eJiaeTCH, IlOJ1.p06Ho 

\ noKaJaHo B § 4 rn. 1, r.ue IIIJia pe1.:1b o nponopu:110HarrbHbIX OTpe3Kax B 

::·ipeyroJibHHKaX. S 
[, HaM:.ueM, B KaKOM OTHOIIIeHlrn TOl:IKH Q 
i H R )l.eJISIT CTOpoHbI OCHOBaHHH. 06pantMCH 

~K PHC. 140, Ha KOTOPOM OT.lleJibHO rrpe.ll

f;cTaBJieHa IlJIOCKOCTb rpaHH ASC. TaK )Ke, 

,KaK H B .upymx IlOJl.06HbIX 3a)l.aqax (CM.§ 4, 
•

1

rJI. 1), C)l.eJiaeM .UOIIOJIHHTeJibHOe IlOCTpOe

HHe - npoBe.n;eM CD II SA H o6o3Hal:IHM MHHY 
b-rpe3Ka CD qepe3 x. 

lfa no.no6m1 ll.PSM 11 ll.PCD c K03<l>-

. HU:HeHTOM PS: PC==n/(n-1) cJieJI,yeT, Pttc.140 

p 

,TO SM=xn/(n-1). nocKOJlbKY SM:AM=k(l-k), TO 

: M=xn O -k)/k(n-1). HaKoHeu:, H3 noJI,o6HSI ll.QCD H ll.QAMttaxo-

M OTHoIIIeH11e CQ: AQ. 0Ho paBHO x: xn(l - k)/k(n- 1). MMeeM: 

CQ 
-= 

k(n -1) 
AQ n(l -k)' 

KYJl.a nonyqaeM 

CQ 
-= 

k(n-1) 
CA n-k 
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AHarroIWIHO H3XOD.MTCH ornolllem:1e CR : CB. IlonyqaeTCH <l>opMyna: 

CR= m(n-1) 
CB n-m 

Yl.JHThIBaH o6a 3Tl1 pe3yJibTaTa, Bh1q11c;rneM o6beM n11paMHJJ.hI CPQR: 

3 mk 
VCPQR = (n -1) (n -k)(n _ m) · VsABC· 

3aTeM ttaxo.u;HM o6beM OTCeKaeMoli qacT11 n11paMtt.u;hI SABC, Jie)Kame:M 

Bhillle IlJIOCKOCTH ce"leHHH: 

[ 
(n-1)3 ] 

VsMNRCQ = VsMNP -VcPQR = mnk 1- VsABC· 
n(n -k)(n - m) 

3) EcJIH .D.Ba 113 Tpex q11ceJI k, m, n 6oJihllle e.D.HH11Ubl (k > 1, 
m <I, n > 1), TO ceqettHeM nnpaMHJI:hI OilHTh 6yL1,eT TPeyroJibHl1K NRQ 
(pHc. 141). OT n11paMHJJ.bl SABC OTCeKaeTCH mtpaMHJJ.a BNRQ (B -
Beplll11Ha). Mm1mo C'IHTaTb, 'ITO otta nonyqaeTCH 113 11cxoL1,ttoii nHpa

MHJJ.hI 113MetteH11eM ee pe6ep (HCXO.llHll{HX H3 BepllIHHhI B) B BN/ BS, 
BQ/ BC H BR/ BA pa3. Ilo3TOMY 

BN BQ BR 
VBNRQ =----·-· -· VsABc BS BC BA · . 

OTttollleHHe BN/ BS H3BeCTHO no yc11os1110, otto paBHO (I - m), 
Il03TOMY H)')KHO HaHTH .u;Ba .npymx OTHOllleHHH. IlpoBO.llH TaKHe }Ke 

s . IlOCTPOeHJrn, KaK H B npe.u;hmymeM IlYHKTe, 

H3XOD.MM: 

BQ n(l-m) BR k(I-m) 
-B-c= n-m' BA= k-m' 

B 
OTKYJI:a rronyqaeM ,UJIH o6beMa oTceKaeMoH: qac-

T11 Bblpa)KeH11e 

(1- m)3 

VBNRQ = kmn . VsABC, 
m(k - m)(n - m) 

Pwc. 141 'ITO H JaBeprnaeT pelllem1e Ja.lUl'IH. 
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B 3aiunoqem1e JaMen1M, lJTO HCITOJih30BaHHhIH rrpH perneHHH 3TOH 

a'IH MeTOJ(, OCHOBaHHhIH Ha pac'lere rrporropUHOHaJihHblX OTpe3KOB 

... TpeyroJihHHKaX, rrpHMeHHM B 6oJibllIHHCTBe 33,!I,a'I «Ha Ce'leHHe MHO

' orpaHHHKOB». 
1,r. 3a,n,a'la 2. ,4aHa npaBUJlbHaR itemblpexyzoAbHllJl nupa.MuiJa SABCD (S -
'~pwuHa). Ha npoiJom1eeHuu cmopoHbl AB ocHoBaHWl 3a moitJCy A B3Rma 
i'moitKa M, maKaR, itmo AM= AB; Ha iJpyeoii cmopone CD ocHoBaHWl 
,'63Rma moitKa N, npuiteM DN: CN = I : 2; mpembJl mottKa P B3Rma 11a 
: 60KOBOM pe6pe SB nupaMUObt B ee cepeiJuHe. B KaKOM omHoweHuu iJe
' AUm o6'oeM nupaMUObl MOCKOCmb ceiteHUJl, npOXOOJlU{eZO itepe3 moitKU 
M, Nu P? 

Peweuue. IloCTpOHM ctta'laJia ce'leHHe rrttpaMHJJ:hI. 06paTHMCH K 

pHc. 142. To'IKH M H N, nexrnw.11e B rrnocKOCTH ocHoBaHHH nHpa

MHJJ:hI, rrpHHa,[(Jle)l(aT 3TOMY Ce'leHmo, I103TOMy rrpHHa,[(Jle)l(HT ce

qeHHIO 11 BCH rrpHMaH MN, rrpH'leM 

0Tpe30K QN CJI~HT OJ(HOH H3 CTO-

; POH MHOroyrOJibHHKa, no KOTOpO

MY ce'leHHe rrepeceKaeTcH c noBep

XHOCThIO nHpaMHJ(bI. 

To'IKa R rrepece'leHHH rrpsi:MoH: 

MN c rrpoJJ:OJI)l(eHHeM cropoHhl BC 
OCHOBaHHH Jie)l(HT B IlJIOCKOCTH rpa

HH BSC, rro3TOMY B Heit Jie)l{HT H 

BCH rrpHMaH PR, rrpoxoJJ:Hmasi: 'lepe3 

TO'IKH PH R. 0Tpe30K PL 3TOH rrpH
PRC, 142 

MoH. CJI~HT JJ:pyroH: CTOpOHOH HCKOMOfO MHoroyro.h:bHHKa. 'Coe.[(H

HSISI TO'IKH L u NB IlJIOCKocTu rpattu CSD, rtonyqaeM TpeTbIO cropo

HY MHoroyronhHHKa. 

To•IKH Mu P, npHHaJJ:Jie)l(alll,He ce'leHHIO, coe.nHHHM np.SIMOH MP, 
~ KOTopasi: nepeceKaeTCH c 6oKOBhIM pe6poM AS rrHpaMHJ(hI e TOl{Ke T. 
· 0Tpe3KH TP u TQ, rrpHHaJJ:Jie)l(alll,He rpaH,siM ASB H ASD, JaMhIKaIOT 

HCKOMhIH MHoroyroJibHHK. TaKHM o6pa3oM, ce'le~il:e rrHpciM:WlbI rrpe.u.-

cTaBJIHeTCH nHTHyronhHHKOM PLNQT. · 
,U.rrH pacqern OTHOllieHHH o6beMOB, Ha KOTOP~ J(CJIHTCH tmpaMHJ(a 

' '· 
IlJIOCKOCTbIO Ce'leHHSl, HCITOJih3yeM J(OilOJIHHTe:JlbHbie ITOCTpOeHHH 

(pHC. 142). 06DeM Vj 'laCTH nHpaMHJ(bI, Jie)l(a~eii'H.ibie WtOCKOCTH 

ce'leHHH, rrpeJJ:CTaBHM KaK pa3HOCTh o6oeMOB nHpaMH,llhI PMBR (P -
, BepllIHHa) u JJ:Byx rr11paMHJ(: TMAQ ( T - BCPllIHHa) if LCNR (L -
: BepllIHHa): 



198 fJIABA IL C(EPEOMETPlUl 

06'beM KIDK.llOH M3 3TMX Tpex m1paMM.Zl 3aBMCMT OT TIJIOW.a.n.M ee OCHOBa
HHH H BbICOTbI. Onpe.nenHM 3TM napaMerpbI. HaH,AeM, B l<al<OM OTHOIIIe

HHH TO'IKH Q, N, R, L H T .nemn coOTBeTCTByrow,Me pe6pa nwpaMH.llhl. 
Ha pHc. 143 H3o6pIDKeHbI oTnenbHO nnocKOCTH rpaHeii ABCD, ASB 

H BSC nwpaMM.llbI. TpeyronbHHKH MAQ, QND H CNR no.no6Hbl 
(pHC. 143a), IlPHl.feM K03$qmu,HeHT no.no6HH nepsoro KO BTOPOMy 
paBeH 3 · (AM= 3 · DN), a TpeTbero KO BropoMy - 2 · ( CN = 2 · DN). 
OTcro.na HaxOJJ.HM AQ= 3/4, CR= 2·QD=1/2, BR= 3/2 H 3aTeM -
TIJIOw.a,n.H: 

1 2 3 s =-·2·--
MBR 2 3-2, 

1 3 3 s =-·1·-=
MAQ 2 4 8' 

,ll,nHHa CTOPOHbl OCHOBaHHH nHpaMM.llbI npHHHTa 3a I. 
IlycTh H - .ll,JIHHa BbICOTbI nHpaMM.ZlhI SABCD. TorJJ,a BbICOTa H1 

m1paMM.llhI PMBR pastta H/2, TaK KaK P- cepe.nHtta pe6pa BS. HaH.
JJ,eM .ll)IHHhI BbICOT .nsyx JJ.pyrnx nHpaMM.ll: TMAQ H LCNR. ,ll,nH 3Toro 
onpeJJ,eJIHM, B KaKoM oTHOIIIeHHH TO'IKH TH L, JJ,enHT pe6pa ASH CS 
nHpaMHJJ.bI . .H:cnonb3yeM MeTOJJ., H3JIO)l(eHHhIH B § 4, rn. I. 

Ha pHc. 1436, me BhlHecetta TIJIOCKOCTb rpaHH ASB, npoBeJJ,eM .llO

nonHHTeJibHO AEll BS H npHMeM AE=x. Tor.D;a PB=2x (TaK KaK 
MB= 2 ·MA, no ycnosHro) H PS= 2x (TaK KaK P- cepe,llHHa PS). 113 

6 6 

PHC. 143 
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:no.n:o6ID1 METH fl.PST Haxo,n:HM ST:AT=PS:AE=2x:x=2, T.e. 

1;;,4.T= 1/3 ·AS. C11e.n:osareJILHo, MHHa H2 BblCOTbl m1paMHJJ:bI TMAQ 
ipaettaH/3. 
' A.HaJiornqHo HaxO,UHM MHHY H3 BbICOTbl rrHpaMH,UbI LCNR. Ha 
; pHc. 1436, H306pIDKeHa DJIOCKOCTh rpattH BSC. Ilpoeo.n:HM CFll BS H 
· noJiaraeM CF=y. Tor.n:a BP= 3y (True KaK BR=3 ·CR, PS=.3y, a H3 rro
no6H.H TPeyroJibHHKOB LPS H CFL ttaxo.n:HM: CL: LS= 1: 3, T.e. 
CL= 1/4 · CS. CJie.n:oBaTeJibHO, Bbicora H3 llHPaMH.n:bI LCNR paetta H/4. 

· Terrepb BbiqHCJIHM o6oeMbl ecex rrHpaMH,U: · 

l l H 
VsAecn = 3 · S ABCD · H = 3 · l · H = 3, 

l H 1 3 H H 
VPMBR =J·SMBR ·2= 3·2·2 =4, 

1 H 1 3 H H 
VrMAQ = 3 · SMAQ · 3 = 3 · 8 · 3 = 24' 

I H 1 l H H 
VLCNR = 3. ScNR . 4 = 3. 6. 4 = 72. 

061.eM Vi qaCTH IlHpaMH,UbI, Jiexam.eH: HHX.e IlJIOCKOCTH ceqeHIDI, 
paeeH: 

H H H 7H 
Vi=-----=-. 

4 24 72 36 

06oeM V2 qacTH rrHpaMH,UbI, nexaru.e:H BbIUie IIJIOCKQCTH ceqe
HIDI, paeeH: . 

OTttoUieHHe Vi : Vi paBHO 7 : 5. 
PaccMOTPHM em.e .n:ee xapaKrepHble 3a,n:aqH. 
3a,n;a'la 3. J(ana npa6WlbHWI mpeyzo/lbHWI nupOMuiJa SABC (S - Bep

wuna), cmopona ocnoBaHUJl Komopoii UMeem iJ11uny a, a 6oJCOBoe pe6-
po - iJ11uny b. H3y'lumb ce'teHUJl 3moii nupaMUObl fl.llOCKOi:mR.Mu, na
pOlllle/lbHblMU cKpew,uBa10w,UMc11 pe6pOM nupOMUObl (nanpUMep, AS u 
BC), noKa3amb, 'Imo 3mu Ce'teHUJI - npJ1Moyzo11bHUKu; 6bl'IUCllUmb fl.llo-

. w,aiJb ce'teHUJI, J16JlJl10U1,eZOCJ1 KBaiJpamoM. 
PemeHHe. B OTJIHqHe OT rrpe.UbIJJ:YIU;HX 3a,n:aq J,Uecb He yKaJRHbI Toq

JCH, ttepe3 KOTOpbie rrpOBO.UHTCH ceqeHHe; YCJIOBHe, Ja,n:a10m.ee TaKoe 
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ceqeHHe, cc}>opM)'JIHpOWlHO B BHJJ,e Tpe60BaHIDI ero napan.n:eJibHOCTH 

onpe.ueneHHbIM IIp.SIMbIM, a HMCHHO, CKpenurnaIOJ.JJ;HMC.SI pe6paM ASH 
BC(pMc. 144). 

IlyCTL M- npoH3BOJILHa.H roqKa, npHHawiexaJ.JJ;a.H cropoHe AC oc

HOBaHH.SI IlHpaMHJU>I. Ilpose.n;eM HCKOMoe ceqeHHe qepe3 31)' roqKy. Ilo-

A 

s 
CKOJibKy IlJIOCKOCTb TaKOfO ceqeHH.SI .llOJDKHa 

6LITL napaJIJieJILHoii pe6py BC, TO H JIHHH.SI 

MQ ero nepeceqeHH.SI c IlJIOCKOCTLIO OCHOBa

HH.SI nHpaMH.llbl .UOIDKHa 6hITb napaJIJieJibHOH 

BC, T.e. MQ II BC. AHanorffqHO, JIHHHH nepe

ceqeHH.SI MN IlJIOCKOCTH celJeHH.SI c 6oKOBOH 

B rpaHbIO ASC .uoJDKHa 6b1Tb napaJIJieJibHOH 6o

KOBOMY pe6py AS nHpaMH.llhI. 0rpe30K np.H

MOH NP, HBJI.SIIOJ.JJ;HHC.SI nepeceqeHHeM IlJIOC-

c KOCTH ceqeHIDI c .upyrow 60KOBOH rpaHbIO 

PHc. 144 BSC, raIOKe .uOJDKeH 6bITh napaJJJieJieH BC. 
HaKoHeU., coe.llHHHB TOqKH P u Q, nonyqHM OTpe30K PQ, 3aMbIKaIO

J.JJ;HH ceqeHHe. IlocKOJILKy IlJIOCKOCTh ceqeHIDI napaJIJieJibHa pe6py AS, 
TO JIHHIDI ee nepeceqeHH.SI PQ c rpaHLIO ASB, co.uep)l(.aJ.JJ;eH: pe6po AS, 
.UOJl)l(.Ha 6hITL napaJIJieJibHOH 3TOMy pe6py, T.e. PQ II AS. TaKHM o6pa-

30M, MNI PQ II ASH MQ II NP II BC, T.e. c}>Hrypa MNPQ - napaJIJienor

paMM. 

)la.n:ee HMeeM: MNll AS, MQ ~ BC, HO AS .1 BC, KaK cKpeJ.JJ;HBaIO

J.JJ;Hec» pe6pa npaBHJihHOH nHpaMH.llbI. Crre.n.osareJibHO, MN .1 MQ, T.e. 

napaJIJieJiorpaMM MNPQ - 3TO . npsMoyroJibHHK, qTo H .UOKa3bIBaeT 

rrepByio qaCTL yrnep)l(JleHIDI. 

Ey.ueM nepeMeJ.JJ;aTb TOqKy M no pe6py AC (pHc. 144). EcJIM np116JIH

)l(.3Tb ee K sepruHHe A, TO npsMOYfOJihHHK MNPQ, Jie)l(.aJ.JJ;HH B ceqe

HHH, 6y.ueT «BLITHrHBaTbC.SI» BBepx, ecJIH )l(.e ToqKy M npH6JIIDKaTh K 

BePlllHHe C, TO octtoBaHHe MQ np.HMOYfOJlbHHKa 6yJJ,eT yBeJIHlJHBaTh

C.SI, a BhICOTa MN - yMeHblllaTbC.SI, np.HMoyronLHHK 6y.ueT KaK 6LI 

CIIJIIOJ.JJ;HBaTbC.SI. Il03TOMY HeTpY.llHO BH.lleTb, qro CyJ.JJ;eCTBYeT TilKOe no

JIO)l(.eHHe TOqKH M Ha pe6pe AC, npH KoropoM nonyqaIOJ.JJ;aHC.SI B ceqe

HHH c}>mypa 6y.n.eT KBaJJ.paTOM. HaH.n.eM ero cropoHy. 

IlyCTb AM= x. lfa no.n.o6H.S1 f!CMN H f!CAS HMeeM: 

MN CM MN a-x 
AS = CA ' T.e. -b- =-a-. 

KpoMe TOro, oqeBH.llHO, qro MQ=AM=x, nOCKOJILKy MMQ -
paBHOCTOpoHHHii, a raK KaK ceqeHHe MNPQ- I<BaJJ.PaT, TO MN= MQ = x. 
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HMeeM ypaBHem1e: 

x a-x 
b=-a-, T.e. 

ab 
a=--. 

a+b 
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HTaK, CTOpoHa KBa,lJ,paTHOfO ceqemrn HMeeT MHHY ab/(a + b), aero 

IlJIOlll.a.D.h paBHa thl /(a+ bf 
PacCMOTpHM aHaJiorwmyio 3a,n.aqy .n:rrn npaBHJihHOH qeTblpexyronh

Hoif IIHpaMH.ZJ.bl (pHC. 145). 
33,Aa'la 4. J(ana npa6WlbHaJl ttemblpexyWJlbHaJl nupaMuoa SABCD (S -

6epwuna). ,4nuna cmoponbl ee ocnoBanua pa6na a, Olluna 601<00020 pe6pa 
- b. H3yttumb ce'leHil.R nupaMUObl nAOCKOcmJL.Mu, napaJllleJlbHblMU 601<0-
BOMY pe6py nupaMUObl u c1<pew,uoa10w,eiic.R c HUM ouawnMu ocnooanua 
(nanpUMep, SD u AC). Haiimu me U3 nux, 8 Komopble MO:JICHO enucamb 
Okp)l31CHOCmb. 

PemeHHe. CeqeHHH, o KoropbIX w.n:eT peqh, MOfYT HMeTh pa3JIHq

HYIO <J>opMy. flocKOJibKY IlJIOCKOCTb ceqeHHH napaJIJieJibtta .ZJ.HarottaJIH 

AC, TO, YKa3aB TOt{KY, qepe3 KOTOpyIO ero cne,lJ,yeT npoaecTM, MbI 

onpe.n:enMM TaKoe ceqeHHe O.ZJ.H03ttaqtto. 

B KaqecTBe TaKMx onpe.n:eJIHIOlll.HX TO

'leK B03bMeM TO'IKH .n:pyroif .ll,HafOHaJlM 

-BD. 

s 

flycTh N - npOH3BOJibHaH TO':lKa 

.nwarottaJIM BD, np11tta.n.ne)f{alll.M ee qa-

CTH BE, r.n:e E - uettTp octtoBaHMH Q 

(p11c. 145). fIOCTpOMM ceqett11e, npoxo

Mlll.ee qepe3 3TY TO'IKY. flocKOJihKY ero p 

IlJIOCKOCTh JJ;OJI)f{Ha 6hITb napaJIJleJibHa Puc. 145 

AC, TO oTpe30K L1 L3, no KOTOpoMy 

:na ITJIOCKOCTb nepeceKaeTCH c OCHOBaHH,eM n11paMH,.lJ.bI, .ll,OJI)f{eH 6bITb 

TilK)f{e napanJieneH AC. C .npyroif cropoHbl, HCKOMM IIJIOCKOCTb nepece

KaeTCH c IIJIOCKOCTbIO BSD .uwaroHa.JihHOfO ceqeHMH m1paMH,.lJ.bl no OT

pe3KY N£.i. 3-roT OTpe3oK Jie)f{MT B TOH )Ke nnocKOCTH, KOTOPM co.nep

)f{MT .npyryIO npHMYJO SD, napaJIJleJihHYIO HCKOMOMy ce':leHHIO. Cne.no

BaTeJibHO, NL2 II SD. Coe.ll,MHMB TOt{KY £2 c TOtIKaMH L1 H £3, nonyqHM 

TpeyroJibHHK L, Li~. npe,ll,CTaBJIHIOlll.HH HCKOMoe ceqeHMe. floCKOJibKY 

NLi II SD, L1L3 II AC H, KpoMe Toro, AC ..LSD, 'ro NLi ..L L1L3 T.e. 

llL1£iL3 - pastto6e.n.peHHhlif, a NL2 - ero BhICOTa. 

flepeMelll.M TO'IKY N Me)K)ly .ll.ByMH KpaU:HHMH IIOJIO)f{eHMHMH B H E, 
Ka)K,llblH pa3 6y.n:eM IIOJiyqaTb B ceqeHHM pasHo6e.n:peHHbIH TpeyroJibHMK. 

EcreCTBeHHO, 'ITO B mo6oif 113 HMX MO)f{HO BIIHCaTb OKp~OCTb. 
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IlycTh renepb N np1rnarm:e)l<11T .npyroii noJIOBMtte .D,Maromurn BD, a 

MMetttto, Jie)lrnT BHYTPH oTpe3Ka ED. B JJ.aJibHeiirneM 6y.n.eM o6o3HaqaTb 

3TY TOqKY 6yKBOH M. IlpoBe,n:eM qepe3 TO'IKY M ceqettMe, napaJIJieJib

Hoe ACu SD. 0rpe30K K1K2 npoxo.n:Hrn;Mii qepe3 TO'IKY MnapaJIJieJibHO 

.nuaroHaJIH AC, CJI)T)KHT JIMHMeii nepeceqemrn MCKOMOH IlJIOCKOCTM c 

OCHOBaHHeM IlMpaMM)J.bI. floCKOJibKY IlJIOCKOCTb Ce'leHMH napaJIJieJibHa 

6oKOBOMY pe6py SD, TO OTpe3KH K1K2, MK3 H Ks~. JieXGlIUMe cooT

BeTCTBeHHO. B nJIOCKOCTHX ASD, BSD M CSD, TaIOKe napanneJibHbI 

3TOMY pe6py, a 3HaqMT, M .n.pyr .n.pyry. Coe.D,HHHB TOqKY K3 c roqKaMH 

' K2 M K4, IlOJIY'IMM IlJITHYfOJib.HHK 

K~ K1K2K3/GiKs, npe.n:craBID110rn;uii MCKOMoe ce-

K . X.. qemte. .Hctto, qTo K1K2 1- K1Ks H 

· r o KsK4 1- K1Ks, nocKOJibK}' SD 1- AC. KpoMe 

r Toro, K2K3 = K4K3, T.e. c)rnrypa, npe.n:cTaB-
---.~~ ........... _..._..~~...._ 
p Ki M x, Q JIHIOrn;aH ceqeHHe, HanoMHHaeT «.D.OMHK c 

PHc. 146 PaBHOCKaTHOH KpblllleH» (pHC. 146). 
IlepeMern;a.ff 'FoqKy M Me)K,ll,y JJ.BYM.ff 

KpaiiHHMH nonoxettMHMH EH D, MbI MO)l(eM JIH6o yBeJIMqHBaTb octto

BattHe 3Toro «JJ.OMHKa», yMettblllaH BbICOTY ero «CTett», JIM6o YMettb

rnaTb OCHOBattMe, yaeJIMqHBaH BbICOTY ero «CTeH». 

3aMeTHM, 'ITO HCKOMOe Ce'leHHe K1K2K3K4Ks MO)l(HO IlOCTpOHTb M 

.n.pyrnM cnoco6oM. Ilpo.n:oJI)l(HB OTpe3oK K1 Ks .no nepece'leHH.ff co CTO

poHaMM ocHoBaHH.ff BAM BC B ToqKax PH Q cooTBeTCTBeHHO, MO)l(

HO nocTpOHTb paatto6e.npeHHbIH TpeyronhHHK PK3Q. ToqKH K2 H K4 
nepeceqeHH.ff ero cTopoH c 6oKOBbIMH pe6paMH SA M SC nHpaMH.D,bI 

.D,aIOT BeprnHHbl HCKOMOfO ceqeHH.SI (pHC. 145 H 146). 
He BO BC.SIKHH IlHTMYfOJlbHMK K1K2K3~Ks MO)l(HO BilHCaTb OKp)T)K

HOCTb. ,UeHCTBHTeJibHO, c 0)1.HOH cropOHbl, 3Ta OKP)T)KHOCTb .llOJl)l(Ha 

6hITb BnHcatta B paBtto6e.n:peHHbIH TpeyroJibHHK PK3Q (pHc. 146); c 

.n:pyroii cropoHhI, nepneH.llHKYJI.SIPhI K2K1 H K4Ks, onyrn;eHHhie H3 

TO'leK K2 H K4, .llOJI)l(HbI KacaTbC.ff OKPY)l(HOCTH. Haii.n:eM, npH KaKHX 

ycJIOBH.SIX 3TO BbIIlOJIHHMO, T.e. yKaxeM, r.ne )J.OJI)l(Ha JiexaTb TOqKa 

M, qT06b1 B npoae.nettnoe qepe3 ttee ceqeHHe MO)l(HO 6blJio 6bl BnH

caTh OKp)T)KHOCTb. 

06o3HaqHM paccTO.ffHHe BM qepe3 x (puc. 145). Tor.n:a DM = aJ2 - x 
H K1M= DM= aJ2 -x. IlocKoJibKY .ll.JIHHa pa.n11yca r snucaHHOH 

oKpy)l(HOCTH .n:oJI)l(Ha paBHHTbC.ff noJIOBHHe octtoBaHH.ff ce'leHHH 

K1K2K3~Ks, T.e. K1M, TO r=aJ2 -x. C .n:pyroii cTOpoHhl, 3TOT )l(e 

pa.n.uyc MO)l(HO HaHTH KaK pa.n.HyC OKp)T)KHOCTH, BilHCaHHOH B Tpey

fOJibHHK PK3Q. ,[(Jig 3Toro .n:ocTaTOqHo BocnoJib30BaThcSI <l>opMynoii 
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S= pr, r.n.e S - nJIOllll:l.llb weyroJibHHKa PK3Q, a p - ero nonynep11-
MeTp. HaM.n.eM BeJIH'IHHbl $Hp. 

Cttaqana 3aMeTHM, 11TO PM= BM=x, nocKOJibKY !lPBQ- paBH0-
6e.n.peHHhIM 11 npHMoyrOJibHbIH. 3aTeM ttaM.n.eM .ll.JIHHY OTpe3Ka MK3, 

HBJIHIOlllerocH BhICOTOH TpeyroJibHHKa PK3 Q. M3 no.n.o6HH TpeyroJib
HHKOB BMK3 11 BDS, Jie)J(alllHX B nnocKOCTH .n.11arottaJibHoro ce<JeHHH 

BSD n11paMHJ1.bI (pHc. 145), HMeeM: 

MK3 BM --=-- HJIH 
MK3 x, 
-b-= aJi, I)S BD 

OTKy.n.a MK3 = bx/ aJi. HaKotteu,, no TeopeMe Ilmparopa BbI11HCJIH

eM .ll)IHHY CTOpOHbI llPK3Q: 

PK3 = ~PM2 +MK/ = ~x2 + x2b2 /2a2 = x~l +b2 /2a2
• 

IlJIOlllaJJ.b TpeyroJibHHKa, S u ero nonynepHMeTp p BbI'IHCJIHeM no 

<PopMyJiaM 

x2b 
S=PM-MK3=

aJi' 

p =PM+ PK3 = x{l + ~1+b2 /2a2 
). 

0Tc10.n.a HaXO.[(HM .ll.JIHHY r pa.n.11yca BnHCaHHOH OKPY)J(HOCTH 

S xb 
r = - = ----,=== 

P aJi + J2a2 + b2 • 

CocTaBJIHeM ypaBHeHHe .ll.JlH onpe.n.eneHHH x nyTeM npHpaBHHBaHHH 

.n:pyr .n:pyry JJ.Byx Bblpa)J(eHHH .ll.JIH BeJIH11HHbl r : 

aJi-x = xb , 
aJi + J2a2 + b2 

OTKy.n.a HaXO.ll,HM x = aJi ( aJ2= + J2a2 ,+ b2'); ( b + aJi + J2a2 + b2
), 

onpe.n.eJIHIOlllee noJIO)Kett11e TO'IKH M Ha .n.u~ro\ian11 BD. 
I1p11Be.n.eM ellle HeCKOJlbKO npHMepoB, B KOTOpbix Tpe6yeTCH on

pe.n.eJIHTb Te HJIH HHbie napaMeTpbl nocTpOeHHOfO Ce'leHHH. 
33,ZJ.a'la 5. B ocHoBaHuu mpey20J1bH04 nupaMUObt SABC Jle:>«:um npJ1-

Moy20J1bHblii mpeyWflbHUK ABC c KamemaMu CA= 4, CB= 3. BeptuuHa 



204 fJIABA IL CTEPEOMETPllil 

nupOMuiJbl S npoe1emupyemCR 6 mottKy C, npu11eM SC= l. Ha pe6pax nupa
MUObl 63.Rmbl mottKu: M - na CA, N - ita CB, P - na SA, nJ,u11eM 
MC= l, NC= NB, SP= PA. Haumu Benu11uny y211a, o6pa3yeMozo /1./loc1eo
cmb10 ce11eHW1 nupOMuiJbl, npoxoo.Rw,eii ttepe3 mo111eu M, Nu P, c 11./lOCKO
cmb/O OCH06QHUJl. 

PemeHHe. qepTe)I( K :now Jan,aqe npe.u.cTaBJieH Ha pttc. 147. Cttaqa

na IlOCTPOHM HCKOMOe ce'IeHHe. IloCKOJibicy TO'IKH p H M Jie)l(aT B 

nJIOCKOCTH 6oKoBoH rpaHH ASC nttpaMH.ll.bI, TO B 3TOH nJIOCKOCTH 

ne)l(HT H BCH npHMaH MP, npoxo.u.mn.aH 
z 

qepe3 )J,aHHble TO'IKH, B TOM 'IHCJie H 

TO'IKa R ee nepece'IeHHH c npo.u.oJI)l(e

HHeM pe6pa SC Ja TO'IJ<Y C. TaKHM 06-

paJoM, B nnocKOCTH DSC .u.pyroH: 60-

ck.::-J~':il---hb-----;aAfxx KOBOH rpaHH ITMpaMH)J.bl H3BeCTHbl ~e 

R 

.U.Be TO'IKH - NH R. IlpHMaH NR, npo

XO.ll.Hll.l.aH qepeJ HHX, J],aeT B nepeceqe

mm c rpaHbIO BSC OTPeJoK NQ, HB

.IDIIOll.l.HKCH CJie,/J;OM OT nepecel.J:eHHH ce-

Puc. 147 Kym.e:H ITJIOCKOCTH c noBepXHOCTbIO 

nHpaMH.ll.bI. IlpoBe.U.H OTPeJKH MN B 

IlJIOCKOCTH ABC H PQ - B DJIOCKOCTH ASB, nony'IHM qeT&IpexyroJib

HHK MNPQ, npe.n.cTaBJIHIOll.l.HH HCKOMoe ceqem1e. 

3areM IlOCTpOHM yroJI Me)l(JJ:y IlJIOCKOCTbIO celJeHHH H OCHOBam1eM 

mipaMif)J:bl. )lJIH 3TOfO H3 TO'IKH p onycTHM Ha OCHOBaHHe nHpaMif,lJ:bl 

nepneH.ll.HKYJIHP PK (TO'IKa K nonan,aeT, ecrecTBeHHO, Ha AC), no

CKOJibKY rpaHb ASC nepneH,ll.HJ<Y.IDipHa IlJIOCKOCTH ocHOBaHHH, ·HJ roq

KH K onycTHM BbICOTY Ha npHMyIO MN H coe.u.HHHM nonyqHBIIIYJOCH 

TO'IKy L nepece'Iemrn c TO'IKOH P. 
Yron PLK eCTb JIHHeHHbIH yron .n.syrpattttoro yrna Me)l(Jl.y ce-

1:.J:eHHeM H OCHOBaHHeM, BeJIH'IHHY KOTOporo HY)l(HO onpe.u.eJIHTb. 

,UeiicTBHTeJibHO, PK - nepneH,ll.HKYJIHP K IlJIOCKOCTH octtoBaHHSI, 

NL J_ KL - no nocTPOeHHIO) cne.n.oBaTeJibHO, Ha octtoBaHim reope

MbI o Tpex nepneH,ll.HKYJIHpax MO)l(HO JaKJIIO'IHTb, 'ITO NL J_ LP. 
06oJHa'IHM Pi1< = ex. TorJJ,a tg ex= PK/ LK. BeJIH'IHHa PK HJBecT

Ha. Otta pastta 1/2, T.K. P - cepe.u.1rna AS, PKll SCH PK - cpe.n.HHH 

JIHHHH TPeyroJibHHKa ASC. BeJIH'IHHY LK MO)l(HO Haii:TH, paccMOTPeB 

noJJ.o6Hbie npHMOyroJihHbie TPeyroJibHHKM MCN 11 MLK 8 IlJIOCKO

CTH octtoBaHHH nupaMH.ll.bI. MMeeM: 

LK MK 
NC= MN' 
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NC=BC/2=3/2, MK:;=AC/2-MC= 1, MN 2 =MC 2 +NC 2 = 1 +9/4, 
OTJ<Y.D.a MN= Jf3 /2. TaKHM o6pa3oM, f..,K: 3/2 = 1 : Jf3 /2, OTKy.n.a 

LK = 3/ Jf3. 0KottqaTeJibHO ttaxo.n.HM: tg a= 1/2 : 3/ Jf3 = JD /6 H 

a= arctg(.Jf3 I 6). 
2-ii cnoco6. YMeCTJ:JO OTMeTHTb H .n.pyroii cnoco6 pewemrn: 3TOH 

33.llalJH, OCHOBaHHhlH Ha HCilOJib30BaHHH CHCTeMbl KOOp;:urnaT H CKa

JISipHOfO yMHO)l(eHHSI BeKTOpOB. 

B3aHMHO nepneH.D.HJ<YJISipHbie pe6pa n11paMH.D.hI CS, CA H CB no-

3BOJISIJOT. CBSI3aTb c HHMH npSIMOYfOJlbHYJO CHCTeMy OTClJeTa, IlOMec

THB ee HalJaJIO B BepumHe C. Tor.ua nnocKOCTh celJeHIDI npoxo.n.HT 

qepe3 TPH TOlJKH, KOOp.D.HHaThl KOTOPhIX H3BeCTHhl, a HMeHHO 

M(l, 0, 0), N(O, 3/2, 0), H P(2, 0, 1/2) (pHc. 147). 
YpaBHeHHe nnocKOCTH, npoxo.D.Siweii qepe3 3TH TOlJKH, 6y.D.eM 

HCKaTb B BH)l,e 

x y z 
-- +-+ -· = l. 
a b c 

3To TaK Ha3bIBaeMoe «ypaonenue 11.!lOCKocmu o ompe3Ka:x». qHCJia a, b H 

c - 3TO Koop.D.HHaThl ToqeK nepeceqemrn nnocKOCTH c coOTBeTCTBYJO

lliHMH. OCSIMH KOOP.D.HH3T' TOlJHee roeops., KOOp.ri.HHaTbI 3THX TOlJeK 

HMeJOT BHJJ. (a, 0, 0), (0, b, 0) H (0, 0, c). 

Ilo.n.CTaBJI.SIH B 3TO ypaetteHMe nocJie.D.oeaTeJihHO KOOP.D.MHaTbI To

qeK M, NM P, rroJiyqMM TPM ypaBHeHHSI llflSI onpe.D.eJieHMSI lJHCeJI a, 
b H c: 

1 
-= 1, 
a 

3/2 = l 
b ' 

~+1/2=1. 
a c 

0TCIOJJ,a H3XO)].HM a= 1, b= 3/2, C=-1/2, T.e. ceKywasi IlJIOCKOCTb 

HMeeT ypaBHeHHe 

~+L+_z_=l HJIH 3x+2y-6z-3=0. 
1 3/2 -1/2 

l13BeCTHO JJ,aJiee, lJTO K03cPcPHU.MeHTbl {3, 2, -6}, CTOSIWHe rrpH x, y 
H z, B ypaettemrn flJIOCKOCTH., MO)l(H? paCCM3TPHBaTb KaK KOOP.D.HHaThl 
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BeKTopa ii , nepneHJJ.HKYJUlpttoro :noM: rurocKOCTH. AHanomqHo, Koop

.rurnaTbI BeKTopa k , nepneHJJ.HKYJHl:pHoro IlJIOCKOCTH z = 0 OCHOBaHml 

n11paMllllbl, paBHbl {0, 0, 1}. Ilo3TOMY, HCilOJib3YSI <PoPMYJIY .l(JISI Bbipa

)l(eHHH KOCHttyca yrna Me)l(.lly BeKTopaMH qepe3 HX CKaJIHPHOe npoHJBe

.LJ,eHHe H .l(JIHHbI, MO)l(HO BbI':IHCJIHTb 3TOT yroJI, KOTOPhIH KaK pa3 H 

paBeH yrny,Me)l(.lly paccMaTpHBaeMblMH IlJIOCKOCTHMH. I1MeeM: 

1 cos a. I = = - tga. = -
I 3. 0. +2. 0 + (-6)- 11 6 ( Jf3) 

. ~32 + 22 + (-6)2 7 6 ' ·. 

T.e. a.=arctg(../f3/6). 
3a,n.a'la 6. B npa6WibHOu "lemb1pexy20AbHou nupaMuae SABCD c 6ep

wuHou S npo6eaeHa ceKyUl,aJl MocKocmb P, napa.llJleAbHaJl cmopoHe AB 
npoxoaRUl,aJl "tepe3 mo"IKY KacaHUR 6nucaHH020 wapa u zpaHu SAB, a 
maKJ1Ce "lepe3 mo"IKY 3mo20 iuapa, 6AuJ1Cauwy10 K 6epwuHe S. Haumu 
nAoU1,aab ce"leHuR nupwmab1 MocKocmb10 P, eCAu AB= I, SA = JS /2. 

PeweHBe. B ornwq11e OT npe.L1,b1.LJ,yrn,11x 3a.LJ,a':I ceKYm;aH rurocKOCTb 

3a.LJ,aHa He TpeMSI ToqKaMH, npHHa.l(Jle)l(arn.11MH pe6paM nwpaMH.LibI, a 

6onee CJIO)l(HO. Ilo3TOMY IlOCTpOHM CHaqana HCKOMOe ceqeHHe. 

IIycTb K - mqKa KacaHHH snwcattttoro lllapa ( 0 - u.ettTp) c 

6oKoBoif: rpattbIO SAB (pwc. 148). CeKYW,aSI nnocKOCTb .LJ,O~Ha nepe

ceKaTbCSI c 3TOM: rpatthIO no oTpeJKY MR, napaJIJieJibHOMY cTopotte AB. 

s 

D 
Puc. 148 

TaKHM o6paJoM, cTaHOB.SITCH H3BeCTHbIMH 

.LJ,Be ToqK11 M 11 R, Jie)l(arn,ne tta pe6pax 

nwpaMH.Libl 11 npntta.l(Jle)l(arn,He ce1:1eHHIO. 

06paTHMcsi: K IlJIOCKOCTH SEF CHMMeT

p1111 nnpaMH.LibI, npoxom1w,eM: 1:1epe3 ano

<PeMbI 6oKOBbIX rpatteM:. B 3Toif: nJiocKo

CTH TaKXe HJBeCTHbI .LJ,Be TO'IKH K H 02, 

G rrpHHa.l(Jle)l(allJ,He ce1:1eHHIO ( 02 - TO'IKa 

lllapa, 6m1)1(aif:lllaH K sepllIHHe). CJie.LJ,o

BaTeJibHO, IIPHHa.LJ,Jie)l(HT ce1:1eHHIO BCH 

npHMa.si: 0 2K, nepeceKaiow,a.si:c.si: c rpattbIO 

SCD B T01:1Ke L n c IlJIOCKOCTbIO octtoBaHHH B TO'IKe G. 0Tpe30K NQ, 
no KOTopoMy nJIOCKOCTb ce':leHH.SI nepeceKaeTC.SI c rpaHbIO SCD, .LJ,OJI

)l(eH 6blTb rrapaJIJieJibHblM CD, nocKOJibKy rurocKOCTb ce1:1ettn.SI napa.JI

JieJibHa AB H, cJie.LJ,oBaTeJibHO, CD. Coe.LJ,HHHB ToqKn N c Mn Q c R, 
noJiy'IHM qeTbipexyroJihHHK MNQR, rrpe.LJ,CTaBJI.SIIOllJ,HH HCKOMOe ce-

qeHHe. 
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qeTLipexyroJILHHK MNQR - paBtto6oqttaH TpanenH» (MR H NQ -
octtoBaHIDI). ,Ue:HCTBHrellbHO, MR I NQtt MR¢. NQ. KpoMe roro, MN= RQ 
B CHJIY CHMMeTpHH. 3aMeTHM nonYTHO, qro nJIOCKOCTb 3TOH Tpanel(HH, 

napliJIJieJILHaH AB, nepneH11.HKy11Hptta nJJocKOCTH SEF, a oTpe3oK LK 
- BhICOTa TpanenHH, coellHH»IOma» cepeJJ.HHhI L H Kee octtoBaHHH. 

TIJJOfi\aJJ.h STpanenHH MNQRpaBtta: 

l 
S =2.(MR+ NQ)·LK, 

no3TOMY H)T)KHO ttaifTH MR, NQ 11 LK. 113 no,ll,o6ttH t::.SNQ H t::.SCD, 
t::.SMR H t::.SAB 3aKJIJOqaeM: 

NQ = ~~, MR= ~~ (AB = 1). 

qT06bI BbllJ.HCJJHTb 3TH OTHOlIIeHH», o6paTHMCH K nJIOCKOCTM !!.SEF. 

B 3TOM TpeYfOJibHHKe: SE = SF = ~ AS2 - AE2 = 1 = E F. CJie.n:oBaTeJJb

HO, 3TOT TpeyroJJLHHK paBttocTopoHHHH. TaKoe o6croHTeJILCTBO 3Ha

lJ.HTeJihHO o6Jier<IaeT pernett11e. 

ToqKa K - cepe,ll,ttHa oTpe3Ka SE. Cne.n:osareJILHO, MR= 1/2. Toq

Ka 0 2 ,ll,eJIHT BLICOTy S01 B OTHOIIIeHHH 1 : 2, cqHTaH OT BeplllHHhI. 

TiocKOJILKY LK 1- NQ, TO LK cocTaBJIHeT 1/2 BhICOThI paBHOCTO

pouttero TpeyrOJibHHKa co CTOpOHOH, paBHOH 1. 3uaq11T, 

LK = J3 /4, a TOlJ.Ka L OTCeKaeT OT an0<peMLI SF ee qeTBepTyIO 

qacTL: NQ = 1/4. TaKHM o6pa3oM, S = 1/2(1/2 + 3/4) · J3 /4 = 3 J3 /32. 

1. B TpeyroJibHOH nttpaMHlle npoBe,ll,eHa rIJIOCKOCTb ceqeHHH, napan

JieJibHaH OCHOBaHHIO H ,ll,eJIHll\aH nJIOll\a,ll,b ee 60KOBOH noBepXHOCTH 

nononaM. B KaKOM OTHOIIIeHHH 3Ta nJIOCKOCTb JJ.eJIHT o6DeM nttpaMHllbI? 

OmBem: 1: (2 Ji - 1). 

2. ,Uaua rrpaBHJibHaH <J.eTbipexyroJibHaH rrHpaMHJJ.a SABCD c sepIIIH

ttoH: S. Ha pe6pax SA 11 SC B3HTbI TOlJ.KH P 11 Q, cooTBeTCTBeHHO, 

rrp11qeM AP: PS= l: 3, CQ= SQ. Ha:HTH OTHOIIIeu11e, B KOTopoM JJ.e

JIHTCH pe6po SB nJIOCKOCTbIO, rrpose.n:etttto:H 1.J.epe3 TOlJ.KH D, P 11 Q. 
OmBem: 3: 4. 
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3. TinocKOCTb npoxo.n.HT qepe3 BepWHHY A TpeYfOJihHoA nHpaMHJlbl 

SABC, JJ;eJIHT nononaM MeJJ;HaHy SK TpeYfOJihHHKa SAB, a MC.llHaHY SL 
TpCYfOJibHHKa SACnepeceKaeT B roqKe D, TaKoH., qro SD= 1/2 · DL. B 

KaKOM OTHOIIICHHH 3Ta IlJIOCKOCTb JleJIHT OObeM IlHpaMH,ll,bI? 

Om6em: 1: 14. 

4. )l.aHa npaBHJihHaH qeTh1pexyrOJibHaH nHpaMH,ll,a SABCD c BepIIIH

HoH. S. qepe3 roqKH A, B H cepeJlHHY pe6pa SC npoeeJJ;eHa nJIOCKOCTh. B 

KaKOM OTHOIIICHHH 3Ta IlJIOCKOCTh JlCJIHT o6oeM nHpaMH)lhI? 

0mBem:3: 5. 

5. qepe3 0.11.HY H3 CTOPOH OCHOBaHHH npaBHJihHOH TpeYfOJihHOH IlH

paMH,ll,bl npoBe)leHa IlJIOCKOCTh, .11.CJIHII(aH 60KOBYJO noeepxHOCTh 

nHpaMH,ll,bI norroJiaM. B KaKOM OTHOIIIeHHH na IlJIOCKOCTb .11.enHT o6oeM 

IlHpaMH,ll,bI? 

OmBem: 1: 3. 

6. B npaBHJihHOH IIIeCTuyroJihHOii nHpaMH,ll,e MHHa cropoHhl oc

HOBaHHH paBHa a, a .BbICOThI - H. B~HCJIHTh nJIOW.a.11.h ceqeHHH, 

rrpoxo.11.Hw.ero qepe3 cepeJJ;HHhI ,ll,Byx He cMe)l{ffhIX H He napaJIJieJihHhlX 

cropoH OCHOBaHHH H qepe3 cepe.11.HHY BhICOTbl. 

OmBem: 25a.J4H2 +3a2 /64. 

7. Pe6po rrpaBHJihHoro TeTpa3JJ;pa SABC HMeeT MHHY a. qepe3 Bep

IIIHH)' A napaJIJieJihHO pe6py BC npoBe.11.eHa IlJIOCKOCTh TaK, 'ITO ee

JIH'IHHa yrna Me)KJJ.y npHMOH AB H 3TOH IlJIOCKOCTbIO paeHa 30°. HaiiTH 

IlJIOW.a.11.h ceqeHHH. 

OmBem: 3J2a2 / 25. 

8. qepe3 CTOPOHY OCHOBaHHH npaBHJihHOH TpeYfOJihHOH nHpaMH

,ll,hl H ueHTp enucaHHoro B Hee IIIapa npoBe.11.etta IlJIOCKOCTh. B KaKOM 

arHollleHHH 3Ta nJIOCKOCTb .11.eJIHT o6oeM nHpaMHJlhI, eCJIH MHHa ee 

OOKOBOro pe6pa B 3,5 pa3a 60JihIIIe JlJIHHbl CTOpOHhl OCHOBaHHH? 

OmBem: 1: 4. 

9. B npaBHJibHOH <leTblpexyroJihHOH nHpaMH,ll,e SABCD c BepIIIH

HO:ii s cropoHa OCHOBaHHH HMeeT ,ll,JIHHY 4 CM. qepe3 CTOpoJIY CDOCHO
BaHHH npoBeJJ;eHo ceqeHHe, Koropoe rrepeceKaeT rpaHh SAB no cpeJJ;Heii 

JIHHHH TpeyroJihHHKa SAB. Ilnoll(3.lJ.h ce'leHHH paetta 18 cM1-. Ha:iim o6heM 

rrHpaMH,ll,hI SABCD. 

OmBem: 32 .J3 cM
3

. 
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10. Ha ocHoBaHHM 'npallMI>HOH 'fPeYrOJil>HOit nHpaMH,ll,bI, .llJIHHa 

BblCOTbl KOTopoit paBHa ii H PliAHYC Kpyra, BilHCaHHOfO B OCHOBa

HHe - r, JiexrnT wap, KaCaIOIIJ;HitC.SI OCHOBaHH.SI B ero ueHTpe. HaitTH 

pan.Hye wapa, eCJIH IlJIOCKOCTb, npoBe,Zl;eHHa.SI qepe3 BepWHHY IlHpaMH-

. .llbl H cepe,llHHbl ,Zl;Byx CTOpoH OCHOBaHIDI, KaCaeTC.SI 3TOfO wapa. 

Omeem: Hrf(r+~r2 +4H2
). 

~· 

t·-



§ 5. KY6 H Ero CBOACTBA. 
CE'IEHHE KYBA IlJIOCKOCTbIO. IlPH3Mbl 

Ky6oM HaJhrnaeTcSI npS1MoyronbHbIH napannenenHne.D., y KoTOporo 

,D,JIHHbI Bcex pe6ep paBHbI Me)l(,ll,y co6oit (pHc. 149). Ky6 - 3TO npa

BHJibHhlH MHororpaHHHK, Bee rpamt KOToporo KBa,D,paTbl. 

Ky6 o6na,D,aeT pSl,ll,OM CBOHCTB, KOTOpble none3HO HMeTb B BH,D,y 

npH perneHHH CTepeoMeTpHqeCKHX 3a,D,a'I. YKIDKeM OCHOBHbie H3 HHx: 

a) .D.HarOHaJih icy6a nepneH,D,HKYJISlpHa mo6oii cKpell.l,HBaJOll.l,eikH 

c Heu ,D,HaroHaJIH rpaHeu Icy6a B' DJ_ AC; B' DJ_ CD' H T . .D..; 

6) m1aroHaJIH HenapannenhHbIX rpaHeii Icy6a o6pa3yIOT Me)l(,ll,y 

co6ou yron Benwmttoii: 60" (A· B u A· c: BC' H DC' H T .,D,.); 

B) ce11eHHe Ky6a nnoCKOCTbIO (A· C' B) HJIH (AD· C), npoxo.D.H

ll.l,eH: qepe3 KOHUhl pe6ep Icy6a, HCXO,ll,Slll.l,HX H3 O,ll,HOH BepIIIHHhI (B' 
· HJIH D), SIBJIHeTcH npaBHJihHbIM Tpey-

~~~~~~~~~c· fOJibHHKOM; II!! r) IlJIOCKOCTH TpeyrOJibHHKOB A. c· B 
HAD' C napannenbHhI .n.pyr .n.pyry, nep

£4 neH,D,HKym1pHbl .n:HaroHaJIH Icy6a B' D H 

.lleJIHT 3TY .n.uarottanb Ha TPH paBHbie no 

PHC. 149 

.. ,,~.....,,...... c ,D,Jilrne 11acTH B' L = LK = KD; 
Jl) ce11eHHe icy6a nnocKOCTbJO, nep

neH.llHKYAAPHOH .D.HafOHaJIH Ky6a H npo

XO,llffll.l,eH qepe3 ueHTp icy6a, npe.n.cTaB

JISleT co6ou npaBHJihHhIH rnecTHyronb

HHK. 3roT lllecTHyrOJibHHK nepece~eTCH c pe6paMH Icy6a B HX cepe}lHHax 

(E1, E;, E:J, E4, E5, 4). 
PerneHHe MHOfHX 3K3aMeHaUHOHHbIX 3a,D,a'I CBH3aHO c IDIOCKHMH 

ceqeHHSIMH Ky6a. KaK npaBHJio, B Ka)l(,ll,OH H3 HHX Tpe6yeTCH nocTpo

HTb ce11eHHe Icy6a IlJIOCKOCThIO, 33,II.aBaeMOH TeMH HJIH HHblMH ycno

BHHMH, HanpHMep, TpeMSI TO'IKaMH, nexall.l,HMli Ha IlOBepXHOCTH 

Icy6a, HJIH .D.BYMH TQqKaMU H YCJIOBHeM napanneJibHOCTH IDIOCKOCTH 

ceqeHHSI TOH HJIH HHOH npSIMOH, HJIH O,ll,HOH TOtlKOH H ycJIOBHeM 

napanJieJibHOCTH IlJIOCKOCTH ceqeHHSI .n.pyrOH IlJIOCKOCTH H T.,D,. Ilo

CTpOeHHe TaKHX ceqeHHH H nocne.D.yJOll.l,He pacqeTbl B npHHUHile He 

OTJmqaJOTCSI OT perneHHH aHaJIOfH'IHhlX 3a,D,a'I ,ll,JISI IlHpaM}fJl, 0 KOTO-
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i.pblx rosopHJIOCb B npe.llbUlYIUeM naparpa<t>e. PaccMOTpHM HeCKOJlbKO 
·npHMepoB. 

38,!Ulu 1. /iaH 1ey6 ABCDA 'B' C' D', zoe AA', BB', CC' u DD' -
6oKOBble pe6pa. Haumu 11/lOU{aob cesteHUR 3mozo 1ey6a Moc1eocmb10, npo
xooaU{eu 1tepe3 6epUIUHY,... u cepeOUHbl pe6ep B' c· u c D'. Pe6po Ky6a 
UMeem 011uHy, pa6HYIO 1. 

PeweuHe. CttatJaJia notTpOHM ceqeHHe. HatJHeM c TotJeK K H L, 
.RBJIHJOIUHXC.R cepeJJ.HHaMH pe6ep B' C H C' D' (pHc. 150). 3TH TO'IKH 
Jie)l(aT B IlJIOCKOCTH BepxHeH rpaHH Ky6a, fi03TOMY np.RMaH (KL), 
npoXO.llSIIUa.R qepe3 3TH TO'IKH, eCTb JIHHH.R nepecetJeHHH cexyiueH: 

nnocKocTH c yKaJaHHOH rpaHbJO KY-
6a, a oTpeJoK KL - o.n.Ha HJ CTopoH 

MHoroyroJibHHKa, npencTaBJIHJOIUero 
ceqeHHe. E.-=::;;,,.,~~~~s;;;:i~ 

IlpoJJ.OJI)l(HB KL .no ee nepecetJettH.R 
c nponoJI)l(eHHeM pe6ep xy6a A' D' H 
A' B', rronyqHM TOqKH E H F, Jie)l(a

IUHe cooTBeTCTBeHHO B rpaHHX ADD' A' 
H AA' B' B xy6a. Tor.n.a B KIDIOJ.OH HJ 3THX D 
rpatte:H 6y.nyr H3BCCTHbI yxe no .nee PHc. ISO 
ToqKH, npHHa,zmexaiuHe cetJeHHJO. 3To 

F 

A H Ee IIJIOCKOCTH rpaHH ADD'A' HA H Fe nJIOCKOCTH rpaHH 

AA' B' B; Ilo3TOMY npHMble AE H AF npHHa.IVJe)l(aT cetJeHHJO, a o'Ipe3-
KH AN H AM 3THX np.RMhIX - cTopoHbI MHoroyroJihHHKa, npe.ncTaB

JIHIOIUero cetJeHHe. 
Coe.nHHHB TO'IKH NH Ke nnocKocTH rpaHH CC' D' DH TO'IKH L H 

MB nJiocKocTH rpaHH BB· c· C, nonyqHM Beeb n.RTHYfOJibHHK AMLKN, 
npe,llCTaBJIHIOIUHH cel!eHHC xy6a paccMa'IpHBaeMOH flJIOCKOCTblO. 

3aMeTHM, "'ITO n.RTHyroJibHHK AMLKN nonyqaeTCR H3 Tpeyronh

HHKa AEF oTcetJeHHeM OT Hero .II.BYX paBHbIX TpeyroJibHHKOB MLF 
H NKE. 3To .naeT B03MO}l(HOCTb onpe.nenHTb nnoiua.nh ce'leHHSI no 

<t>opMyne 

S AMLKN= SAEF - 2S NKE· 

Ilnoiuanh paBHo6e.n.peHHoro TpeyrOJihHHKa AEF tta:HTH HCTPY.llHO. 
,ll.nR 3Toro JaMeTHM, qro HJ no.no6HH 'IpeyroJibHHKOB B' LF, C KL H 

D' KE c K03<i><i>HUHCHTOM no.no6m1 1 (T.e. <t>aKTHtJecKH, H3 paeeHCTBa 

3THX 'IpCYfOJlbHHKOB) cne.nyeT: 

A'E = 3/2, A'F = 3/2. 



212 fJIABA II. CTEPBOMETPWSI 

E'"D 
3 r;;2 AE --·AF= $3 

r =·:r""'' 2 ' 

no3TOMY wnrna h BbICOTbI MEF, onymeHHoii H3 eepuIHHhl A Ha cTo

poHy EF, paeHa ~ AE2 -1I4 · EF2 = ff4 I 4, a nJIOlllaJJ.b S AEF paeHa 

3Jf7 /8. 
nocKOJibKY tiNKE MO)l(HO noJiyqHTb H3 MEF H3MeHeHHeM ,l]JIH

Hbl ero·cTOpottbI EF e EK/ EF = 1/3 pa3a, a ,llJIHHhl cTopoHhl EA - e 
EN/ EA pa3, TO ' 

1 EN Jf7 EN s NKE = '3" EA . s AEF = -8-. EA . 

OcTaJIOCb HaiiTH OTHOIIIeHHe .EN/ EA. 1'13 no,u.o6IDI tiED' NH MND c 
is:o34><tmuneHTOM no.u.06m1ED'/AD=1/2 3aKJI10qaeM: EN: AN= 1: 2, 
OTKY.U.a HaJCO.U.HM HHTepecyIOmee OTHOIIIeHHe EN: EA= 1 : 3. lfraK, 
S NKE = Jf7 I 24 . OKoHqareJibHO HMeeM: 

SAMLKN = 3Jf7 -2 Jf7 = ?Jfj · 
8 24 24 

3aMeTHM, qTo K 3TOMY )Ke pe3ym.TaTy MO)l(HO 6bIJIO 6bI npHiiTH 
n.pymM cnoco6oM, a HMeHHO: HaiiTH UJIOIII.aJJ.b npoeKUHH mrmyroJib
HHKa' AMLKN Ha UJIOCKOCTb oCHoeaHHH ~6a (oHa paetta 7 /8), a 
3aTeM pa3,U.eJIHTb 3Ty IlJIOIII.aJJ.b . Ha KOCHHYC yrna npoeKTHPOBaHHH, 
T.e. Ha KOCHHYC yrna Me)l(,lJ.y IlJIOCKOCTbIO ceqeHHH H IlJIOCKOCTbIO oc
HOBaHIDI is:y6a. MeTO.U. onpe,u.eJieHHH 3TOro yrna IlOHHTeH H3 PHC. 15L 
HMeeM: cos <p = 3/ Jf7 . Tor.u.a HCKOMaH IlJIOlllaJJ,b paetta 7 Jf7 /24. 

Eme O.U.HH npHMep no.u.o6Hoii 3aJJ,aqu. 
38,!Ul'la 2. ,D,an Ky6 ABCDA' B' C' D', ziJe AA', BB', CC' u DD' -

6oK08ble pe6pa. B Ka1C.OM omnoiuenuu iJe.!lum o6beM Ky6a wzocKocmb, 
npoxoiJRw,aR 'lepe3 Bepiuuny A, cepeiJuny pe6pa BC u ~enmp 2pa11u 
DCC' D'? 

Peweuae. IlocTpOHM UJIOCKOCTb ceqemrn. HaqHeM c TOqeK A H E 
(E - cepen.HHa pe6pa BC). Ilpoeei:i;eM qepe3 HHX rrpHMYJO AE .u.o ee 
nepeceqeHHH e ToqKe F c rrpon.oJI)l(eHueM pe6pa DC. Orpe3oK AE 
CJl~T OD.HOH H3 CTOpOH MHoroyrOJibHHKa, Jie)l(amero B ceqeHlfH 
is:y6a (pHC. 152). 

Tenepb B IIJIOCKOCTH rpaHH cc· D' D Ky6a H3BeCTHbl .D,Be TOqKH 0 
H F, rrpHHa,llJle)l(amHe ceqettnIO. Cne.u.oeaTeJibHO, npHMaH OFrnKXe 



1

1 

§ 5. Ky6 u eeo ct1oucm11t1. Ce'lenue Ky6a lf.llOCKOCmb10. Dpu3Mbl 213 

npHHall)Ie:xarr IlJIOCKOCTH ceqemm. 0rpe30K LN ee nepeceqeHIDI c rpa
. HbIO (CC' D' D) CJIY)KHT .AIJYfOH CTOPOHOH HCKOMOfO MHOfOYfOJibHHKa. 

~ c u ~ 

PHC. 151 PHC. 152 

Coe.n;HHHB roqKH A H N B rpaHH AA' D' D H - E H L B rpaHH 
' BB' c·c, nOJiyqHM HCKOMblH qeTblpexyrOJibHHKANLE, npe.n;cTaBJUllO

lll.HH ceqeHHe Icy6a. 
06'beM VqacTH KY6a, 11exameit HHxe IlJIOCKOCTH ce'leHID1,.~bI'lHC

ID1eTCSI KaK pa3HOCTb o6'beMOB .n;eyx TpeYfOJibHhIX rtHpaMB.LI. DANF (D
BepwHHa) H CELF ( C - BepWHHa). 

M3 no.n;o6IDI AFEC H f!J.FAD c Ko3$<l>HUHeHroM 1/2 HMeeM: CF= 1 
(eCJIH JJ)IHHY pe6pa Icy6a npHHSITb paBHOit 1). AHa11onNHO, H3 no,no6IDI 
AFCL H AF001 c Ko3<i>cl>HUHeHroM 2/3 nonyqHM CL= 2/3 · 001 = 1/3, 
r.ne 01 - npoeKUIDI uempa 0 rpaHH cc· D' D Ha pe6po KY6a CD. 
HaKoHeu, .H3 no.u.o6HH AFCL H AFDN c K03cl>cl>HUHeHTOM no.u.o6IDI , 
1/2, no11yqHM DN = 2 · CL= 2/3. 

MMeeM: 

· 1 DA·DF 1 2 2 
VDANF = -· .. DN =-·1·2·- =-· 

3 2 6 3 9' 

1 CE ·CF 1 1 1 1 
VcELF = - · ·CL = - · - · 1 · - = ,..- · 3 2 6 2. 3 36' 

2 1 7 Vi= VDANF -VcELF =---=-. 
9 36 36 

MTaK, OTHOWeHHe o6'beMoB qacreit, Ha KOTOpble ceKyI.UaH IlJIOCKOCTh 
.neJIHT 06'beM Icy6a, paBHO 7: 29. 

3~'la 3. %pe3 mpu mo11Ku 0, Eu F, Ae:J1Ca111,ue Ha noeepxHocmu xy6a 
ABCDA 'B' C' D' (AA', BB', CC', DD' - 601Co«ble pe6pa), npo«eiJeHa 
11J10C1Cocmb ce11eHUR. llocmpoumb 3mo ce11e1tue u Haumu «eliu11uHy yi!.lla, 
o6pa3yeMOi!O ezo 11JlOCICOCmblO c 11JlOCICOCmblO OCH060HUR Ky6a, eC/lU U36e-
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cmHo,11mo 0-14enmp zpanu AA'B' B Ky6a,E u F npunaiJ11eJ1Cam pe6paM 
C' D' u BC, coomeemcmeenno, npu11eM C' E = 1/3 C' D' u BF= FC. 
. Pemeuae. B OTJIH'IHC OT npe,llbUlYl.llHX 3a.naq e 3TOH 3aI1.aqe H3 TpCX 

.naHHbIX roqeK 0, EH F HHKaKHe .nee He JIC}(QlT e nnocKOCTH o.nHoit H 

TOH xe rpaHH KY6a, TaK 'ITO cpa3y npoeecTH JIHHHIO nepeceqeHHH 

ceKymeit IlJIOCKOCTH c noeepXHOCTblO Ky6a HCJib3H (pHC. 153). 
IlocrynHM CJICJlYIOIUHM o6pasoM: cnpoeKTHPyeM TO'IKH EH 0 Ha nnoc

KOCTb OCHOBaHIDI Ky6a ABCD H nonyqHM TO'IKH E1 H 0 1, cOOTBeTCTBeHHo 

E 

K 
PHc. 153 

JIC)((3.IJ.ll1e Ha pe6pax DC H AB. 'Iepe3 TO'I

KH EH 0, a TaIOKe '1Cpe3 HX npoeKIJ.HH 

E1 H 01 npoee.neM npHMbie EO H E1 o" 
KOIOpble .llOJDKHbl nepece'lbCH, IlOCKOJib

KY o.n;Ha,H3 HHX ecTb HaKJIOHHWI, a.npy-

Y raH - npoeKUHH 3TOH HaKJIOHHOii Ha 

nJIOCKOCTh OCHOBaHIDI icy6a. IlyCTb K -
TO'IKa HX nepeceqeHHH. E'.crecmeHHO, OHa 

JIC>KHT B IlJIOCKOCTH OCHOBaHIDI Ky6a, 

Il03TOMY B nJIOCKOCTH OCHOBaHHH H3-

BecTHbl yxe .nee TOt.IKH, npHHa,wIC}(Ql

IJ.lHC ceqeHHJO: K H F. Cne.n;oeareJibHO, 

npHHaIJ)IC)l{ffT ceqeHHIO. H BCH npHMWI 

KF, co.nepxal.llaH 3TH TOt.IKH. 0rpe30K MF - o.n;Ha H3 cropoH HCKOMoro 

MHOfOYfOJibHHKa, nexamero e cet.IeHHH (M - TO'IKa nepeceqeHHH npH
MOH KF c pe6poM BC). 

IlyCTb L - TO'IKa nepecet.IeHHH npHMOH KF c npo,n;oJl)l(eHHeM pe6pa 

DC. Coe.n;HHHM TOt.IKH L H E. 0rpe30K EP- 3TO eme o,nHa H3 cTopoH 

MHoroyroJibHHKa, nexamero e ce11eHHH icy6a. Coe.n;HHHM TOt.IKH F H 

Pe rpaHH BB'C'C, M H 0 - B rpaHH AA' B' B, NH E - B rpaHH 

A' B' C' D' (N - ToqKa nepeceqeHHH npnMOH OM c pe6poM A· B'), 
nonyqHB ocTaJibHbIC cropoHbI nHTHyroJibHHKa ENMFP, npe.n;cTaBJIH-

10mero cet.IeH~e icy6a. 

EcJIH H3 T01IKH EB nnocKOCTH TpCYfOJibHHKa EKL onycTHTb Ha ero 

OCHOBSHHC KL BblCOTY (pHC. 153), TO yron MC)l(Jly CCKYJUCH nJIOCKO

CTbIO H OCHOBaHHCM Ky6a 6y,neT paeeH ymy HaKJIOHa 3TOH BbICOTbl K 

nJIOCKOCTH OCHOBaHIDI. 06o3Hat.IHM ero BeJIHqHHY qepe3 a.. 
fionyqHM: 

EE 
tga:::: --1 . 

E1Q 
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IlycTb pe6po KY6a KMeeT.ll)lHHY, paBHYJO 1. Tor.Ila EE1=1. Haitu:eM 
MHHY O'rpe3Ka E1 Q. 3ToT OTpeJOK - BbICOTa 'IJ)eYfOJibHHKa KE1 L 
(pHc. 154). 1'13 npslMoyroJibHoro TpeyroJibHHKa E1LQ HaXO.llHM: - ·-E1 Q= E1L ·cos LE1Q = E1L ·cos LFC 
(nOCKOJibKY Lie = "LE;Q ' KaK yntbl c D R 
B3aHMHO nepneH,llHJ<YJUIPHblMH CTOpoHa-
MH). 

06oJHa'IHM MB=x. Tor.Ila CL=x(TaK 
KaK TpeyroJibHHKH MBF H CLF paBHb1); 
0 1M=l/2-x; E1L=201M=l-2x, 
E1 C = E1 L- CL= l - 3x. Ho no ycJIOBlUO 
E1C=1/3, cJie.lloBaTeJI&Ho, x= 2/9. Tor- A.__--r-...... -.._ ..... 8 
Jla E1L= l-2x=5/9 . 

.llanee HaXOJlHM: tg lJiC = CL/ CF= 
= 2/9: 1/2 = 4/9 HJIH COS lJiC =9/ ffi. 
IlOCJie 3roro HMeeM: E1 Q = E1 L · cos lJiC = 
= 5/ ffi. CJie.n:oBaTeJibHO tg a. =ffi /5, 
a= arctg ffi /5. 

TaK xe, KaK H B Ja.n:aqe 5 npe.llbl.llY-
w.ero naparpa<t>a, KOCHHYC HCKOMOfO PHC. 154 

yrna MO)f(HO HaHTH HHa'Ie, a HMeHHO c HCnOJib30BaHHeM MeTO,lla 
KOOP.llHHaT. IlpHHffB Ja Hatiano CHCTeMbl KOOP.llHHaT BeplllHHY B KY6a, 
ttanpaBHM ee OCH x, y H z cooTBeTCTBeHHO no eeKTOpaM .BA , BC H 
BB'. Tor.Ila TO'IKH E, 0 H F, qepe3 KOTOpble npoBOJlHTCJI ce'leHHe, 
HMeIOT KOOP.llHHaTbl, E ( 1/3, l, 1), 0 (1/2, 0, 1/2), F (0, 1/2, 0). 

3anHllleM ypaBHeHHe IlJIOCKOCTH, npoxo.Mw.eH: qepe3 3TH TO'IKH. 
By.n.eM HcKaTb ero B aH.lle 

~+l:'..+~=l 
a b c ' 

f.lle a, b H c - HeH3BeCTHbie K03<l><l>HII.HeHTbl. Ilo,llCTaBHB B 3TO ypaB
HeHHe nocJie.lloBaTe.n:bHO KOOP.llHHaTbl scex Tpex TotieK, nonyqHM 
CHCTeMy ypasHeHHH 

l 1 .1 1 
-·-+-+- = l, 
3 a b c 
l l l 1 
.;_·-+-·-=1 
2 a 2 c ' 
I 1 
-·-=1 
2 b ' 
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OTKYJ:ul HaxO.ll.HM .a== 2/9, b;::; 1/2, c = -5/2. IlOCJie 31'0ro ypaBHeHHe IJJtoc

KOCTH MO)l(HO 3ailHCaTb CJieJJ;yiow;HM o6pa30M: 

9x + 4y- 5z - 2 = 0 . 

. l.JH~Jla {9,, 4, -5} MOXHO pacCMalJ>HBaTb KaK KOOP.lJ.HHaTbl eeKTOpa, 

nepne~HKYJIHpHoro npoeeJJ;eHHOH .IlJIOCKOCTH. Yron Me)KJJ;y IlJIOCKO

CTbIO cel!eHHH H IlJIOCKOCTbIO OCHOBaHHH K}'6a paeeH yrny Me)KJJ;y BeK

TOpaMH, nepneHJJ;HKYJIHPHbIMH 3THM IlJIOCKOCTHM, T.e. yrny Me)KJJ;y BeK

ropaMH {9; 4; -5} H {0; O; 1}. MMeeM: 

9·0+4·0-5·1 5 
COSCl= .. =-. • 

../81+16 + 25 ../122 

Orc10JJ;a BHJJ;HO, qro Cl - TYfiOH yroJI 0CTpb1furc>JI (1t - a) Me.xsL IlJIOC~ 
KOCTHMH 3ailHCblBaeTCH KaK 1t- arccos (-5/ ..J122) = arccos (5/ ..J122) HJIH 

KaK arctg ( ffi /5). KaK BHJJ;HO, 8 .n;aHHOM CJiyqae 3TOT cnoco6 npH-

80.D;HT K pe3yJibTaTY ropa3.D;O 6blCTpee, lleM npe.D;blJJ;yuJ;Hit 

PaccMOTpHM renepb HeCKOJibKO 3a.D;aq Ha ceqeHHe npH3M. 

3a.n,a111a 4. J(ana 1tJpeyWJJbHWI npu3Ma ABCA' B' C' (AA', BB', CC' 
601coeble pe6pa). llJJocKocmb nepeceKaem pe6pa A' B', B' C' u BC coom
BemcmBeHHO 8 mo'IKax M, N u P. Haumu, 8 KaicoM omnowenuu iJe11um 
3nia nnocKoCmb 0611eM npu3Mbl, eC/lu U3Becmuo, 'Imo B' M: A' B' = 1: 2, 
B'N: B'C' =2: 3 uBP: CB= 1: 3. 

Pemenee. lJepTe:>K K 3rott 3a.D;aqe npe.D;CTaBJICH Ha pHc. 155. Ceqe

HHe CTJ>OHTCH e cne.D;yiow;eM rropH.D;Ke. Tol!KH N H M coe.D;HHHIOTCH 

A 

c 

PHC. 155 

I 
I 
I 
I 

K 

, c>Tpe3KOM MN; qepe3 TOl!KH N H P e 

nJIOCKOCTH 6oKoBoii rpaHH BB'C'C 
npoeo.D;HTCH npHMaH NP .n.o ee nepece

l!CHHH e TOl!Ke Kc npo.D;OJl)l{eHHCM pe6-

pa BB'. l.Jepe3 JJ;Be TOl!KH M H K, Jiexa

w;He 8 IlJIOCKOCTH 60KOBOtt rpaHH 

AA' B' B, npoeo.D;HTCH npHMaH KM, roq

Ka Q ee nepeceqeHHH c pe6poM AB np11-

3Mbl coe.D;HHHCTCH oTpe3KOM PQ c roq

Koii P. l.JeTb1pexyroJibHHK MNPQ - HC

KOMOe. CCl!CHHe (MNPQ - TpailCU.HH, 

nocKOJibKY MNll PQ). 
YlIHThIBaH, l!TO nHpaMHJJ;a KPQB 

(K - eepWHHa) no.no6Ha nHpaMH.ne 

KNMB' (K - eepwHHa) c K03cl>cl>H

u.11eHTOM no.no6HH 1/2 (.neiicTBHTCJib-
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HO, H3 no.uo6IDI TpeyronbHHKOB KPB Ii KNB' cne.uyeT, "ITO KB: KB' = 
= PB: NB', T.e. KaK 1 : 2), HaxO.UHM: 

(
1 )3 

VKPQB = 2 . VKNMB' 

HJIH o6DeM Vj qacTH rtpH:3Mbl, nexaw;eli npaeee nnocKoCTH ceqeHIDI 
(pHc. 155), paeeH 7/8 o6'beMa VKNMB" nHpaMH.!lhI KNMB'. 

CpaBHHM o6'beM IlffPaMH,Zlb1 KNMB' c o6'beMOM VrrpH3Mbl. HMeeM: 

1 .. 
V =SA.Be· H; VKNMB' = 3 · SNMB' · 2H, 

r.n.e H - BbICOTa npH3Mbl, s ABC - IlJIOlll.a,Zlb ee OCHOBamm:; 2H -
BblCOTa rrHpaMH.!lbl KNMB', SNMB" - nnolll.Mh ee ocHoeaHIDI. ,ll.anee: 

NB' MB' 2 1 l 
S NMB' = C'B' · A' B' · S ABC = 3 · 2 · S ABC = JS ABC 

(cM. § 1, rn. 1). Cne.uosaTeJibHO, 

1 1 2 
VKNMB' = -·-·SABc · 2H =-V. 

3 3 9 

Orc10.na o6DeM Vj oTCeKaeMoii qacm paeeH 

7 7 2 14 
Vj = -VKNMB =-·-V =-V. 

8 8 9 72 

Cne.uosaTeJibHO, o6'heM rrpH3Mbl .nenHTCH B OTHOWeHHH 14 : 58 wm 
7: 29. 

HaKoHeu;, paccMoTpHM rrocne.nHHH rrpHMep 3a,na"IH no.no6Horo 
THIIa. 

33,lUl'Hl 5. B npRMy10 npu3My ABCDA' B' C' D', ocHoeaHue.M Komopoii 
RBllRemcR poM6 ABCD, a AA', BB', CC' u DD' - 6oKoeb1e pe6pa, 
enucan wap paouyca 2R. Haiimu Mow,aiJb ceiteHWl npu3Mbl fl.llOCKocmb10, 
npoxoiJRw,eii 11epe3 eepUlUHb/, A, Bu C', eCJtu U3eecmHo, 11mo BAD = ~-

PemeHHe. IloKIDKeM cHaqa.rra, KaK npoxo.uHT ynOMHHYTaff B ycnoBHH 
3a,naqH nnocKOCTb ceqeHHH. IlocKOJibKY eii rrpHHa,nnex<:aT roqKH A, B H 
C', ro cropoHa AB ocHoBaHHH H .UHaroHanh BC' 6oKOBOH rpaHH 6y.uyT 
JIHHHHMH nepeceqeHHH CeKYlll.eH IlJIOCKOCTH c IlOBepXHOCTbIO npH3Mbl. 
qT06bl IIOCTpOHTb OCTaJibHbie CTOPOHbI MHOroyroJibHHKa, nexaw;ero B 
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ceqeHHH, 3aMeTHM, llTO OHH .l{OJDKHbl 6bITb napa.nn:eJibHblMff yxce nocT

poeHHblM OTpe3KaM. ,lJ.eH:cTBHTeJibHO, rrapa.nn:eJibHbie IlJIOCKOCTH nepe

ceKaIOTCH ceKymeii IlJIOCKOCTbIO no napaJIJieJibHbIM npHMblM. 0TCIO.l{a 

D' 
cJie,n.yeT, qTo ceqeHHIO .noJDKHbI npH

C' Harr;Ie)f(aTb OTpe3KH D' C' H AD', T.e. 

~.::::::::::~~==~~~~ HCKOMOe celleHHe npH3Mhl - 3TO na.A' paJIJieJiorpaMM ABC' D' (pHc. 156). 

A. E B 

nocKOJibKY rrpH3Ma npHMaH H B oc

HOBaHHH Jie)f(}ff poM6, TO npoeKUHH 

BnttcaHHOfO B npH3MY ruapa Ha IlJIOC

c KOCTb OCHOBaHHH npe.ncTaBJIHeT OK-

py)f(HOCTb, BnHCaHHYIO B poM6. 3Ha

qHT, BblCOTa 3TOfO poM6a paBHa 2R. 
31)' )Ke .ll)IHHY HMeeT H BbICO'i'a npH-

PHc. 156 3Mbl, noCKOJlbKY B Hee MOXHO BnttcaTb 

ruap pa,nHyca R. EcJIH H3 TOqKH D' onycTHTb Ha cTOpotty AB nepnett.nH

KYJIHP D'E, Jie)f(amHH: B nJIOCKOCTH ce'leHHH, H coe.nHHHTb noJiyqeH

HYIO TO'IKY E c Beplllttttoti: D, TO JIHHeH:tt1>1H: yron .nByrpaHHoro yrna 

Me)f(.l{y nJIOCKOCTHMH ocHoBaHHH H ce'leHHH .naeTCH yrnoM DED'. ,lJ.eH:

CTBHTeJibHO, D' E .1. AB no nOC'fPOeHHIO; DE .1. AB - no reopeMe o TpeX 

nepnett.nHKYJIHpax. TaK KaK BbICOTa npH3MbI DD', H BbICOTa.poM6a DE 
HMeIOT OJJ;HHaKOBYIO .ll)IHHY, paBHYIO 2R, TO yroJI l5Ei5' paBeH 45°. 

n11oma,n1> ceqeHHH ttaH:.neM no· <t>opMyne 

SABCD = see'! .. cos 45•, 

B KOTOpOH See'!. - IlJIOll.l3.nb ceqeHHH, SABCD - IlJIOll.l3.nb OCHOBaHHH 

npH3MbI, HBJIH10merocH npoeKuHeH: ceqeHHH ABC' D' Ha nnocKOCTb 

OCHOBaHHH. 

1'13 npHMoyronbttoro 'fPeyro111>HHKa AED, Jie)f(amero B octtoBaHHH 

npH3MbI, ttaxo.nHTCH cTopotta ee octtoBaHHH AD= 2R/sin a, a 3areM 

H caMa IlJIOll.l3.nb OCHOBaHHH 

2R 2R . 4R2 

SABCD =-.-·-.-· -sma=-.-. 
sma sma sma 

fioCJie 3T0f0 onpe.zi;eJIHeTCH IlJIOll.l3.nb ceqemrn: 

• 4J2R2 

sceq = SABCD: cos45 = -.--. sma 
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3AM.11H 

1. )].aH 1cy6 ABCDA 'B' C' D' c 6oKOBblMH pe6paMH AA', BB', CC' H 
DD'. Ha rrpoJJ.OIDKeHHH pe6ep AB, AA', AD oTJioxeHbl COOTBeTCTBCHHO 
QTPeSKH BP, A' Q, DRAJIHHOit 1,5 · ABTaK, 'ITOAP=AQ=AR= 2,5 ·AB. 
qepe3 TO'IKH P, Q H R npo.se.netta Ii.JiocKocTb. B KaKOM OTHoweHHH 3Ta 
IIJIOCKOCTb JJ.eJIHT o6'beM KYf)a? 

Omsem: 1 : 47. 

2. )].aH 1cy6 ABCDA' B' C' D' c 6oKOBblMH pe6paMH AA', BB', CC' 
H DD'. B KaKOM oTHoweHHH JJ.eJIHT pe6po C' B' TO'IKa E, KOTopru1 
npHHaJJ.Jie)l(HT nnocKocTH, npoxomm.{eit: qepe3 sepWHHY A H ueHTphI 
rpaHeit A' B' C' D' H B' C' Clf? 

OmBem: 2: 1. 

3. }],att 1cy6 ABCDA' B'C' D', rJJ.e AA', BB', CC' H DD' - 6oKo
Bble pe6pa. HaiiTH IIJIOIUaJJ.b mecTHyroJibHHKa, KOTOpbIH nonyqaeTcR 
B ceqeHHH KY6a IIJIOCKOCTblO, npoXOMIUeit qepe3 ueHTp 1cy6a H ce
peJJ.HHbl pe6ep AB H BC. Pe6po KY6a HMeeT JJ.JIHHY, paBHYIO l. 

Om6em: 3J3 I 4. 

4. )lnHHape6paKy6aABCDA' B'C'J)' (AA' II BB' II CC' II DD') pasna 1. 
Ha pe6pe AA· B3HTa TO'IKa E TaK, ,To JJ.JIHHa oTpe3Ka AE pastta 1 /3; 
Ha pe6pe BC B3RTa roqKa F TaK, 'ITO JJ.JIHHa OTpe3Ka BF paBHa 1/4. 
qepe3 ueHTp KYGa H TO'IKH EH F npose.n;eHa nnocKOCTb. Hai1TH pac
CTORHHe OT BepWHHbl B .n;o 3TOH IIJIOCKOCTH. 

OmBem: ll.Ji70 /170. 

5. )].aH KY6 ABCDA 'B' C' D (AA' II BB' II CC' II DD'), npHqeM JJ.JIHHa 
ero pe6pa pasHa a. To'IKa E' - cepeJJ.HHa pe6pa C' D', TO'IKa F' -
cepe.n;HHa pe6pa B' C'. Hait:TH PaJJ.HYC cct>epbl, npoxoMmeii qepe3 roq
KH E', F, A, c. 

OmBem: aJ4f / 8. 

6. HaitTH IIJIOIUaJJ.b ceqemrn 1cy6a ABCDA' B' C' D' (AA', BB', CC', 
DD' - 6oKOBbie pe6pa) IIJIOCKOCThIO, npoxoMmeit qepe3 sepwHHY 
DH cepe.n;HHhI pe6ep A· B' H B' C'. Pe6po Ky6a HMeeT AJIHHY, paBHYIO 
a. 

OmBem: 7a2Jf7 /24. 

7. )].aHa rrpaBHJibHrul TpeyroJibHaH npH3Ma ABCA 'B' c· c 6oKOBblMH 
pe6paMH AA·, BB', H CC'. Ha npo.n;omKeHHH pe6pa A· B' B3HTa TOqKa 
MTaK, qro BM'= 1/2 ·A' B' (A' M= 3/2 ·A' B'). qepe3 Toq1cy MH ce-
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pe.lJ.HHbl pe6ep A' C' H B' B rrpoBe.!leH:a ruIOCKOCTb. B KaKOM OTHOIIIeHHH 

3Ta ruIOCKOCTh JleJIHT o6beM rrpH3MbI? 

Om«em: 49 : 95. 

8. ,UaHa npHMaH rrpH3Ma, y KOTOPOH OCHOBaHHeM CJI~ rrpaBHJib

HbI"A: TpeYfOJlbHHK. qepe3 OJlHY H3 CTOpoH HIDKHero OCHOBaHHH H rrpo

THBOIIOJIO)K}{YIO BepIIIHHY BepXHero OCHOBaHHH npoBe)leHa IDIOCKOCTb. 

BenHq1ma yrna Me)l{)ly 3TOH ruIOCKOCTblO H ruIOCKOCThIO OCHOBaHHH 

rrpH3Ml>J paBHa a., a ru1oma,n,h ceqeHHH rrpH3Mbl paBHa S. Orrpe)leJIHTb 

OObeM mJH3MbI. . 

Om~em: ifS(S cosa.)312. 

9. ,UaHa rrp.SIMaH TpeyronbHaH rrpH3MaABCA'B'C', AA' II BB' II CC', 

y KOTopoif AC= 6, AA'= 8. qepe3 BepIIIHHY A rrpoBe)leHa rrnocKOCTb, 

rrepeceKa10mrui pe6pa BB' H CC' cooTBeTCTBeHHO B roqKaX M H N. 
Ha"A:TH, B KaKOM OTHOilleHHH 3Ta 11JIOCKOCTL )leJIHT o6beM npH3Mbl, 

eCJIH H3BeCTHO, qro BM= MB'' a AN SIBJIHCTCH 6HCCeKTpMCOH yrna 

CAC'. 

Om«em: 7/17. 

10. ,UaH KY6 ABCDA 'B' C' D' c pe6poM, MHHa KOTOporo paBHa 1. 
Ha rrpoJlOJI)l(eHHH D' D 3a TOqKY D B3SITa roqKa PTaKaH, qro DP= 1/2. 
qepe3 roqKY pH cepe,llHHbI pe6ep AA' H cc· rrpoBe.l(eHa: .11JIOCKOCTb. 

Haff.TH 11JIC)IIJ;3Jlh honyqHBillerocH ceqeHHH. 

Om«em: 3"3 / 4. 



§ 6. B3AHMHOE PACilOJIO)KEHHE IIIAPOB, 
IIIAPOB H IlJIOCKOCTEA 

PaccMoTpHM HeKOTOpbie THilOBhle 3a.ztaq:u, s KOTOPhIX peqb H.ll.CT o 

B3aHMHOM pacnoJIO)J{CHHH mapos rum mapou :u ruiocKocreH: •. Bo MHO

roM npHeMbl .HX pememm CXO)J{H c npHCMaMH, HCilOJlb3YCMblMH npH 

pemeHHH 33,llaq Ha B~MHOe pacnonoxeHHe OKpyxtt:OCTCH, 0 KOTO

pbIX pe% 1llJla B § 5 m. 1. 
IlycTb, HaITPHMep, 8 npocmpancmse iJaHbl ttemblpe oiJunaKOBblX 

wapa, uMe10w,ue paiJuyc R, u nonapno Kaca10w,uec11 iJpyz iJpyza sne
UJHUM o6pa3oM, KaK 3mo noKa3aHo Ha puc. I 57. llycmb mpe6yemcR 
Haiimu paiJuyc Tlflmow wapa, coiJep:»eaw,ew iJaHHble iuapbl BHympu ce6R 
u UMe10w,ew c KQ:JICOblM U3 HUX 8Hym- B 
penHee KacaHue. 

KmoqoM K aHan:u~y no.no6Hoit 

KOM6HHauHH npocTpaHCTBCHHbIX TeJI 

MOXeT CJI}')J{HTb paCCMOTpeHHe MHO

rorpaHHffl(a 0 1020 304 c sepwHHaMH 

e ueHTpax .naHHbix· mapos. EcJII{ 

BCilOMHHTb, qTo paCCTOHHHe Me)l{,ZJ.y 

H 

IICHTpaMH mo6oit napbl KaCaIOIUHXCH ---~---'-'--
BHC1llHHM o6pa30M mapos paBHO cyM- PHc. 157 

Me HX pa.ztHYCOB, TO CTaHeT SICHO, "ITO .IPIHHbl Bcex pe6ep TaKOfO 

MHororpaHHHKa 6y.nyr H3Becmbl. TaK, :HarrpHMep, n;eHTpbl 0 1, 0 2, 

03, 04 )laHHblX ruapos HBJIHIOTCsi sep1llHHaMH npaBHJlbHOfO TeTpa3)l

pa c )lJIHHOH pe6pa 2R. c .npyroH CTOPOHbI, eCJIH mapbl KaCaIOTCSI 

.upyr .upyra BHYTpeHHHM o6pa30M, TO ToqKa HX KaCaHHSI rrpHH3,llJle

)J{HT JIHHHH, coe)lHHSIIOIUeit ueHTpbl, a paCCTOHHHe Me)l{,ZJ.y UCHTpa

MH paBHO pa3HOCTH pa.ztHYCOB 3THx ruapoB. J(JISI paccMaTpHBaeMOH 

KOHcl>Hrypau:u:u UeHTp m1Toro, om1caHHOfO, ruapa HRXO.llHTCSI B ueH

Tpe npaBHJlbHOfO TeTpa3)lpa 010203 04. 3ToT ueHTp, KaK H3BeCTHO, 

)leJIHT BblCOty TetPa3.npa B OTHOillCHHH 3 : I, cqHTaSJ O'f BepllIHHbl. 

06o3HaqHs qepe3 x Pa.ztHYc HCKOMoro ruapa, a qepe3 h, - BbICOTY 

TeTpa3,npa o, 02 03 04, rtonyqHM ypaBHCHHe 
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Ecn~eCTh, qro JlJiHHa BLICo'tbi: Te'q)a3.llpa c pe6poM 2R pasHa 
2R..J2 / 3 , TO p3.l{Hyc mrroro mapa onpe.neJIHTC.SI BJ>Ip3.)KeHHeM 

x = R+~h = R+~· 2R ~ = R(l+ J6)· 
4 4 v3 2 

Aml.1lOI1PiHO pewaIOTCH H ,llpyme 3aJlaqH. 
3US'fa I. ·Tpu o0una1COBblX UJapa paiJuyca R nonapno 1Caca10mCJ1 iJpyz 

iJpyza u neKomopou nnocx:ocmu BHeUIHUM o6pa30M. fJemBepmblii · UJap 
paiJuyca R 11e:J1Cum c moii :>1Ce cmopoHbl Moctcocmu, 11mo u nep8ble mpu 
wapa, u tcacaemCR Ka:JICOozo U3 nux. Haiimu paccmoanue om mo111Cu 
'temBepmozo r.uapa, MaKCUMa.tlbHO yi}a.t1eHHoii om 11.llOCKocmu, iJo 3moii 
n.JlOCICOCmu. 

PemeHHe; Herpy.ntto 33MeTHTh, ~o HCKoMoe pacCTOHHHe H cKJ1a
.llbreaeTC.s1 HJ CyMMbI JlByx pa,!lHYCOB H JlJiHHhl h BblCOTbl nnpaMH.llbI 

010:z0304 (pHC. 157). TaKHM 00pa30M, H= 2R+hHJIH H=2R(1 +J6 /3). 
38,lla'la 2~ Bllympu npRMozo KpyzoBozo 1Conyca pacn0110:>1CeHbl 11emblpe 

wapa oiJu1ta1CoBozo paiJuyca R, nonapno 1Caca1011.4uecR iJpyz iJpyza Bne
UIHUM o6pa3oM, npuiteM mpu U3 HUX /le:JICam HQ OCH08QHUU KOHyca u 
1Caca10mcR ezo 6o1'08oii noBepXHocmu, a 'temBepmblii - mo/lbKo 601Co8ou 
noBepxHocmu 1<.ol!yt:a. Haiimu Bblcomy Konyca. 'c!' 

c Pemeue. QqeBH.llHO, qTo e&rcon TaKO-
ro KOHyca CO,ll,ep}l(HT BblCOTY npaBHJibHOfO 
reTpa3.npa 0 1020 304, o6pa30eaHHoro ueH
TpaMH .n.aHHblX mapoe (pHc. 158). PaccMoT
PHM ceqeHHe KOHyca H BilHCaHHOH B Hero 
CHCTeMbl mapoB IlJIOCKOCTbIO, npoxo;:un.ueH: 
qepe3 BbICOTY KOHYca H U:eHTp 0.llHOfO H3 
wapos, HanpHMep, nepsoro, T.e. paccMOT
PHM OJlHY HJ IlJIOCKOCTeH CHMMCTpH}{ ,llaH
HOH npocTpaHCTBeHHOit KOHcpHrypauHH 
TeJI. 3ro ceqeHHe H306p3.)KeHO Ha pHC. 158. 
HeTPY.llHO noHHTb, qTo OKpy:x<:HOCTR c 
UCHTpaMH B roqKaX 01 H 04, noJiyqHBllIH

B ecH ecne.llCTBHe nepeceqeHHR.nnocKocTH 
Puc. 158 CHMMeTpHH H nepsoro H \feTBeproro .wa-

poe, KacaIOTCff 06paJy10mett AC Kottyca. fi03TOMy 0 1 04 11 AC. 
)lnHHa BbICOTbl CE KoHyca paaHa cyMMe ,ll)IHH Tpex oTpeJKOB: 

CE= C04 + 04D + DE, npHqeM 0 4D = h = 2R~2 I 3 - BblCOTa TeTpa-
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3JJ.pa 0 10 20 30 4, C04 = R/sin a., r.n.e a= ACE - yron npH »epnnrne 

KOHyca, DE= R. 
Clrnyc yrna a onpe,Zle.IDleTC.R OTHOWeHHCM .llllHH 0Tpe3KOB 01 D H 

0104: 

. qD 
s1na=-, 

Op4 

npwreM .u:mma o-rpe3Ka 01D pasHa 2/3 .llllHHbI BhICOTbI ocHoBaHH.R Te1Pa-

3.upa 010203 04 - 0 1D == 2/3 · 2R · ./3 /2 = 2R ./3 /3. TaKHM o6pMoM, 

. · 2R./3 I 3 ./3 
s1na = = -, 

2R 3 

CE= R + 2R~2/3 +3Rj./3 = R(l +2J6 /3+'°'3). 

311JJ.&11a 3. Tpu o<JuHa1C06blX wapa paouyca R 1Caca10mcJl 1te1Comopou 
n.noclCocmu U apyz apyza 6H€UIHUM o6pa30.M. %m6epmb1U wap 1CacaemCJ1 
1CaJ1Coow U3 mpex oaHHblX wapo6 u moii J1Ce n.noc1Cocmu. Haumu ew 
paauyc. 

PemeuHe. PaccMoTpHM rrpaBHJihHYIO TpeyroJibHYIO rrHpaMH.llY 

0 10 20 3 04 c BepWHHaMH B uettTpax rnapoB, npHqeM 0 4 - ueHTp 

qeTBeproro wapa (pHc. 159). ,llJIHHbI 

CTOpOH OCHOBaHlUI 3TOH TIHpaMH)lbl 

paBHbI 2R, a .llll'HHbI 60KOBblX pe-

6ep - (R + x), r.n;e x-:-- pa.n,uyc "leT

BepToro wapa. QqeBH.ll.HO, 'ITO pac

CTO.RHHe OT IUIOCKOCTH OCHOBaHHfl 

npaBHJibHOH TIHPaMH.llbI 01Oz03 04 JlO 
)laHHOH TIJIOCKOCTH paBHO R, no3ro- ------------1 

PHC. 159 
MY BblCOTa l1HpaMHJlbl paBHa (R-x). 
3am1.weM Bblpa)Kem1e JJ,JISI CBSI3H BbICOTbl rrpaBHJlbHOH m1paMH)lbI, 

BblCOTbl ee OCHOBaHlUI H .llllHHbl 6oKOBOfO pe6pa: 

OTKYJla HaXO)lHM: X:::; R,/3. 
fIOJl06HblM npHeM MO)l(HO HCilOJlb30BaTb H npH perneHHH CJie)ly

IOlll,eH Ja,n.a~m. 



224 fJIABA II. CTEPEOMETPHH 

3a,u'la 4. Tpu wapa paiJuyca r J1eJ1Cam HO HUJICHeM OCHOBaHUU npJIMO
zo KpyzoBOZO U,UJlUHiJpa, npU'leM ICDJICOblU U3 HUX KacaemcR iJSyX iJpyzux u 
6oKOBoii nOBepXHocmu U,UJlUHiJpa, l./emBepmblii wap 11eJ1Cum na 3mux mpex 
wapax, KDCQRCb nooep:xHocmu U,UJIUHiJpa u ezo Bepx11ezo ocnoBaHUJl. Onpe-
iJe11umb Bblcomy U,UJluniJpa. · 

Pemeuae. Tax KaK TPH wapa HMeIOT o.n;HHaKOBble pai:i:Hycbl H ne

X<aT Ha HIDKHCM OCHOBaHHH U.IDIHH.ll;pa, TO HX IJ,CHTPbl 01, 02 H 03 

Pac. 160 

(pHC. 160) HaXOWITC.ff B qi,i;HOH IlJIOC

KOCTH 1t, napaJIJICJILHOH IlJIOCKOCTH 

OCHOBaHIDI IJ,HJIHH.ll;pa. IloCKOJibKy qeT

BCpTuIH map KaCaeTC.si: 60KOBOH noeepx

HOCTH U.HllHH.ll;pa Ji eepxHero OCHOBa

HH.ff, TO ero PMHYC paBeH PMHYCY 

OCHOBaHIDI IJ,HJIHH.ll;pa R. 
U:eHTP wapa 04 Jie)l{}ff Ha OCH U.H

JIHH.ll;pa H npoeKTHpyeTC.sI B TOqKY 0 -
IJ,CHTP ceqeHH.sI IJ,HJIHH.ll;pa IlJIOCKOCTblO 

1t. 3ro ceqeHHC npe.n;cTaBJieHO OT.n;eJibHO Ha TOM xe pHCYHKe: JierKO 

ycMOTPCTb, qro BhICOTa U.HJIHHJ:i:pa H = r+ h + R, r.n;e h == 004• 

PaccMOTPHM nHpaMH.n;Y 0 1020 304. QqeBH.n;HO, qTO 3Ta nHpaMH.n;a 

npaBHJibJla.sI, ,ll;JIHHhl CTOpOH OCHOBRHIDI paBHbl 2r, ,ll;JIHHhl 60KOBbIX 

pe6ep - (r+ R), CJie.n;oeaTeJibHO, eepmHHa nu:paMH.n;bI, TOqKa 04, 

npoeKTHpyeTCH B u,eHTP TpeyroJibHHKa 01020 3• Tenepb nerKo no.n;

cqwraTb, qTO 

. ·2J3 .3+2../3 
00. =-r-r, R=OO. +r==· 

3 
r. 

Bb1cozy h onpe.n;eJIHeM H3 np.s1MoyroJILHoro TPCyfOJibHHKa 001 04: 

h = ~qo] -oo? = ~(R + r)2 -ir2 = ~r~9 + 6../3 3 3 . 

H = ~r(3 + ../3 + ~9 +6../3). 

Bo MHoru:x JMaqax paccMaTPHBaIOTC.sI o.n;HH HJIH HeCKOJibKO wapoe, 

BilHCaHHbie B JJ.ByrpaHHhIH yroJI, T.e. KacaIOIIJ,HCC.sI rutOCKOCTeH, o6pa-

3YJOIIJ,HX 3TOT yron. B qacTHoctu:, peqL MO:>KeT H.n;TH o wapax, Kaca10-

mu:xc.s1 .n;eyx, TPeX HJIH 60Jiblllero ~HCJia rpaHeH KaKoro..:Jtu:6o MH:oro-
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rpaHHHKa. Ilp11 peweHHH taKHX 3a,naq Y.ll.06Ho 11cnonb30BaTb cne.ll.yIO
w.ee coo6pIDKemm: 1.4eHmp llJapl,J, 1Caca10114e20CJ1 cmopon iJfl)l2paHH020 yl.lla, 
11e:J1Cum 8 ezo 6ucce1CmopHou n.aocKo
cmu L, T.e. e nnocKocTH, KIDK.ll.WI TO'l
Ka KOTOpoii paBHOY.ll.aJieHa OT rpaHeii 
P11 Q 3Toro yrna (pHc. 161); 

eCJIH map BilHCaH B 'IpexrpaHHblH 
yroJI, TO u;eH'Ip TaKOfO W.llpa ne){OIT 
Ha np.SIMoii, Hemnow.eiic.SI nepece'le
HHeM 6HCCeKTopHbIX nnocKOCTeii co-
CTaBn.SIIOW.HX ero .ll.ByrpaHHblX yrnoe; Puc. 161 

ecnH B .ll.ByrpaHHbIH yron BilHCaHa napa mapoe, KaCaIOW.HXCH .ll.PYf 
.n:pyra, TO.Me)l(,ll.y Pa.ll.HycaMH ~THX wapoe H ee;mqm~oii a.n;eyrpaaHoro 
yrna cyw.ecmyeT npocroe cooTHomeHHe 

. a R-r . a 1-r/R 
sm-=-- HnH sm-= . 

2 R+r 2 l+r/R 

KaK nonyqaeTCH nocne.ll.Hee COOTHOllleHHe, BH.ll.HO H3 pHC. 161. I.fa Hero 
cne.ll.YeT, B qacTHOCTH, qTd BeJlHqHHa a .ll.ByrpaHHOfO yrna onpe.ll.en.SieT 
OTHOWeHHe pa,uHycoB BilHCaHHbIX B yron H KacaIOW.HXC.SI .ll.PYf .ll.pyra 
mapoe H Hao6opOT' OTHOllleHHe pa,uHyCOB TaKHX mapoB onpe.ll.eJIHT Be
JIH'IHHY .ll.ByrpaHHOfO yrna a. 

B Ka'lecme npHMepa paccMOTPHM cJieJzyIOw.yzo 3a.ll.aqy. 
38.lla'la S. ,!(8a oiJunaK08blX t.uapa paiJuyca R 1Caca10mCJ1 iJpyz iJpyza 

u zpaHeu iJBy2paHH020 y2.lla, 8eJ1u11una 1Comopo20 pa8HO a. Haumu paiJuyc 
MeHbt.ueeo U3 d8YX t.uapo8, ICQCOIOl14UXCR zpa
neu d8yi!pOHH020 YZllO U 060UX dOHHblX l.UO
p08. 

Pememre. IlocKoJ!bKY see wapbl KaCaIOT
cH rpaaeii p H Q .ll.ByrpaHHOfO yrna, TO HX 
ueHTPbl 0 1, 02 H 0 3 npff.Ha;me:x<:aT 611cceK
ropaoli nnocKOCTH L, npM'leM TI>eYfOJibHHK 
010203 -paeaoOO.npeHHhlii (pH.c. 162). )J,Jrn- M~--..f:-:=--~ 

Ha 01 02 ero OCHOBaHWI paBHa 2R, a .PJlHHbI 

6oKOBbIX cropoH - (R + r), f.ll.e r- PMHYC 
Puc. 162 

HCKOMOro wapa. lllapbl 01 H 02 HMeIOT O.n;HHaKOBbIH pa,uHyC R; Il03TO
MY HX ueaTpbl paeHOY.ll.aJieHbI oT pe6pa MN .ll.ByrpaHHoro yrna H, cne
.ll.OBaTeJibHO, 0102 ~ MN, a BbICOTa 03B pasHo6e.ll.peHHoro TPeyronLHH
Ka 0 10203, r.ll,e B ..- TO'IKa B3aHMHoro KacaHH.SI mapoe 0 1 11 02, nep
neH.lJ:HKYJI.SIPHa 3TOMY pe6py. 



fJlABA II. CTEP..EOMETPIDI 

CnpoeKTHpyeM TO"IKH 0 3 H B Ha o.n:Hy H3 rpaHeH: JJ.ByrpaHHoro yrna 
(HanpHMep, P), noJiyqHM TO"IKH DH E. BnJIOCKOCTH npoeKTHpoBaHHH 
npoBe.n:eM 03 Cll DE. PaccMOTPHM npnMoyrOJibHbIH TPeYfOJlbHHK 0 3BC. 
MMeeM: 

. ex BC R-r sin--= --- = ---.-. 
2 °"3B 03B 

BLICOTa 03BTPeyrOJJhHHKa 0 10203 Haxon:mcn no reopeMe Ilmparo
pa H3 TpeyroJibHHKa 0 1 03.B-. 

03B = Jopf-OiB2 
-::' J<R + r)2 

- R2 = .jr(2R + r). 

McnoJib3yH BhipIDKeHHe .ll.ll» 03B qepe3 r, noJiyqHM ypaBHeHHe .ll.l1H 
onpeJJ,eJieHHH r : 

. ex R-r 
sin- = -;:::=== 

2 .jr(2R+r) 

r 2 cos2 ~ -2Rr(l + sin2 ~)+ R2 = 0. 
' 2 2 

MeHblllHH KopeHb 3roro ypaBttemm HMeeT BHJJ.: 

r = R [I+ sin2 a. I 2- sin a I 2 · J3 + sin2 a I 2] I cos2 a I 2. 

3aMeTHM, qro 6oJiblll(a./2)JpeH(a./2)'mettmt OI(cx/2)l1HeT P(a/2): .npyro
ro, 6oJibIIIero IIIapa, TaIOKe KacaK>merocH rpatteo: .n.ByrpaHHoro yrna H 
)laHHblX IIIapoB, HO JieX<amero «3a» 3THMH mapaMH (pHC. 162). 

B Ka"leCTBe nocne.n.Hero npHMepa paccMOTPHM cJieJJ.yIOIUyIO 3a.u.aqy. 
33,lla'la 6. B iJByzpaHHblU yw11 Be.nuttuHou 60° Bnucan utap paiJuyca R. 

Haiimu paiJuyc utapa, tmucaHHOW 8 mom JICe yw11 u Kaca10w.ewcJ1 iJaH
HOW 'utapa, eCAu U3Becmno, itmo npRMOR, coeiJuHJ110114aR ~enmpbl o6oux 
wapoB, · o6pa3yem c pe6po.M oeyzpaHHozo ya11a yw11 45°. 

Pemeuue. KaK H B npe.n.LI.llYll.l;HX cnyqa.ffx, ueHTpbI mapoe neX<aT B 
6HcceKTOpHoi1 nnocKocTH P (pHc. 163). HeTpy.n:im 3aMeTHTb, qTo 3a
JJ.atta HMeeT JJ.Ba peIIIeHHH. Ha np»MOH, rrpoxoMmeH: qepe3 ueHTp 
JJ.aHHoro rnapa H o6paJyromeH: yron 45° c pe6poM .IlByrpaHttoro yrna, 
MOX<HO BbI6paTb .use TO"IKH 01 H 02 .11,JUI I.J,eHTPOB HCKOMblX wapoB. 
Pa.u.Hyc o.n.ttoro H3 3THX wapoB 6yJJ.eT MeHbWe R, pa.u.Hyc .npyroro 
IIIapa - 6oJibIIIe, qeM R. TipoBe.neM 0 1 B H OC rrapaJIJie.rrbHO pe6py .IlBY-
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p 

PHc. 163 

rpaHHoro yrna. Tor.n.a np»MoyrOJibHble TpeyroJibHKKH 0018 H 002C 
6y.n.yr HMeTb OCTpbie YfJlbl no 45°. 06o3H8'iHM qepe3 x pa.a.Hye HCKOMblX 

wapoe. Bo3MO)f(ffbI .ll83 CJiyqru1: 

l) x < R. B 3TOM c11yqae HMeeM: 

AO= 2R (H3 MOD); A10 1=2x (H3 M 10 1D1); 

001=R+x, 0B=2(R-x). 

113 t:i.001B HaXO.II.HM OB= 001 • J2 /2, T.e. 

J2 
2(R-x) = T(R+x). 

Orc10.lla nonyqaeM Bbip3.)f(eHHe JlJLSI x: 

4-..fi. 
x=R 4 +..fi.· 

2) x > R. B 3TOM CJiyqae HMeeM: 

AO= 2R (H3MOD); Al02 = 2x(H3 M202.Di); 

0 20= R+x, 02C = 2(x-R). 

113 ~002C HaXO.II.HM 02C = 002 . ..fi. ;2; T.e . 

..fi. . 
2(x-R)=T(R+x). 

(l) 
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x=R 4 +Ji.. 
4-Ji. 

<l>opMyJibl (1) H (2) .uaIOT perneHIDI 3a}laqH, 

JA,MqH 

(2) 

1. Tpu: rnapa pa.uHyca R nexaT Ha HH)l(HeM ocHOBaHHH rrpaBHJihHOH 
TpeyrOJibHOH rrpH3Mbl, rrpHqeM Kax}lblH H3 HID( KacaeTCSl }lByx .upyrHX 
rnapoB H AByx 6oKOBhIX rpaHe:H rrpH3MhI. Ha 3THX rnapax nexHT qeTBep
ThIH map, KOTOPbIH KacaeTCSl Bcex OOKOBbIX rpaHe:H H BepxHero OCHO
BaHIDI rrpH3Mhl. Orrpe.ueJIHTh BhICOTY rrpH3MhI. 

OmBem: R(6+f3+J11+12!3)/3. 

2. TpH rnapa KacaIOTCH JlJIOCKOCTH TpeyroJihHHKa ABC B ero Beprnw
Hax H rronapHo Me)l(Jly co6oit HaH:TH pa.u11ycb1 m:apoa, ecJIH H3BeCTHhl 

"' "' MHHa c cropoHbl AB H rrpHJiexaw;He K He:H yrJihI A H B 

OmBem: r1 = c ·sin B /2 sin A, r2 = c ·sin A/2sin B, 

r3 =c· sin A sin B/2 sin2 (A+ B). 
3. B map BITHCaH rrpHMOH KpyroBoH: UHJIHHJlp. Bo CKOJihKO pa3 o6'beM 

rnapa 60Jibllle 06beMa UHJIHH}lpa, eCJIH H3BeCTHO, qTo OTHOIIIeHHe 
pa.uHyca rnapa K pa.uHycy OCHOBaHHSl UHJIHR}lpa B.ztBoe MeHbIIIe, qeM 
OTJIOllleHHe JlOBepxHOCTH lllapa K 60KOBOH rroBepxHOCTH UHJIHH}lpa? 

OmBem: 16: 9. 

4. )1.Be O,llHHaKOBbie c<t>epbl KaCaIOTCSl .upyr .upyra H rpatte:H .llBY
rpaHHOfO yrna. TpeTbSl c<t>epa, MeHhrnero pa.uHyca, TaKXe KacaeTCH 
rpaHeH 3TOf0 }lByrpaHHOfO yrJia H o6eHX .uaHHblX ccpep. )1.aHO OTHO
rneHHe m pa.uHyca MeHbllleH c<t>epbl K pa.uHycy O}lHOH H3 O}lHHaKOBblX 
ccpep. HaifTH aeJIHqHHY a .UByrpattttoro yrna. B KaKmc rrpe.uenax MoxeT 
MeHHTbCSl rrapaMeTp m? . 

Om8em: a = 2 arcsin [ (1 - m) / .J,....m_2_+_2_m_]; 0, 25 < m < I. 

5. B npHMOM KpyroBOM KOHyce yron npH aepllIHHe oceaoro ceqe
HHSI paBeH 60°. B 3TOM KOttyCe pacnoJIO)KeHbl TPH OJJ;HHaKOBbIX mapa 
pa.uHyca R, Kaca10w;HecS1 H3HYTPH 6oKOBOH noBepxHOCTH KOHyca, 
IlJIOCKOCTH OCHOBaHHSl KOHyca H rronapHO JJ;pyr .upyra. HaHTH JlJIO
lll;a}lb 6oKoao:H rroBepxHoCTH .upyroro KOHyca c roH: xe uepwHHoH:, 
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BbICOTOH H IIJIOCKOCTbIO OCHOBaHIDI, KOTOporo .ll3HHble III3Pbl K3C3IOT
CH BHeIIIHHM o6p330M. 

Omeem: 26nR 2 /27 r. 

6. Ha ruIOCKOCTH JIC)IGlT, He nepeceKaHcb, .llBa rnapa pa.n.nycoB rH R. 
Paccro.siHHe Me:>IQJY uempaMH mapoB paBHO p. HaiiTH MHHHMa.TlbHO B03-
MO)l(HbIH pa.n.Hyc rnapa, KOTOpbIH Jie)l(aJI 6bl Ha 3TOH IlJIOCKOCTH H 
KaCaJIC.sI 33.llaHHbIX mapoB. 

OmBem: (p + R- r) (p +. r- R) /4 (JR+ ..Ji)2
• 

7. B npaBHJlbH}'IO TpeyroJibHyIO IIHpaMH.lJ.Y IIOMem;eHbl TpH mapa TaK, 
qTo nepBbIH map KacaeTCH BCCX 60KOBbIX rpaHeH IlHpaMH.llbl H BTOporo 
mapa, sropoii map KacaeTCH 6oKOBbIX rpaHeii n TpeTbero mapa, Tpe
THH map KacaeTCH OOKOBbIX rpaH:eii, OCHOBaHIDI IlHpaMH.llbl H BTOporo 
mapa. KaKyIO .n:on10 o6oeMa nu.paMH.llbJ 3aHHMaIOT TpH mapa, ecim ee 
6oKOBble rpaHH HaKJIOHeHhl K OCHOBaHHIO no.n: YfJIOM a? 

Omeem: 4n J3 (tg3a/2 + tg9a + tg15a/2) / 9tg a. 

8. B npHMOf.i: KpyroBOH KOHyc, y KOToporo o6p33yIOIIJ;aH COCTaBJIH
eT c OCbIO yron a, noMem;eHbI TpH mapa TaK, qro nepBbIH map Kaca
eTCH 60KOBOH IIOBepXHOCTH KOHyca H 'BTOporo rnapa, BTOpoil map 
KacaeTc.si 60KOBOH IIOBepXHOCTH, nepBOro H TpeThero mapos, a Tpe
THH map KacaeTcH 6oKoBoil nosepXHOCTH, ocHoBaHH.sI KOHyca H sro
poro mapa. KaKYIO .llOJIIO o6'beMa Kottyca 3aHu.MaIOT see TpH mapa? 

OmBem: 4 (tg3a/2 + tg9a/2 + tg15a/2) / tg a. 

9. TpH O.llHHaKOBbIX npHMbIX, KpYfOBhIX KoHyca, pa.n.u.ycbl ocHoBa
.HHH KOTOpbIX paBHbl r, a BbICOTbl paBHbl 4r/3, paCilOJIO)l(eHbl no 
O.U:HY cropoHy OT ruIOCKOCTH P, a HX OCHOBaHIDI Jie)l(aT B 3TOH ruIOC
KOCTH. 0Kpy)l(HOCTH OCHOBaHHH KIDK,ll;blX .llByx H3 3THX KOHycoB Kaca
IOTC.sI. HaH:TH pa.n.Hyc mapa, Jie)l(am;ero Me:>IQJY KOHycaMH H Kaca10m;e
rocH .KaK ruIOCKOCTH P, TaK H Bcex Tpex KOHycoB. . 

OmBem: 2r (2 J3 - 3) /3. 

10. B npaBHJibHOH qeThlpexyronbHOH nHpaMH.lle pacnoJio)l(eHhI .n;Ba 
mapa 01' H 02. IIIap 01 BilHCaH B nnpaMH.llY H HMeeT pa.n.Hyc 2, map 
02 KacaeTC.si BHeWHHM o6p330M wapa 01 H 6oKOBbIX rpaHeH nnpa
MH.lJ.bl. Pa.n.u.yc mapa 02 paBeH 1. HaitTH ruIOIIJ;3.llb 6oKoeo:H nooopxHo
CTH nu.paMH.llbl H BeJIHqHHY .n;syrpaHHOro yrna IIPH 60KOBOM pe6pe 
IIHpaMH.llbl. 

OmBem: 96; 2 arcsin ( J5 /3). 
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1. 01:1pe,lleJIHTb CHHYC yrna Me)KJly JJ;Bywl BbICOTilMH, orryw.eHHblMH 

H3 .nBYX sepwHH npaBHJibHOI"O TeTpa3JlPa Ha npoTHBOilOJIO.>KHble rpaHH. 

Omeem: 2.J273 cM
3
• 

2. OcttosaHHeM nHpaMH.nbl CJI)')KHT pauHo6e.npeHHblH rrpHMoyroJib

HbIH TPeyrOJibHHK, KaTeT KOTOporo paBeH 8 CM • .ll.nHHa Ka)KJlOI"O 6o

KOBOfO pe6pa COCTaBmleT 9 CM •. HaifTH 061.eM nHpaMH,llbl. 

Omeem: 74. 

3. 0cHOBaHHe IlHpaMHJlbl - npaBHJibHblH TPeYfOJibHHK c AJIHHOii 

CTOpoHbl, paBHOH 6. 0.IUIO H3 6oKOBblX pe6ep nepneH,llHKyJI.SIPHO IIJIOC

KOCTH OCHOBaHlffij ero .llJlHHa paBHa 4. HaiiTH pa.n;Hyc wapa, OIIHCaH

HOro BOKpyr IIHpaMH.llbl. 

· Omeem: 4. 

· 4. HenepeceKaIOW.HecH .llHaroHaJIH .neyx cMe.>KHblX 6oKOBblX rpatteH: 

npHMOYfOJlbHOfO napan11e11enHne.na HaKJIOHeHbl K IlJIOCKOCTH OCHO

BaHHJI no.ll yrJiaMH, eeJIHtIHHbl KOTOpbIX paBHbl a H p. HaiiTH ueJIHtIH

HY yrna Me)KJly 3THMH .LJ.HarottanJIMH. 

Omeem: arccos (sin a · sin Jl). 

5. Ilnow.a.nb 6oKOBOH rpaHH npaeHJibHOH weCTHYfOJibHOit IlHpa

MHJlbl paBHa S. BbltIHCJIHTb nnow.a.n,b ceqeHHJI, npoxo.IU1w.ero qepe3 

cepe.n;HHY BblCOTbl IlHpaMH)lbl napaJIJieJibHO 60KOBOit rpaHH. 

Omeem: 25/16 · S. 

6. B octtoeaHHH nHpaMH.llbl Jie)l(:HT paeHocropoHHHit TPeyroJibHHK 

c .llJlHHoit cropoHbl, paettoH: a. BbICOTa nHpaMHJI.bl npoxoJlHT qepe3 

cepe.n1my O,llHOfO H3 pe6ep OCHOBaHHJI H HMeeT .llJlHHY 3a/2. HaH:TH 

J>3,llHYC wapa, OIIHCaHHOI"O BOKpyr IIHpaMH,llbl. 

Omeem: a J7 /3. 
7. tJepe3 CTOpOHY OCHOBaHHH npaBHJlbHOit TPeyrollbHOit IlHpaMH

JlbI H ueHTP enHcattHoro e Hee wapa npoee.LJ.eHa nJIOCKOCTb. B KaKoM 
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OTHOWeHHH :na IlJIOCKoCTb.JlCJIHT o6neM IIHpaMHJJ.bI, ecJIH ee 60KOBOe 

pe6po B 3,5 pa3a JI)lHHHCC CTOpoHbI OCHOBaHHH. 

Omeem:4: 1. 

8. IlJIOCKOCTb nepeceKaeT 6oKOBbie pe6pa SA, SB H SC TPeyroJibHOH 

nHpaMH.llbI SABC B TO':lKax K, L H M, cooTBeTcTBeHHO. B KaKoM orno

weHHH 3Ta IIJIOCKOCTb JJ.eJIHT 06'.heM nHpaMHJJ.bl, eCJIH HJBeCTHO, 'ITO 

SK: KA = SL : LB= 2~ a Me.n.Hatta SN TPeYfOJibHHKa SBC JleJIHTCSI 3TOH 

IIJIOCKOCTbIO IIOIIOJiaM, 

Omeem: 7: 29. 

9. B TpeYfOJlbHOH nHpaMH.Ue SABCpe6po SA rrepneHAHKYJISIPHO nJioc

KOCTH rpaHH ABC, JJ.ByrpaHHbIH yro.n: c pe6poM SC paseH 45°, SA = BC= a 
H yroJI ABC np»MOH. HaH:TH JI)IHHY pe6pa AB. 

Omeem: aJ J2 - 1. 

10. OcttoBaHHeM -rpeyroJibHOH nHpaMHJlbI CJI}')l(HT paBHOCTopoHHHii 

TJ)eyronbttHK. TpH .n.pyrHe rpaHH o6paJYIOT c ocHoBaHHeM JJ.ByrpaHHble 

yfJlbI, Be.]IH':lHHbI KOTOpbIX paBHbI ex, 13 H y, KIDK.llblH MeHbwe 7t/2. B 
IIHpaMHJJ.Y BIIHCaH wap. OnpeJJ.eJIHTb OTHOWeHHe pa.ueyca wapa K BblCO

Te IIHpaMHJJ.bl. 

Omeem: (ctg ex+ ctg 13 + ctg y) / (ctg a./2+ctg13/2 + ctg y/2). 

11. OnpeJJ.eJIHTb o6neM rrapaJtJieJiemmeJJ.a, y KOToporo MHHbI scex 

pe6ep paBHbl l, a Bee IIJIOCKHe YfJlbl npH OJJ.HOM HJ BepIUHH HMCIOT 

BeJIH':lHHY <p (<p < 90°). 
OmBem: sin <p · ~'"'"si_n_2 _<p ___ c_o_s_2....,<p-·-tg_<p_/-2. · 

] 2. Pe6pa TpeyrOJibHOH IlHpaMHJJ.bI, BblXOJlHIUHC HJ BCpWHHbl 0, 
rronaptto rrepneH.ll.HKYJIHPHhI, H HX JI)lHHhI paBHbI a, b H c. HaH:TH 

o6'beM Ky6a, BilHCaHHOfO B 3TY IlHpaMH,Uy TaK, 'ITO OJJ.Ha HJ ero 

BCpWHH COBna.n.aeT c BepIUHHOH 0. 

OmBem: a3b3c3/(ab+ ac+ bc)3
• 

13. Yce':leHHblii KoH:yc H npaBHJILHaH weCTHyroJibttasi npHJMa pac

noJIO)l(CHbI TaK, 'ITO sepxm'le OCHOBaHHC yce'ICHHOfO KOHyca BilHCa

HO B BepxHee OCHOBaHHe IlPH3Mbl, a HH)l(Hee OCHOBaHH.e yce'IeHHOfO 

KOHyca OIIHCaHO OKOJIO HH)l(Hero OCHOBaHHH npHJMbI. lfaBeCTHO, 'ITO 

JI)lHHa BbICOTbl ycetteHHOJ'O KOHyca paBHa cyMMe JI)lHH pa,uHyCOB ero 

OCHOBaHHH. HaHTH OTHOlllCHHe 6oKOBblX IIOBCpXHOCTCH 3THX qmryp. 
Omeem: 7t M /12. 
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14 . .llnHHa CTOpoHbl OCHOBaHIDI. npaBHJibHOii: TpeyroJibHOA npH3MbI 
ABCA1 B1 C1 paBHa a. ToqKa D - cepe.nmra pe6pa AB, roqKa EnpHHa,u.
JIC)l(HT pe6py A1 C1. Ilp»MWI DE o6pasyeT YfJibl a H 13 c IIJIOCKOCTHMH 
ABC H AA1 C1 C, cooTBeTCTBeHHO. Haff:TH Bb!COTY npH3MbI H PaJI.HYC 
rnapa c ueHTpOM Ita oTpe3Ke DE, Kaca10w;eroc» nJIOcKocreit ABC H 
AA1C1C 

Omeem: a ..f3 /4 · sin a/sin j3; a ..f3 /4 ·sin cx/(sin a+ sin j3). 

15. Bee pe6pa npaBHJihHoii TpeyroJihHOii: npH3Mbl ABCA1B1 C1 HMe
IOT MHHY a: PaccMaTpHBaIOTCH OTpe3KU c KOHUaMH Ha .n;HaroHamvc BC1 
H CA1 6oKOBhIX rpaHeH:, napaJIJieJibHbie IIJIOCKOCTH ABB1A1. 0.nHH H3 
3THX OTpe3KOB npoBe.n;eH qepe3 TO'iKY M .n;HaroHanH BC1 TaKyIO, qro 
BM: BC1 = 1 : 3. Haii:rn ero MHHy. HaiITH TaKXe HaHMeHhrnyIO MHHY 
Bcex paccMaTpHBaeMbIX oTpe3KOB. 

Omeem: .J5 a/3; a/ .J5 . 
16. B np»MoyroJI&HOM napaJIJieJienHne.ne ABCDA1B1 C1D1, MHHbI 

pe6ep AB, BC H BB1 paBHbI cooTBeTCTBeHH:o 2a, a Ha. To'iKa E -
cepe.n;HHa pe6pa BC. BeprnHHbI M H N npaBHJibltoro reTpa3.npa MNPQ, 
Jie:>KaT Ha npHMOH C1E, BCpillHHbI pH Q - Ha npSIMOH, npoXO}J.SllUeii 
qepe3 TO'iKY B1 H nepeceKa10w;eii: np»MYIQ AD B roqKe F. Haii:TH MHHY 
OTpe3Ka DF H paccTo»HHe Me:x<ey cepe,llHHaMH OTpe3KOB MN H PQ. 

Omeem: a; 4a/3 .J5 . 
17 . .llnHHape6pa KY6aABCDA1B1C1D1 paBHa a. To'iKa E-cepe.nH

Ha pe6pa AD. BeprnHH&I M H N npaBHJihHoro reTpa3.npa MNPQ ne
xaT Ha np»MOH ED1, a seprnHHbI PH Q, - Ha rrpsi:MoH:, rrpoxo}J.Sl
w;eii: qepe3 TO'iKY A1 H nepeceKaIOw;eU: rrp»MyIO BC B TO'iKe R. Haii:TH 
OTHOUieHHe .WIHH BR : BC H paccro»HHe Me)l(}J.y cepemmaMH oTpe3-
KOB MN H PQ. 

Omeem: 2; 2a/ .J30 . 
18. Pe6po KY6a ABCDA1Bj C1D1o HMeeT .WIHHY a. Ha pe6pax AB H 

CC1 B3HTbI cooTBeTCTBeHHo TO'iKH M H N TaK, qro npRMWI MN 06pa-
3yeT yron 30° c nJIOCKOCTbIO ABCD H yron arcsin 1/3 c nJIOCKOCTbIO 
BB1 C1 C. HaiiTH .WIHHY oTpe3Ka MN H paJlHYC rnapa c ueHTpoM Ha · 
oTpe3Ke MN, Kaca10meroc» IIJIOCKocreii: ABCD H BB1 C1 C. 

Omeem: 6a/ ..fi3 ; 6a/5 ..fi3 . . 
19. OcHoBaHHeM np»Moii: TJ)eyroJI&Hoii: npH3MbI ABCA1B1 C1, RB

AAeTC» paBH06e.n:peHHblH npHMOYfOJibHbIH TpeyroJibHHK c KaTeTaMH 
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AC= BC= a. BepWHHbl M·H N npamtn:bHoro TeTpa3.n;pa MNPQ JiexaT Ha 
npHMoli CA1, a eepwHHbl P H Q - Ha npHMOH AB1• HaH:TH o6oeM 
rrpH3MhI H paccTOHHHe MC:>K.llY cepe.n;unaMH oTpeJKOB MN H PQ. 

Om6em: a3 /2; a/ J6. 
20. ,llan rrpaeHJILHblit reTpa3.n;p SABC, .lf)IHHa pe6pa Koroporo pasna 

a. qepe3 TO'IKH C, E, M H S, r.ne E - cepe.n;una pe6pa AB, a M -
cepe.n;utta pe6pa AC, rrpose.netta c<l:>epa. HaiiTu pa.n;ayc 3TOH c<l:>ephI. 

Om6em: a .fii /8. 

21. ,llaH KY6 ABCDA 'B' C' D' c HIDKHHM ocHoBaHaeM ABCD H 
6oKOBbIMH pe6paMH M', BB', CC' H DD'. ,llJIHHa pe6pa KY6a pasHa 
( 4 - 2 .J2 )/ ( .Jfj -.Ji - 3). IlepBM c<l:>epa KacaeTCH HIDKHero OCHOBa
HHH ABCD, 6oKoeoH: rpaHH BB' C' C.H IIJIOCKOCTH M' C' C. Bropan 
c<t>epa c UCHTpOM B roqKe A' HMeeT PMHYC B,ll,BOe 60Jibl.~rn::H, 'ICM 
Pa.llHyC nepeo:H c<l:>epbl, H KacaeTCH rrepBOH c<l:>epbl BHCIIIHHM o6pa-
30M. HaiiTH pa.n;uyc rrepeoli c<l:>epb1. 

Om6em: l. 

22. B TpeyroJibHOH m1paMu.ne SABC (S - eepIIIHHa) rpaHb SAC 
rreprreH.nHKYJIHpHa rpaHH ABC. KpoMe Toro, SA = SC= 1, a yroJI rrpH 
eepIIIHHe B TpeyroJILHHKa ABC - rrpHMOH. Illap KacaeTCH IIJIOCKOCTH 
ocHoeaHHH rrHpaMH.D;bI B TO'IKe B, a rpaHH SAC - e TO'IKe S. HaliTH 
pa.n;ayc IIIapa. 

Om6em: .J2 /2. · 
23. ,llatta nupaMu.na SABC (S - eepIIIHHa), B KOTopoH: pe6po AC 

nepneH.nHKYJIHPHO rpaHH SAB. Illap KacaeTCH rpaHH ASC B TO'IKe S, 
a rpaHH ABC - B TO'IKe. B. HaU:TH PMHYC IIIapa, ecJIH AC= 1, 

.AcB = Bc8 = 60°· 
Om6em: J6 /2. 
24. ,llJIHHa CTOpOHbl .OCHOBaHHH npaBHJibHOH: qeTblpexyrOJibHOH 

rrupaMH.nbl SABCD .c e~pIIIHHOH S pastta 1, a MHHa ee BbICOTbl -
.J2 . Ha pe6pax SA H SC BJHTbI TO'IKH K H M, cooTBeTCTBeHHO, npH
qeM AK: KS= 1/3; CM= SM. HaifTH OTHOIIIeHHe, e KOTopoM ,ZJ,eJIHT
C.sJ pe6po SB nJIOCKOCThIO, npoee.nettttoU: qepe3 TO'IKH D,. K H M. 

OmBem: 4: 3. 

25. B npHMOH KpyroBOH UHJIHHJlP c PMHYCOM OCHOBaHHH, paBHblM 
3/2, H BblCOTOH 6( .J2..: I) BilHCaHbl qeTbipe O.LtHHaKOBbIX IIIapa TaK, 
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qro oHH KacaIOTCH eepxHero ocHOBaHHSl UHJIHtt.npa H ero 6oKoooii no
eepXHOCTH H KIDK.llblH H3 mapos KacaeTCg .l{Byx H3 Tpex JlPYrHX wapoB. 
HaiiTH IlJIOl.UaJlb 6oKoBoH rrosepxttocTH rrpHMOro Kpyroooro KOHyca, 
OCHOBaHHe KOToporo coerra.n;aeT c HH:lKHHM OCHOBaHHeM UHJIHtt.npa H 
KOTOpblH KaC3eTCH BCex 'ieTbipex wapoe. 

Om8em: l51t/4. 

26. ,ll,aH KY6 ABC DA, B' c· D.' .llJIHHa pe6pa KOTOporo pasHa 1. Ha 
pe6pax AA', BB', H DD' B3SlThI cooTBeTcTBeHHO TO'IKH K, PH M 
TaK, 'ITO AK: A' K= 1: 3, BP: B' P= 3: 1, DM: D' M= 3 :I. Haitrn: 
o6J,eM ITHpaMH.D.bI, y KOTOpoli OCHOB3HHeM CJI)')l(HT ceqeHHe icy6a 
IlJIOCKOCTbIO, npoxo.nm.11;eif qepe3 TO'IKH K, P H M, a eepwima ttaxo
JlHTCH B TO'IKe A'. 

Omeem: 7 /32. 

27. B octtoeaHHH rpeyroJibHOH m1p3.MH.U.hl ABCD Jie:lKHT npaBR.Jih
HbIH TpeyroJihHHK ABC. fpatth BCD o6pa3yeT c nnoCKOCThIO octtoea
HHSI yron 60°. Ha npHMOH, npoXOJ.U11.UeA qepe3 Toqicy D nepneff.llHKy
JISlpHo OCHOB3HHIO, JIC)l(HT u.eHTp c<t>epbl e,nHHH'IHOfO pa.n;Hyca, KO
TopaR KacaeTCH pe6ep AB, AC H rpaHH BCD. BbICOTa rrHt>aMH.D.bI DO 
B .U.Ba pa3a MeHbllie .llJIHHhl CTOpOHbl OCHOBaHH.Sl. HaHTH o6DeM ITHpa
MJf.lJ.bl. 

Omsem: 9 f3 /8. 

28. Ha OCHOBaHHH rrpaBHJihHOH rpeyroJibHOH IIHpaMH.D.bI, BbICOTa 
Koropoif paetta H, a pa.nHyc BIIHcaaaoro B octtoBaHHe Kpyra - r, 
ne:lKHT map, KacaIOIUHitcR octt6BaHH.SI B ero ueHTpe. Haiint pa.n;Hyc 
wapa, ecnH IllIOCKOCTb, npoee.neHHa.SI qepe3 sepwHHy nHpaMH.D.bI Ji 
cepe.nHHbl JlByx CTOPOH OCHOBaHH.Sl, KacaeTCH 3TOfO mapa. 

Omeem: Hr /(r + Jr2 + 4H2 ). 

29. B npHMOH KpyroeoM: KOHYC BilHCaH map, rroeepXHOCTb KOTOpo
ro paeHa IlJIOl.U3JlH OCHOBaHHSl KOHyca. B KaKOM OTHOllieHiUf 6oKOB3H 
noeepXHOCTb KOHyca ,lleJIHTC.Sl JIHHHeM: KacaHH.Sl rnapa H KOHyca? 

· Omsem: 4 : 25. 

30. BeJIH'IHHa yrna e oceeoM ceqeHHH rrpRMoro Kpyroeoro KOHyca 
paetta ex.. qepe3 ero eepurntty noJl yrnoM 13 K ocH Kottyca,.(P. < a/2) 
npoee.netta IlJIOCKOCTb. Hai1TH eeJIH'IHHY yrna Me)l(Jly .neyMH 06pa3y10-
1.UHMH KOHyca, no KOTOpbIM rtpoBe,lleHHM IlJIOCKOCTb nep~CeKaeT ero 

, ' ,/ 

rroeepXHOCTb. 
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Omuem: 2arctg[ Jsin(a/2 + f3)sin(a./2-f3) I cosex/2). 

31. IlpHMOH KpyrOBOH UHJIHHJJ.P QilHCaH OKOJIO mapa pa;nHyca R. 
To11:Ka c pacnoJIO)KeHa BHyrpH UHJIHH,.!l,pa Ha ero OCH H YAaJieHa Ha 
3/4 . R OT HH)l{Hero OCHOBaHHH. qepe3 3TY TOli:KY npoBeAeHa IlJIOC
KOCl'b P, HMeJOll.{aH c OKPY)l(HOCTbJO HH)l{ttero ocHOBaHIDI TOJihKO OAHY 
o6myio TOli:Ky. B map BnHcaH npSIMOH J(pyroBoH KOHyc, OCHOBaHHe 
Koroporo Jie)JoiT B nnocKOCTH. P, a Bepm»Ha pacnoJIQ)l{eHa Bl>Illle 
3TOtt IlJIOCKOCTH. Haifru o6'beM 3Toro KOHyca. 

Omuem: 481tR 3/I25. 

32. B npHMOM KpyroaoM KOHyce yron npH aepllIHHe oceaoro ce11:e
HHH paBeH 60°. B 3TOM KoHyce pacnoJio)l(eHhI TPH OAHHaKOBbIX rnapa 
pa;nHyca r, KaCaJOll.{HeCH H3HYfPH 60KOBOH noaepxHOCTH KOHyca, 
nnocKOCTH OCHOBaHHH KOHyca u nonapHo Apyr Apyra. HaH:TH nno
ll.{a;r(b 60KOBOH noaepXHOCTH .ll;pyroro KOHyca c TOH )Ke BeplliHHOH, 
AJIHHOH BblCOTbl H IlJIOCKOCTblO OCHOBaHHH, KOTOporo AaHHbie rnapbl 
KacaJOTCH BHelIIHHM o6pa30M. 

Omuem: 261t/27 · r. 
33. TpeyrOJibHaH nHpaMHAa ABCD, Bee pe6pa KOTopoii HMeIOT 

AJIHHY a, BJIO)l{etta e npHMOH KpyroeoH: KOHyc TaK, qro eeplliHHa A 
Jie)l(HT Ha OKpyxnocTH octtoBaHH'l KoHyca, pe6po AD Jie)KHT B nnoc
KOCTH OCHOBaHHH KOHyca, pe6po BC napaJIJieJibHO OCHOBaHHIO KO
Hyca, a BeplliHHhI B H C Jie)l(aT Ha . 6oKOBon noaepxHOCTH KOHyca. 
BenHqHHa yrJia Me)l()J,y BbICOToii KOHyca H ero 06pa3y10w,eH: paBHa 
ex (ex< 1t/6). OnpeAeJIHTb BbICOTY KOHyca. 

Omuem: a· a[tg 2a./(l -J2tga. )]. 

34. B npaBHJihHYIO TpeyroJihHyJO nHpaMHAY SABC, Bee pe6pa KOTo
poH: HMeIOT JJ.JlHHY a, BnHcatta c<Pepa. BbICOTa SD nHpaMHJJ,hl onyw,etta 
Ha octtoBattne ABC. Ha pe6pe AC B3HTa TO'IKa M TaK, 11:ro MC= 2 · AM, 
a Ha BbICOTe SD..- TOHK.a N TaK, 'I.TO ND= 2 · NS. IlpHMaH MN rrepece
KaeT c<l>epy B ABYX TO'IKaX PH Q, Ha:HTH .nmmy oTpe3Ka PQ. 

Omuem: 2a/3 .JfT. · 
35. B npaBHJibHYJO 11:eTb1pexyroJihHYIO rmpaMHAY c eeprnHHOH S 11 

octtoeaHHeM ABCD BnHcatta c<t>epa. ,[lJIHHa cTOpOHbl OCHoeaHHH rrH
paMHJJ,hl paetta a, a .l11IHHa 6oKoaoro pe6pa - a J5 /2. Ha ano<PeMe 
SE rpaHH DSC B3HTa TOllKa M TaK, llTO SM= ME. Ha:Hrn paccroHHHe 
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Me)KJJ.y TO'IKaMH, B Koropblx npHMaSI AMnepeceKaeT c<}>epy, BnHcau
HYIO B nHpaMH,lJ,y. 

Dm6em:a/2. 

36. TpH npHMhIX KPYfOBblX xouyca HMeIOT o6my10 eepnIHH)', H KIDK
.Il.bIH H3 HHX KaCaeTCj{ BHeWHHM o6pa30M .IJ,Byx .npyrnx. BbNHCJIHTb ee
JIHlfHHY ymoe MeX<.llY JIHHHHMH KacaHHj{ 6oKOBbIX noBepxuocreli 3THX 
KOHYCOB, eCJIH y nepBoro KOiiyca BeJIHllHHa yma Me)((,lly OCblO H o6pa-
3YJO~eii pasua ex, y sroporo - Jl, y yPeTbero - 'Y· 

Omnein: 

arccos cos ex + sm ex .. --~=-1 ---=------
( 

2 . i cosn -cosQi cosQ3 ) 

. . · sin Qi sinQ3 ' 

arccos cos 13 + sm 13 · . . ~3 , .- ( i' . i cosQ2 - cosQ1· cos~- J 
· · smQ1 smQ3 

arccos (cosi 'Y + sini 'Y. cos Q~ - cos. Q1 cos Qi )· 
sm(hsmQi 

r.u.e Q1 = 13 + y, Qi = cx + Y, Q3 = a+ (3. 

37. B npHMOM KpyroBoM Kouyce c eepWl:fHOit S BeJIH'IHHa yrJia 
Me)l{.lJ;y 06pa3y10IUHMH SA H SB paBHa a, a Me)l{.lJ;y HX npoeKUHHMH ua 
IlJIOCKOCTb OCHOBaHWI - f3. Bbl'UiCJIHTb BeJIH'IHHY yma Me)K,ll.y 6HC
ceKTPHCaMH ymoB OSA H OSB, r.n;e TOtIKa 0 HBJllleTc.sl u;eHTpoM Kpy
ra, CJI}'}l(amero OCHOBaHHeM KOHyca. 

Om6em: arccos [ cosi (f3/2) +sin (f3/2hfl I 2( cos ex - cos ex/ 2)]. 

38. lliap pa.n.uyca r, KacaeTCSI scex pe6ep yPeyrOJibHOit nHpaMH,U,bI. 
UeHTP mapa Jie)l(HT BHYTPH nHpaMH,U,hI ua ee Bb1core Ha paccTOSIHHH 
r · J3 oT sepmHHhI. )loKa3aT&, tITO rmpaMH,U,a rrpaBHJI&HaSI. HaliTH 
.IJ)IHHY ee 6oKoeoro pe6pa. · 

Omnem: 4r /3. 
39. lliap KacaeTCSI Bcex OOKOBbIX rpaueit yPeyroJihHOit IlHpaMH,lJ,hl B 

u;euyPax OilHCaHHbIX OKOJIO HHX OKP}'}l(HOCTeit. KIDK.ll&Iii: H3 yPeX IlJIQC
KHX ymoB rrpH BepWHHe rrwpaMH,U,bl HMeeT eeJIH'iHHY a. Cy~Ma .IJ)IHH 
6oKOBbIX pe6ep rrupaMH,U,&I pasua 3b. )loKa3aT&, qyo rrwpaMH,U,a rrpa
BHJI&HaSI. HaitTH pa.n.wyc wapa. 

Omnem: b tg (cx/2) ~sin(a/2) /i~sin(3a/ 2). 
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40. BoKoBruI rroeepXHOCTb TPeYfOJibHOii m1paMHJJ.bI paBHa S, a nepH
MeTp OCHOBaHH.ff 3a. Wap KacaeTCH Bcex Tpex CTOpOH OCHOBaHHH B HX 
cepe,llHHax, a cepe,llHHbl 6oKOBbIX pe6ep JiexaT Ha noBepxHOCTH mapa. 
)loKaJaTb, tJTo rrttpaMHJJ.a rrpaBHJibHaH. HaHTH pan.Hye mapa. 

OmBem: ~16S2 + 45a4 
/ 24a. 

41. )lJIHHa pe6pa KY6a paBHa a. HaHTH o6'beM np.si:Moro KpyroBoro 
IJ,HJIHH,llpa, BnHcaHHOro B KY6 TaK, tJTO ochIO ero .siml.sieTc» )lHaro
HaJib KY6a, a OKpyxHOCTH OCHOBaHHH KacaIOTC.ff Tex )lHarOHaJieH rpa
HeH KY6a, KOTOpbie He HMeIOT OOUJ,HX TOtJeK c )lHafOHaJibIO Ky6a. 

OmBem: nJ3 a3/18. 
42. BbICOTa rrpaBHJibHOH tJeTb1pexyroJihHOH nttpaMH,lla panHa Ji, 

a )lJIHHa cropOHbl OCHOBaHH.ff 1. B KaKOM OTHOIIIeHHH )leJIHTC.ff o6'beM 
nHpaMH,llbl IIOBepXHOCTblO mapa, IJ,eHTp KOTOporo pacnoJIOXeH B eep
IIIHHe IIHpaMH,llbl, a PaJlHYC OCHOBaHHH paseH 1? 

OmBem: (8q> - 2n) : (Ji - 8q> + 2n), q> = arctg (.JS /2). 

43. B IJ,eHTpe mapa noMew,eHa eepmHHa npaBHJibHOH TpeyroJibHOH 
m1paMH,llbl, JI,JIHHa CTOPOHbl OCHOBaHHH KOTOpo:H paBHa pa,llHycy mapa, 
a 0G'beM OTHOCHTCH K 06'beMY rnapa KaK 3: 161t. B KaKOM OTHOllleHHH 
)leJIHTC» o6'beM nHpaMH.L(bI noeepxHoCThIO rnapa? 

OmBem: (3q>-1t): (3/4- 3q> + n), q> = 2 arcsin ~10 I 37. 

44. B TpeyroJibHOH nHpaMHJJ.e SABC cepe,uHHbI ncex pe6ep nexaT 
Ha noeepxHOCTH mapa pan.Hyca 2. lfaeecTHO, tJTO AB= 3, AC=4. Pe6-
po SA nepneH.llHKYJI»pHo K nnocKOCTH ocHoealiH» ABC. )loKaJaTh, 
tJTO 0Tpe3KH, coe,UHHHIOUJ,He cepe,llHHbl npOTHBOIIOJIO)f(HbIX pe6ep IIH
paMH.L(bI, HBJIHIOTC.ff )lHaMeTpaMH yKa3aHHOf0 mapa, H HaHTH o6'beM 
nwpaMHJJ.bI. 

OmBem: 2 .J39 . 
45. Illap pa,llHyca R I<acaeTc.si ecex 6oKOBbIX rpaHeii TpeyroJihHOH 

nwpaMHJJ.bI B cepeJJ.HHax cropoH ee ocHOBaHH». Orpe30K, coe.uHHHIO
W.HM BepUIHHY nHpaMH)lbl c IJ,eHTpOM urapa, .u.eJIHTC.ff nonoJtaM Toq
KOM nepecetJeHHH c ocHoBaHHeM nttpaMHJJ.bI. HaiiTH o6'beM rmpaMHJJ.bI. 

OmBem: J6 R3 /4. 
46. B nttpaMHJJ.e SABC npOH3BeJJ,eHHH MHH pe6ep Ka)f()lOH H3 tJeTbl

pex rpaHeH paBHbl O)lHOMY H TOMy xe tJHCJiy. )lJIHHa BblCOTbl IIHpaMH-
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.U.LI, onyw;eHHOH H3 roqKH S Ha rpaHb ABC, paBHa 2,J102 I 55 , a 

BeJmqiu1a yr11a CAB paBHa arccos ( J34 /12). Haitrn o6DeM nHpaMH.ll.hl 

SABC, ecJIH 

SA2 + SB 2 -5. SC2 =60. 

Omeem: 34 J6 /3. 

47. To'1Ka 0 - 06w;as1 Bepunrna .ll.BYx paBHbIX KOHyCoB, pacnono

xeHHhIX no O.ll.HY cropofiy oT IlJIOCKOCTH a, TaK 'ITO TOJlbKO O,nHa o6pa-

3YJOUJ;3H Ka)f(.ll.oro KOHyca ( OA .ll.JIH o.n.Horo KoHyca H 0 B MH 11.pyroro), 

IlpHHa,lJ)IC)f(HTilJIOCKOCTH a. lfaBeCTHO, \{TO BeJIH'IHHa yrJia MeJK.lly Bbl

COTllMH KOHycoB paBHa p, a BCJIH'IHHa yrna MeJK.lly BblCOTOH H o6pasy

JOIUCH KOHYCa paBua cp, npHqeM 2cp < ~- HaH:w BCJIH'lli.HY yrna Me)IQJ.y 

o6pasyiomeil OA .H IlJIOCKQqblO ocHOBaHIDI ,npyroro KOHyca, KOTOPOH 

rrp1rna.n.rreJ((RT ToqKa B. 

Omeem: Tt/2- arccos [cos <p-2sin2(P/2)/cos cp ]. 

48. Ha e<l>epe pa,nHyca H pacnonox~Hhl roqKH A, A1, B, Bl> CH C1• 

Ilpff:~e AA1' /JB1 H CC1.B3aHMlfQ nepneH.LI.HKYAAPHbl H nepeceKaIOTCH 

B TO'IJ<e M,.orcrosu.ueH. ()T u.ettrpa cd>epw Ha paccTOH»He ffi . Ha:HTH 

JU!ijHY oTpeJKa AA1 ecnH HJBeCTHO, qTo JJJlHHa OTpe3Ka BB1 pasHa 18, 
a TO'IKa M 11.CJIHT oTJ)eJOK CC1 B oTHoIUeHHH (8 + Ji ) : (8 - Ji ). 

Omeem:20. 

49. B npaBHJibHYIO WeCTHyfOJ1bHYJO IlHP3MHJlY BilHCaH IlPHMOH KO_; 

HyC, H OKOJIO Hee onHcaH npsi:MOH KORyc. ,llami Bb!COTa IlHPaMH.llbl H R 

pa,nHyc ocHOBaHHH onHcaHHoro KOHYca R., HaitTH pasHOCTh 061.eMOB 

OflHC3HHOro H BilHCaHHoro KOffYCOB. 

Omeem: 7tHR 2/12. 

50. IlpHMOyroJibHble npoeKUHH flJIOCKOro 'ICThlpexyIDJlbHHKa Ha )lBe 

BJaHMHO nepneimmcyJIHpHbie IlJIOCKOCTH HBIDIIOTCSI KBa,lq>aTaMH c Jl)IHHOH 

CToPOHhl, paeHOH 1. Halim nepHMeTp qerblpexyronbHl:lKa, JHaH, 'ITO 

o.u.tta HJ ero cropoH HMeer MHHY ,J3 / 2 . 

Omeem:4~3/2. 
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